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Abstract

The random attractor family of the stochastic high-order Kirchhoff equations
with strong damped nonlinearity and white noise are studied. First, the original
high-order Kirchhoff equation is simplified into a first-order evolution equation by
using Ornstin-Uhlenbeck process and 1t6 equation. Secondly, it is proved that there
exists a bounded random absorption set in D(E,) for the first-order evolution
equation. Then it is proved that there exists a compact absorption collection in
stochastic dynamical system {S(t,w),t>0} when k=1..,m. Finally, a stochastic
dynamical system {S(t,w),t>0} with random attractor family A, Of (EO, Ek) is

obtained.
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1 Introduction
In this paper, the following nonlinear strong damping higher-order Kirchhoff

equations with white noise are studied:

U + M (D™ )A) u+ B-4)"u, +g(ul)u = gOW (1)
o'u :
u(x,t)=0, 570 i=12,-,m-1, xe€dQ, t>0 2)
v
u(x,0)=up(x), U (x,0) =us(x), xe Qc R" 3)

Where m>1,Q is a bounded region on R" with smooth Dirichlet boundary e and
gQu|2)u IS a non-linear source term, the family of random attractor A, (k =0,1,---,m-1)

of the stochastic dynamical system is obtained.

After introducing some results of nonlinear evolution equation and infinite
dimensional dynamic system(reference [1]), Bailing Guo and Zhujun Jing!? further
introduce some important problems in infinite dimensional dynamic system.

Hans Crauel and Franco Flandoli®® established the criterion for the existence of
global attractors for stochastic systems, proved the existence of invariant Markov
measures supported by stochastic attractors, and generated invariant measures for
related Markov semigroups. The results were applied to the reaction-diffusion
equation of additive white noise and the Navier — Stokes equation of multiplicative
additive white noise. ThenHans Crauel and Franco Flandolil extended the reference
[3], the concept of attractors for stochastic dynamical systems is introduced, and it is
proved that stochastic attractors satisfy most properties of general attractors in
deterministic dynamical systems theory.

Xianyun Du and Wei Chen®™ considered the dissipative Kdv -type equation with

additive noise

U + (VU + iU, + U, + Au)dt = F (X)X + 3¢, dw, (1)
j=1

XXXX

the existence of global attractors is established for the asymptotic behavior in
one-dimensional bounded region, and the existence of stochastic absorption set for the
system is discussed.

Guigui Xu, Libo Wang and Guoguang Lin® studied the nonautonomous

stochastic wave equation with dispersion and dissipation terms

U, —Au—aAu, — Su, +h(uu, + Au+ f(x,u) = g(x,t)u+gu~dd—V:I
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the existence of random attractor for Nonautonomous stochastic wave equations with
product white noise is obtained by using the uniform estimation of solutions and the
technique of decomposing solutions in a region.

For more information on random attractor, please refer to references [7-15].

On the basis of previous studies, this paper studies the family of random attractor
for higher-order Kirchhoff-type equations with white noise. Firstly, some preliminary
knowledge and basic assumptions are made. Then, it is proved that there are random
absorption set in stochastic dynamical system. Finally, the family of random attractor

is obtained.

2 Basic assumptions and preliminaries
In this part, we first introduce some mathematical symbols and define the inner
product and norm on L*(Q), then give the hypothesis of Kirchhoff type stress term
M(s) and nonlinear source term gQu|2)J , and finally give the definition and
properties of stochastic dynamical system{S(t,w),t >0} and random attractor A.
For the sake of narrative convenience, the following symbols are introduced:
V=D , A=-A , H=L12Q) , HMQ)=H"QNHIQ) , HIMQ)=H" QNHIQ) ;
E, = H"™(Q)xH(Q) (k=012,--m-1), C,C/(i=12-6)>0 areconstants.

The inner product and norm of L*(Q) are respectively:
(u,v) = [, uvdsx, ||u||:(u,u)%, vu,ve 2(Q) ;

(yll yz)Ek _ (Dm+ku1’ Dm+ku2) +(DkV1, DkVZ), "y"2Ek — ||Dm+ku |2+||Dkv||2,

vy, = (U, V) y=@uyVv) €eE, i=12

Assume that the Kirchhoff stress termM(s) satisfies the following condition:
(H) (M(5)=2)(D™*y;, D™ y,) = (D™ y,, D™ y,).

