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On Calculating the Determinants
of Toeplitz Matrices

Hsuan-Chu Li!

Abstract

We consider the Toeplitz matrices and obtain their unique LU factor-
izations. As by-products, we get an explicit formula for the determinant
of a Toeplitz matrix and the application of inversion of Toeplitz matri-

ces.
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1 Introduction

A Toeplitz matrix is an n X n matrix:

Qo a1 G2 -+ QA1

aj Qo aG_1 -+ Q2

T, = | a2 ay ag -+ A3-q
| Apn—1 OGp—2 QGp-3 - ap |
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56 On calculating the determinants of Toeplitz matrices

where a_¢,_1), -+ ,a,—1 are complex numbers([3]). The Toeplitz matrix can
be applied in signal processing([4]), information theory([2]) and another more
applications([1]). In [3], Theorem 1 stated that let 7,, be a Toeplitz ma-
trix. If each of the systems of equation T,z = f, T,y = e; is solvable,
v = (11,29, ,2) ",y = (y1,¥2, -+ ,yn)?, then

(a) T, is invertible;

(b) T..1 = TyU, + ToUs, where

yl yTL PR y2 1 —:Cn DY —xz
el 1
Ty = y_2 v ) U = s
Loy, U
Yn - Y2 U1 1
Ty Tp o T2 0 Yn - o
IR 0
T2 = I‘Q o and UQ =
U () Ly,
T, *° Xog T 0

Furthermore, the Remark of [3] stated that let 7, be a circulant Toeplitz

matrix. That is to say, the elements of the matrix T,, = (a,_4); =1 satisfy

a; = a;_, for all ¢ = 1,--- ,n — 1. It is easy to see that f = 0. Thus,
x=T,'f=0. From (b) of Theorem 1, the authors got

Yo Yn 0 Y2

Tn—l _ Y2y :
: Yn

Yn =0 Y2 U

In this paper, we will establish the explicit formulae for the LU factorization
of T,, and the determinant of T,,. Moreover, we also obtain some by-products
by applying Theorem 1 and Remark in [3].
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2 The LU factorization of 7T, and applications

Our main aim in this note is to give the explicit unique LU factorization of
T,. As by-products of the main algorithm, we get some corollaries including
determinants of Toeplitz matrices and inversion of Toeplitz matrices.

Before stating the main algorithm, we introduce the following definitions.

07

._0,0 .10 | ._0,—1 h L1
€2 *=0,0 s J2 =10 92 To,-1 2 To0 s

and for k£ > 2,
€41 ‘= €k; €k; €k €k
Jrr1 = ex; fos fus e ;s
Jk+1 ‘= €k; Gk; €k; Gk 5
Py = ex; his fr; gr
and for n > 0,

0
n X f :Z,o ;

._0,0n,0 n,0.00 .
n X f3 *=0,0m,0 11,0 90,0

'_0,771 .
n X gs =0,—n >

__0,0‘0,—7’!/ .070 '0,—TL .
X g3 '=0050,—n 10,0 0,—n

n X fr and n X g are defined in the same way. Besides, we need the following
operations.

S(i’;)(asat - auav) = QstiQtyj — QutkGotl s
S(f;,fnpn MN(asar—auay) (@wae—aya,)] = (spiQirj—0urkCost) (QGupmOoin—0yrolztp) ;

S(ex), S(fx), S(gr)and S(hy) are defined in the same way. Furthermore, we
define the following recurrence relation:
Let

dy == a(z) — a1G_1 ;
for k > 2,
diy1 = d X [S(hi)dr] — [S(fr)di] % [S(gr)dx]-
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Algorithm 2.1.

L, = [L,(%,7)]ij=12, n is a lower triangular matrix with unit main diagonal

On calculating the determinants of Toeplitz matrices

For n > 3, T,, can be factored as T,, = L,U,, where

and U, = [Uy(4,)]ij=12.» Is an upper triangular matrix, whose entries are

defined as follows:

and

/

1
0,

ai—1
ap ’

ifi=j,
if i<y,
if j=1,i>2,

a;—200—Q;—10—-1 . . .
12—l7 Zf j - 27 3 Z 37

ag—aia—1

5((i=4)

XA fj+1<i<n,j>3.

\ d;
’
a, ifi=1,
0, ifi>7,

=  omyraay if1=2,52>2,
%%%%%} ifi=235>3,
el 24020

To illustrate our result, we give an example of the explicit factorization of

Ts.

