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Abstract 

 

The random attractor family of the stochastic high-order Kirchhoff equations 

with strong damped nonlinearity and white noise are studied. First, the original 

high-order Kirchhoff equation is simplified into a first-order evolution equation by 

using Ornstin-Uhlenbeck process and oIt ˆ  equation. Secondly, it is proved that there 

exists a bounded random absorption set in  kED  for the first-order evolution 

equation. Then it is proved that there exists a compact absorption collection in 

stochastic dynamical system }0),,({ twtS  when mk ...,1， . Finally, a stochastic 

dynamical system }0),,({ twtS  with random attractor family kA 0f  kE，0E  is 

obtained. 
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1  Introduction 

    In this paper, the following nonlinear strong damping higher-order  Kirchhoff 

equations with white noise are studied: 
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Where 1m ,  is a bounded region on nR  with smooth Dirichlet boundary   and 

 uug
2

 is a non-linear source term, the family of random attractor )1-,,10( mkAk  ，  

of the stochastic dynamical system is obtained.   

After introducing some results of nonlinear evolution equation and infinite 

dimensional dynamic system(reference [1]), Bailing Guo and Zhujun Jing
[2]

 further  

introduce some important problems in infinite dimensional dynamic system. 

Hans Crauel and Franco Flandoli
[3]

 established the criterion for the existence of 

global attractors for stochastic systems, proved the existence of invariant Markov 

measures supported by stochastic attractors, and generated invariant measures for 

related Markov semigroups. The results were applied to the reaction-diffusion 

equation of additive white noise and the StokesNavier  equation of multiplicative 

additive white noise. ThenHans Crauel and Franco Flandoli
[4]

 extended the reference 

[3], the concept of attractors for stochastic dynamical systems is introduced, and it is 

proved that stochastic attractors satisfy most properties of general attractors in 

deterministic dynamical systems theory.  

Xianyun Du and Wei Chen
[5]

 considered the dissipative KdV -type equation with 

additive noise 
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the existence of global attractors is established for the asymptotic behavior in 

one-dimensional bounded region, and the existence of stochastic absorption set for the 

system is discussed. 

Guigui Xu, Libo Wang and Guoguang Lin
[6]

 studied the nonautonomous 

stochastic wave equation with dispersion and dissipation terms
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the existence of random attractor for Nonautonomous stochastic wave equations with 

product white noise is obtained by using the uniform estimation of solutions and the 

technique of decomposing solutions in a region.  

For more information on random attractor, please refer to references [7-15]. 

On the basis of previous studies, this paper studies the family of random attractor 

for higher-order Kirchhoff-type equations with white noise. Firstly, some preliminary 

knowledge and basic assumptions are made. Then, it is proved that there are random 

absorption set in stochastic dynamical system. Finally, the family of random attractor 

is obtained.  

 

2  Basic assumptions and preliminaries 

In this part, we first introduce some mathematical symbols and define the inner 

product and norm on  2L , then give the hypothesis of Kirchhoff type stress term 

 sM  and nonlinear source term  uug
2

, and finally give the definition and 

properties of stochastic dynamical system }0),,({ twtS  and random attractor A . 

For the sake of narrative convenience, the following symbols are introduced: 

D , A ，   2LH ,       1

00 HHH mm  ,        1

00 HHH kmkm  ，

     1-,2,1,0,00 mkHHE kkm

k   , 0)6,,2,1(, iCC i  are constants.  

The inner product and norm of  2L  are respectively: 
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Assume that the Kirchhoff  stress term  sM  satisfies the following condition:  

 1H  ),(),)()((
2121 yDyDyDyDsM kmkmkmkm   . 

Assume that the non-linear source term  uug
2

 satisfies the following condition: 

 2H   sg  exponential growth, 2,
2

2
),1()(

22
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mn

n
puCug

p
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Let ))()(),()(( wDwBXBFRB k   be a probabilistic space and define a family 

of measures-preserving and ergodic transformation },{ Rtt  : 

)()()( twtwwt  , 

then ))(,,,( RttPF    is an ergodic metric dynamical system. 
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Let ),(
X

X   be a complete separable metric space and )(XB  be a 

Borel algebra on X .  

Definition 1
[9] Let ))(,,,( RttPF   be a metric dynamical system, if 

))(),()(( XBXBFRB  -measurable mapping 

),,(),,(,: xwtSxwtXXRS   

satisfaction:  

(1)  For all 0, ts  and w , mapping ),,(:),(  wtSwtS  satisfies 

),(),(),(,),0( wsSwtSwstSidwS s  ; 

(2)  For each w , the mapping ),,(),( xwtSwt   is continuous.  

Then S  is a continuous stochastic dynamical system on ))(,,,( RttPF   .  

Definition 2
[9] 

A random set XwB )(  is incremental random set if for each 

w ， 0 ，there is 

0))((inflim 





wBde s

s

s

 , 

where 
X

Bx

xBd sup)(


  for Xx . 

   Definition 3
[9] 

Note the set of all random sets on )(wD  to X . Random set )(wB  

is called the absorptive set on )(wD . For any )()( wDwB   and weaP .. , there exists 

0)( wBT  such that  

)())()(,( 0 wBwBwtS tt   . 