Assume that the non-linear source term g(]u|2)1 satisfies the following condition:

2n

N>2.
n-2m

(H,) go(s) exponential growth, g(u[)<C@+[u"), p<

Let (B(R")xFxB(X),B,(w)c D(w)) be a probabilistic space and define a family
of measures-preserving and ergodic transformation{o,,t € R} :
GW() =w(+t)—w(t) ,

then (Q,F,P,(6,)..x) isan ergodic metric dynamical system.
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Let (X.,||,) be a complete separable metric space and B(X) be a

Borel o —algebraon X .
Definition 1! Let (©.F,P,(4)..) be a metric dynamical system, if
(B(R*)x F xB(X),B(X)) -measurable mapping
S:R"xQxX — X, (t,w,x)~ S(t,w,Xx)
satisfaction:
(1) Forall s;t>0 and weQ, mapping S(t,w):=S(t,w,) satisfies
S(O,w)=id, S(t+s,w)=S(t,d,w)oS(s,w),
(2) Foreach weQ, the mapping (t,w)— S(t,w,x) IS continuous.
Then s is a continuous stochastic dynamical system on (Q,F,P,(6,),.x) -
Definition 2! A random setB(w)c X is incremental random set if for each
weQ, pg=0, thereis

lim inf e77°d(B(@_,w)) =0,

[s|—>e0

where d(B)=sup|x|, for vxeX.
xeB

Definition 3™ Note the set of all random sets on D(w) to X . Random set B(w)
is called the absorptive set on D(w). For any B(w)eD(w) and P,,, Q, there exists
Tew >0 such that

S(t,0.,w)(B(O_,W)) < By (W) .
Definition 4° Random set A(w) becomes a random attractor for continuous
stochastic dynamical system s(t) on X if random set A(w) satisfies:
A(w) is arandom compact set;
(3) A(w) isan invariant set, i.e. for any t>0,S(t,w)A(w) = A(G,w) ;
(3) A(w) attracts all sets on D(w), i.e. for any Bw)eD(w) and P,,, Q, we have
limit formula:
lim d(S(t, 0., W)B(0. W), A(w)) =0,

where d(A B) =supinf [x—y],, is Hausdorff half distance(there A BcH).
xeA yeB

Definition 5! Let random set B(w) < D(w) be a random absorbing set of stochastic
dynamical system (S(t,w)).., , and random set B(w) satisfies:

(1) Random setB(w) is a closed set on Hilbert space X ;
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(2) For P, eQ, random set B(w) satisfies the following asymptotic compactness
conditions: for arbitrary sequence x,eS(t,. 6, W)B,(6, w) at t, —»+w, there is a
convergent subsequence in space X . For stochastic dynamical system (S(t,w))., ,

there is a unique global attractor

AW) = N US(t,0,wW)B, (0. W).

etw) tor
Ornstein-Uhlenbeck process

In reference [2], we introduce Ornstin-Uhlenbeck process in H**(©), which is
given by Wiener process in metric system (Q,F,P,{6,}...) -

Let z(6w)=-«a[° e w(r)dr, of which teR. It can be seen that for any t>0,
stochastic process z(g,w) satisfies 1t6 equation

dz + azdt =dW(t) .
According to the properties of Ornstin-Uhlenbeck process, there exists a

probability measure P,6, -invariant setQ, cQ, and the above stochastic process
2(6w) = —a|° e Ow(r)dr satisfies the following properties:

(1) Foranygiven weQ,, mapping s— z(d,w) isa continuous mapping;

(2) Random variable |z(w)| increases slowly;

(3) Thereis aslowly increasing set r(w) >0, such that

I

l2@w)|+|z@w)|" < r(@w) < r(w)e? ;

-1 1.
(4) lim 2wl dz =

(5) lim % z@wldz =——

\/E .

3 Existence of Random Attractor family

This part mainly turns the equation (1)-(3) into the first-order development
equation, then proves that the inequality (Ly,y)e, > ki|ly|;, +k.[D™*y.|" is established,
and then uses this inequality to prove that there is a bounded compact absorption set
in the stochastic dynamical system {S(t,w),t>0}, and finally can get the random
attractor family A (k =1,---,m) of the stochastic dynamical system {S(t,w),t>0}.

For convenience, equation (1) - (3) can be transformed into



6 Guoguang Lin and Ying Jin

du =u,dt,

2

du, +[M(

‘AFQUH YA"u+ A", + g(|u|2)u]dt =q(x)dW (t), t € [0,+0), (4)

u(x,0) =u,(x),u, (x,0) =u,(x),x € Q.