Example 2.2. Let n = 5, then T5 = L;Us, where

az
ao
as
ao
a4

ag

ayp a_—1 a_o a_3 0A_y4
aq Qo a_1 a_9 a_3
Ts5=|lay @ Gy Q-1 a2,
as a9 aq Qo a_q
asg az az ar Qo
0 0 0
1 0 0
(11(210_—0420,71 1 0
ag—aia_1
azag—aza_1 (a—aia_1)(a1ao—asa_2)—(a2ap—aza_1)(aga—1—aia_z) 1
agfala_l (agfala_1)(agfa2a_2)f(a1aofa2a_1)(a0a_17a1a_2)
azag—asa_1  (a@—aia_1)(a2ao—asa_2)—(azap—asa_1)(aga—1—aia_z) I (5 4)
at—aia—1 (a2—a1a—1)(ag—aza—_2)—(ar1ap—aza—1)(apa—1—aia—s) 5\
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and )
Qo a—1 a_z a_s3 a4
O a%—ala—l apa—1—a1a—2 apa—2—a1a—3 apa—3—ai1a—_4
ag ag ag ao
Us= |0 0 Us(3,3)  Us(3,4)  Us(3,5)
0 0 0 Us(4,4)  Us(4,5)
0 0 0 0 Us(5,5) |
where

Ls(5,4) = {[(ai — aya_1)(ai — aza_s) — (ayap — aza_,)(apa_; — ara_s)]

x[(ai — a1a_1)(arag — aga_3) — (azag — aga_y)(apa_o — aja_s)]
—~[(ag — ara_1)(asag — asa_s) — (asag — asa_1)(apa_1 — ara_s)]
x[(ag — ara_1)(apa_y — aza_3) — (arag — asa_1)(apa_o — ara_s)|}
~{[(ag — ara_y)(ag — aza_s) — (arag — aza_y)(apa_, — aja_s)]
x[(a3 — ara_1)(ai — aza_3) — (azag — aza_1)(aga_s — aya_s)]
—~[(ag — ara_1)(ayap — asa_s) — (azag — asa_1)(apa_1 — ara_s)]
x[(ag — ara_1)(apa_y — asa_3) — (arap — aza_1)(apa_o — ara_s)|},

(a2 — aja_1)(ag — asa_s) — (a1ag — asa_1)(apa_; — aja_s)
)

Us(3,3) =
o5 ao(ad — ara_y)
U5(37 4) = (a(z) - a1a_1)(aoa_1 - aza—3)2— (a1a0 - a2a_1)(a0a_2 — ala_3)’
ap(ag — ara-y)
U5(3, 5) _ (a% - CL1CL_1)(CL06L_2 - aza_4)2— (a1a0 — aga_l)(aoa_3 — ala_4)’
ap(ag — ara-1)

Us(4,4) = {[(a§ — ara_1)(aj — asa_s) — (a1ap — asa_1)(apa_, — aya_s))
x[(a2 — aya_1)(a? — asa_s) — (azag — asa_,)(aga_y — aya_s)]
—[(a? — aya_y)(arag — asa_y) — (azag — asa_1)(aga_y — aya_s))
x[(a2 — aya_1)(aga_y — aza_s) — (ayag — aza_)(aga_s — aya_s)|}
+{ag(a2 — aya_y)[(a2 — aya_y) (a2 — asa_s) — (arag — aza_y)(aga_, — ara_s)]},
Us(4,5) = {[(a2 — ara_1)(a2 — aza_s) — (arag — asa_1)(aga_1 — ara_»)]
x[(a2 — ara_1)(aga_1 — aza_4) — (azag — asa_1)(apa_s — ara_y)|

—[(ad — ara_y)(ayap — asa_s) — (asap — aza_,)(apa_; — aja_s)]
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x[(a2 — ara_1)(apa_y — aga_y) — (arag — aza_1)(apa_s — aja_y)|}
Hag(ad — ara_1)[(aj — ara_y)(ag — aza_s) — (arag — asa_1)(apa_1 — aja_s)]},
Us(5,5) = {{[(ad — a1a_1)(aj — aza_s) — (a1ap — aza_1)(apa_1 — aja_s)]
x[(a3 — ara_1)(ai — aza_3) — (azag — aza_1)(aga_s — aya_s)]
—[(a3 — ara_y)(ayag — asa_s) — (asap — aza_,)(apa_; — aja_s)]
x[(a2 — a1a_1)(apa_y — aza_s) — (arap — aza_1)(apa_o — ara_s)|}
x{[(ad — aya_1)(ai — aza_s) — (a1ag — aza_1)(apa_, — aya_s)]
x[(a3 — ara_1)(ai — aga_y) — (azap — aga_y)(apa_s — aja_y)]
—~[(ag — ara_1)(asag — asa_s) — (asag — asa_1)(apa_1 — aja_s)]
x[(ag — ara_1)(apa_s — asa_4) — (a1ap — asa_1)(aga_s — aja_4)|}
—{[(ag — aya_1)(ai — aza_s) — (a1ap — aza_1)(aga_; — aja_s)]
x[(af — aya_1)(aiap — asa_s) — (asag — asa_y)(apa_y — aja_s)]
—[(ad — a1a_y)(agag — aga_s) — (azap — aga_y)(apa_; — aja_s)]
x[(ag — a1a_1)(apa_y — aza_3) — (arag — asa_1)(apa_o — ara_s)|}
x{[(ag — ara_1)(ai — asa_s) — (arag — aza_1)(apa_, — aya_s)]
x[(ag — ara_1)(apa_1 — aza_4) — (azag — aza_1)(apa_s — ara_y)]
—[(a3 — a1a_y)(ayag — asa_s) — (asap — asa_,)(apa_; — aja_s)]
x[(ai — ara_1)(apa_o — asa_4) — (arag — asa_1)(apa_s — aya_4)]}}
~{Hao(ag — ara_1)[(ag — ara_1)(ag — aza_s) — (arap — asa_1)(apa_, — ara_s)|}
x{[(ag — ara_1)(ai — asa_s) — (arag — aza_1)(apa_, — aya_s)]
x[(aj — ar1a_1)(ag — aza_3) — (agap — aza_y)(apa_s — ara_s)]

—[(ag —aja_q)(ayag — aga_q) — (agag — aza—y)(apa_1 — a1a_s)]

)
x[(ai — ara_1)(apa_y — asa_3) — (arap — asa_1)(apa_s — aya_sz)]}}.

Since the determinant of a triangular matrix is the product of the entries
of the main diagonal, as a first by-product, we get the following immediate

corollary which provides an explicit formula for the determinant of 7,.
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Corollary 2.3. For n > 3, the determinant of 7T,, is as follows:

det T, = [ [ Un(i. i) = — il

i=1 ag~(ag — ara_y)" 3 H;:; it

Example 2.4. Let n =5, then

detT5: H U5(Z,Z)

= {{l(a§ — a1a-1)(a§ — aza—z) — (a1ag — aza—1)(apa-1 — ara-s)]
W[(a2 — ara_1)(a? — aza_s) — (asao — asa_1)(apa_s — a10_s)]
(a2 — ara_1)(@1ap — asa_s) — (asao — asa_1)(apa_1 — ara_s)]
X[(a2 — a101)(d00_1 — ara_s) — (ara0 — aza_1)(aoa_s — ara_s)]}
< {[(02 = a1a_1)(@2 — a2a_s) — (200 — asa_1)(apa_1 — a1a_s)]
W[(62 — a1a_1)(a2 — asa_s) — (asao — asa_1)(apa_3 — a10_4)]
(a2 = ara_1) (a2 — asa_2) — (asao — asa_1)(apa_1 — ara_s)]
X[(a2 — ara_1)(apa_s — asa_s) — (ara0 — asa_1)(aoas — aza_)]}
—{[(2 = ara_1)(a2 — ava_s) — (arag — asa_1)(@oa_1 — ara_)]
X [(62 — ara_1)(arao — asa_s) — (asao — asa_1)(apa_s — ara_s)]
102 = ara1)(as0 — asa_2) — (asap — asa_1)(apa_1 — ara_s)]
X[(a2 — ara_1)(apa_1 — asa_s) — (arao — aza_1)(apa_s — ara_s)]}
{102 = ara_1)(a2 — asa_s) — (a1a0 — aza_1)(doa_1 — a10_s)]
X[(a2 — a10_1)(a0a_1 — a3a_s) — (a0 — asa_1)(a0a_s — a1a_4)]
“[(a2 — ara_1)(@r1ap — asa_s) — (asao — asa_1)(apa_1 — ara_s)]
K[(02 — arar)(aoa_s — asa_s) — (aray — asar)(ava_s — ara_s)|}}

~{Had(al—ara_1)?[(a}—ara_y) (a3 —asa_s) — (a1ap —asa_,)(apa_1 —aia_s)]}}.
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For any n x n matrix A, let flij be the matrix obtained from A by deleting
the i-th row and the j-th column. Then
(—1)i+j det(flw)
det(A)