Let ¢=(u,y)",y=u,+au,the problem (4) can be simplified as follows:

do+ Ledt = F (6,0, ),
{(po (@) = (Ug, U, + wo)T- (5)
where
x —1
o= L=l (m|a2u] )-pe)Am +e2)1 (BAT =)l |
F(0,0,0)= °
P g (uPyu+arodw ) )
Let z=y-q(x)5(6,m), then question (4) can be written as follows:
{ b +Lp=F(00.9), ©)
By (@) = (Ug, Uy + ety —q(X)5(6,0))"
where
, &l -1
p=W2) L=l (mdazd) )= pe)am+e2)1 (AT —g)1 |
- a(x)6(6,)
F(6,0,¢) = 2 .
(9) (—g<|u| )u+(a+1—ﬁAm)q<x>5<9tw>j
Lemmal Let g =H(Q)xH{(@)(kk=012-m),for vy=(y,y,)" €E,
1
O<e< ,such that
B-1
(LY. e, = k[, +ko[Dm*ye[ (7)

Of which &, = min{/”“‘g—ﬁf%m b _25} o PU-peie)
2p 2 2
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&l -1

)—Be)A™ + £2)] (ﬂAmg)J' Vy=(y1,y2)TeEk,

2

m
Az2u

Proof Because LL((M(

so from hypothesis (H,)Holder inequality. Young inequality and Poincare inequality,

can obtain

(Ly,Y)e, = (D™* &y, — ¥,), D™ y,) + (DX (M (|AZu] ) - Be)A" + %)y, + (BA" —£)y,),D*y,)

2

=Dy, |- (D™ y,, D™ y,) + (M (|AZuU| )-£)(D™*y;, D™ y,) + (2 - fe)(D™*y,, D™y,

+,92(D“y1,Dky2)+ﬂ|D””“y2||—g||D"y2||2
> £[D™*y | - (D™ *y,, D™y, + (D™*y,, D™ y,) — (Be — ) (D™ Y, D™y, ) + 2% (D y,, DFy,)
# Ao ya|-e]ot |

|Dm+ky1|| (B- 1)g||Dm+k " ﬂ(ﬁ De

D"y, | -4|D"y.[

2
24| S5 oy - ||Dky1||2‘%||Dky2||2+ﬂ|

Bl —g*-2¢

= e N

1
I+ W"

|Dm+ky Dm+k y2||2_

"
2
_ ﬂ5+5—ﬁ822{m|

2
2 ol +

Dm+kyl”2+ﬂ(1—,§8+8) ||Dm+k BA —282—28 ||Dky2||2

k(D] +[D4yal )+ [Py

=ky[2 +k o™,

where &, _mm{'g‘”‘gzﬂﬁ‘s AT PE _2‘8 - } k2=ﬂ(1_§g+g) Lemma 1 is proved.

Lemma 2 Let ¢ be a solution of the problem (5), then there exists a bounded
random absorption set B, D(E,), so that for any slowly increasing random set

B, (W) e D(E,) , there exists a random variable T, ,, >0, making
@(t, 0: W) Bk (0-+W) < By (W) , V2T w) WeQ (8)
Proof Let ¢ be asolution of the problem (6). By taking the inner product of the

two sides of ¢=(u,z)" €E, and equation (6) on E,, can get

2 dt ||¢|| +(Lg,¢) = (F (6., 4).9) 9)

Which can be obtained by lemma 1
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(L) =kl +ka|D™ 2| (10)

according to the inner product defined on E, ,have

(F (0w, #).4) = (D™ a(x)5(6:W), D™*u) + (D* (~g (u] Ju + (¢ +1- B ANA(N)S(6: W), D" 2) (1)
according to Holder inequality. Young inequality and Poincare inequality, can
obtain

| 11

(Dm+k Q(X)5((9t W), Dm+k U) < §||Dm+k

Am+*q(x>H 5o (12)

8&1

(D*eq(x)5(6, W), D* 2) < —Z— D"z

[+ Iptac) sy (13)

ﬂT Am%q(x)H s (14)

(D" (- B ANA()S(6.W), D*2) < =~ D"z

1
[+ (ptad] + 4°

By using hypothesis (H,). Embedding theorem and Poincare inequality,we get

" < Cylu[** +C, <C ™0 Dm*ku|4p +C,,

Joterf <Jea

From ¢=(u2)" € to [D™*u

|4pis bounded, then “g(|u|2)H2£03, so according Holder

inequality. Young inequality and Poincare inequality, we have

3o <c,+ Ao

(D*(=g(u[)u).D ‘7)<t i (15)

Collecting with (9)-(15) and lemma 1,we get that

2 -m 2
S 21l @ha-20 157 22 o af < el of 2,4 A ool ot

+ e+ 2D ot (16)

2 -m 2
take =2k, M =20 arlq) + e+ )p'awof then have
&

d
ol +llll, < s +Mlsaw (17)
By the Gronwall inequality, p....cQ ,conclude that

||¢(t,w)||; <g ||¢0(w)||2Ek + ]2 C, + M [S(0,W)[)ds (18)
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Because s(g,w) is slowly increasing and &(g,w) is continuous with respect to
t, according to literature [15], a slowly increasing random variable r,:Q— r* can be

obtained, so that for vteR,weQ, thereis
5@ wW)|” < r1(0:W) < €2y (W) (19)
Replacing w in formula (18) with ¢_w, we can get
lét.0- W, <™ [do(o- W, +Ise ™" (Cs + M[5(g, ) )ds (20)

where (let s-t=17)