A~ = Transpose of

From above, we get the following corollary:

Corollary 2.5. The inverse of T, is

(=1)"7 det((Tn)i)

dn ‘
(1872((1(2)—(11(1_1)"—3 H?;SZ d?ﬂ*l

T, ' = WU, + TyU, = Transpose of

In particular,

(~1)7* det((T,)ji) =~ -

— x T4, ).
ag *(ag —aja_,)"3 H;:gg a1 NCE)

Corollary 2.6. Let T}, be a circulant Toeplitz matrix. Then

Yi Yn Yo
y? n = Transpose of ( ) o (( )zg)

Yn QS*Q(Q%—ala_l)nfg H;ZSQ d?7i71
Yo -+ Y2 U1

Example 2.7. Let T5 be a circulant Toeplitz matrix, i.e.

Gy a4 asz az aq

ap ap a4 a3 ag

a3 az aip Ggp a4

g az az a1 Q
Then

Gy a4 az a2

a1 ap a4 ag
det
Q2 ay Qg G4

as ag a1 Qo
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=y x {{l(a§ — aras)(ag — azaz)
x[(ag — aray)(aj — azay) —

—[(a — aray)(arag — a3) —
(apay — a3) —
)

— Q104 (

X [(aﬁ — ayay)
x{[(ag

X [(ag — a1a4)(a(2) — a4aq) —

- Clzas)

—[(ag — ayay)(asag — asas) —
x[(ag — araq)(apas — azay) —
—{[(ag
x[(aZ — aras)(aiap — asas) —
~[(ag
x[(ag — araq)
x{[(ag

X [(ag — ajay)(apas — azay) —

— ayag)(ai — asas) —

- a1a4)(a2a0 - a4a3) -
(apay — a2)

— aray)(aj — agaz) —

—[(ag — ayay)(arap — a§) -

X [(a% — ajay)(apas — azay) —

+{{ap(ag

a; a4 as

Q2 Qo Q4
det

as aiy Qo

a4 Q2 Ay

= —yo x {{[(a§ — ara4)(a§ — azaz) —

x[(ai — aras)(ai — asag) —

—[(a§ — ara4)(ara0 — a3) —

x[(ag — aras)(agay — a3) —
)

x{[(ag

X [(a?J — a1a4)(a3 — agay) —

— a1G4 ( - a2a3)

(agay — agaq)(apas — ay)]

- a1a4)2[(a§ - a1a4)(a(2) — asag) —

(asag — ai)(aoag —
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— (a1ap — agay)(apas — ajag)]
(azap — azas)(apasz — aras)]
(CLQCL() — a3a4)(a0a4 — alag)]

(a1a0 — agay)(agas — araz)}

(
)

(arag — agay)(agay — ajaz)]
(azao — aj)(agas — aj)]
(asag — a3)(apay — ajas)]
(arao — azay)(apas — a3)l}
(arag — asay)(agay — ajaz)]
(azag — a3)(apaz — ayaz))
(asag — a3)(apay — ajas)]
(arag — agay)(agaz — ajaz)]}

(a1ap — azaq)(apas — aras)]

2

(CLQCLO — a3a4)(a0a4 — alag)]

(a1a9 — azayq)(agas — a%)]}}

(a1ap — azaq)(apas — araz)]}},

a2
as
Qayq

Qg

(a1ap — azaq)(apas — aras)]
(agap — azaq)(apas — aras)]
(agap — azaq)(apas — aras))
(a1ap — azaq)(apas — aras)]}

)

- (alao — Q204 (CLoCL4 - a1a3)]

ay)]
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—[(ag — aras)(asag — asas) — (asag — a3)(apay — ajas)]
x[(ag — ayas)(agas — azay) — (ar1ap — asay)(agas — a3)]}
—{[(ag — aras)(ai — asaz) — (ayag — asay)(agay — ayas)]
]
]

)
asag — asaz) — (agag — aZ)(a0a4 — ajas)
]

— YaS —
e
o ow
@
=
s
N
SN— SN—

(arag — asas) — (asag — a3)(apas — aias
(

x[(ag — araq)(apas — a3) — (a1ap — azaq)(agas — ajas)]}
x{[(a3 — ayas)(aj — asas) — (a1ap — asas)(apay — ajas)]
(apas — asar) — (agag — asay)(agas — ai))

(arao — a3) — (azag — asay)(apay — ajas)]

|
—

Q
o
|

Q
=

Q
N

_ ~— ~—r

apas — asay) — (arag — asay)(agas — a3)]}}

and so on.
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