C, 2
[{I(Cs+ M |5(0. W) )ds = [%e"(Cs + M [5(g. W) )dz < 757 M ry(w) (1)
Because ¢,(6-w) € B« (6-w) Is increasing slowly and |s(¢_w)| is increasing slowly,
set

RIW) = =5+ 2 M ry () 22)
n n

Then Rr3(w) is also slowly increasing. Note g, ={¢< Ekmqﬁ"EkSRo(W)} is a random

absorption set, and due to

S(t,0-0W) 5 (0 W) = p(t, 04 W) (B (-0 W) +(0,a(x)5(6W))") ~ (0,4()5(6- W)

so let
Boc (W) ={p < Eu[Jel,.. < Ro(w)+|D* a5 W) = Ro (W}

Then g, (w) is the random absorption set of o(t,w), and g, (w) € D(E,) . The proof is

complete.

Lemma 3 When k=1,.,m, for VB, (w)eD(E,), let o) be the solution of

equation (5) in initial value ®,= (UO,U1+5U0)T € B, . it can be decomposed into

¢ =p,+p,, Where ¢, p, satisfies respectively
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{d¢l+ Lo, dt=0,

P (W) = (U01U1+5U0)T- (23)
de,+ Lo, dt=F(w,¢),
{(/702 (w) =0. (24)
2
thenH¢1(t,6)_tW)HE S0(tow), Yo (0.WeB (0., (25)

and there exists a slowly increasing random radius of R,(w), which makes weQ

satisfy
H(Dz(t,@_tW)HEk <R.W) (26)

Proof Let ¢=g¢,+¢,=Uuux+su)’ + Uz ux+eu—q(x)5(@w))" be the solution of

equation (6), then according to equation (23) and (24), we can see that ¢,,¢, satisfy

respectively

{ ¢+ Lo =0,

Pu=0o= (UO,U1+5uo—Q(X)5(9tW))T. (27)
¢2t+ Lg,= 'E(¢2149tw)1
{ $2 =0. (28)

Taking the scalar product in  E, of equation (27) with ¢, = (uy,ux+suy)’ ,we have that

sailll

then due to lemma 1 and Gronw

2 +(L¢1f¢1) =0,
E.

o, <e ™ o] @)

all inequality,can get
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If w in Formula (29) is replaced by ¢.w, and (@ w)e B, increases slowly,

then

H¢1(t’9—tW)H; <gp k!

¢o(6’—tW)H2E —0,(t—>©), V(W eBn.

Thus (25) is established.
By taking the inner product of ¢, =(u,,ux+cu.—q(X)5(g.w))" and equation (28)

on E,,and bylemma 1 and lemma 2, can obtain

<, S(o:w)| (30

2 2
Ek+77H¢2HEk <Cy+M,

2 -m
+

where n=2ki, Ml =M
&

A2 4() 2+(8+%)HDkQ(X)H2v

substituting w by ¢.w in (30) and using Gronwall inequality, we know

C, 2
6o W, <e g0 W, +Ioe " 2(Co +M, |50, ) )ds < Sy Minw) (31)

So there's a slowly increasing random half so that for 2, there's

Co 2
RE(W) =—"+=M;r(W),
non

such that for vweQ, have

H(Dz(t,ﬁ_tW)HEk <R,W).

Lemma 3 is proved.

Lemma 4 The stochastic dynamical system {S(t,w),t>0} determined by
equation (5) has a compact absorption set K(w)c E, IN t=0,P,encQ.
Proof Let K(w) be a closed sphere with radius R, (w) in space E, .

According to embedding relation g,cE,, then K(w) is a compact set in g,. For
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arbitrary incremental random set g, (w),for Vvg(t, 9 w) € B, ,according lemma 3, have

$,=d—¢,eK(w), so for vt>T1, ., >0,duetolemma 3, there is

da@0ﬂ4mBA&N%KNM=M£hJﬂWLM—WW£

<|lgt.o- W
<& gy (L0 W) >0, (t >0).

The proof is complete.
According to Lemma 1-Lemma 4, there is the following theorem:

Theorem 1 The stochastic dynamical system {S(t,w),t >0} has a family of random
attractor A.(w) c K(w)c E,» weQ, and there exists a slowly increasing random set

K(w) , which makes p,..cQ,

Ak (W) = t>oﬂ>tU S(t, 9—1 W, K(e—r W)) 1

and S(t,w) A (W) = A (G W) .
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