   Definition 4
[9]

 Random set )(wA  becomes a random attractor for continuous 

stochastic dynamical system )(tS  on X  if random set )(wA  satisfies:  

)(wA  is a random compact set; 

(3) )(wA  is an invariant set, i.e. for any )()(),(,0 wAwAwtSt t ; 

(3) )(wA  attracts all sets on )(wD , i.e. for any )()( wDwB   and weaP .. , we have 

limit formula:  

0))(),(),((lim 


wAwBwtSd tt
t

 , 

where 
H

ByAx

yxBAd 


infsup),(  is Hausdorff half distance(there HBA , ). 

   Definition 5
[9]

 Let random set )()( wDwB   be a random absorbing set of stochastic 

dynamical system 0)),(( twtS , and random set )(wB  satisfies:  

(1)  Random set )(wB  is a closed set on Hilbert space X ;  
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(2)  For weaP .. , random set )(wB  satisfies the following asymptotic compactness 

conditions: for arbitrary sequence )(),( 0 wBwtSx
nn ttnn    at nt , there is a 

convergent subsequence in space X . For stochastic dynamical system 0)),(( twtS , 

there is a unique global attractor  

)(),()( 0
)(

wBwtSwA tt
twt




 

 . 

Ornstein-Uhlenbeck process 

In reference [2], we introduce Ornstin-Uhlenbeck process in )(0 kmH , which is 

given by Wiener process in metric system )}{,,,( RttPF   .  

Let 


0
)()(   dwewz tt , of which Rt . It can be seen that for any 0t , 

stochastic process )( wz t  satisfies oIt ˆ  equation 

)(tdWzdtdz  . 

According to the properties of Ornstin-Uhlenbeck process, there exists a  

probability measure tP , -invariant set k , and the above stochastic process 




0
)()(   dwewz tt  satisfies the following properties:  

(1)  For any given 0w , mapping )( wzs s  is a continuous mapping;  

(2)  Random variable )(wz  increases slowly;  

(3)  There is a slowly increasing set 0)( wr , such that 

t

ttt ewrwrwzwz 2
2

)()()()(



  ; 

(4) 

 



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0
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t

t
t

dwz
t

; 

(5) 

 



1

)(
1

lim
0


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t

t
t

dwz
t

.

 

 

3  Existence of Random Attractor family 

This part mainly turns the equation (1)-(3) into the first-order development 

equation, then proves that the inequality 
2

22

2

1),( yDkykyLy km

EE
k

k

  is established, 

and then uses this inequality to prove that there is a bounded compact absorption set 

in the stochastic dynamical system }0),,({ twtS , and finally can get the random 

attractor family ),,1( mkAk   of the stochastic dynamical system }0),,({ twtS . 

For convenience, equation (1) - (3) can be transformed into 
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Let Tyu ),( , uuy t  ,the problem (4) can be simplified as follows： 
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  Lemma 1  Let      mkHHE kkm

k ,,2,1,0,00   ,for k

T Eyyy  ),( 21 ,  
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Of which ,
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2
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  Proof  Because 
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so from hypothesis  1H 、Holder inequality、Young inequality and Poincare inequality, 

can obtain 
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Lemma 2  Let   be a solution of the problem (5), then there exists a bounded 

random absorption set )(
~

0 kk EDB  , so that for any slowly increasing random set 

)()( kk EDwB  , there exists a random variable 0)( wBk
T , making  

)(~)(),(
0

wBwBwt
ktkt  ，   wTt wBk

,)(  (8) 

  Proof  Let   be a solution of the problem (6). By taking the inner product of the 

two sides of k

T Ezu  ),(  and equation (6) on kE , can get  

)),,((),(
2

1 2
 wFL

dt

d
t

Ek
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Which can be obtained by lemma 1 
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according to Holder inequality、 Young inequality and Poincare inequality,  can  
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By using hypothesis  2H 、Embedding theorem and Poincare inequality,we get 
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Collecting with (9)-(15) and lemma 1,we get that 
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By the Gronwall inequality， P wea .. ,conclude that 

dswMCewewt s

t st

E

t

E kk

))(()(),(
2

50

)(
0

22

     (18) 
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Because )( wt  is slowly increasing and )( wt  is continuous with respect to 

t , according to literature [15], a slowly increasing random variable Rr
:1  can be 

obtained, so that for  wRt , , there is  

)()()( 121

2
wrewrw t

tt



   (19) 

Replacing w  in formula (18) with wt  , we can get  

dswMCewewt ts

t st
t

E

t
t

E kk

))(()(),(
2

50

)(
0

22

 






   (20) 

where（let  ts ） 

dswMCe ts

t st ))((
2

50

)(



   

 dwMCet
))((

2

5

0
 

)(
2

1
5 wrM

C


  (21) 

Because )()(
0

wBw tkt     is increasing slowly and )( wt   is increasing slowly, 

set 

)(
2

)( 1
52

0 wrM
C

wR


  (22) 

 

Then )(2
0 wR  is also slowly increasing. Note })({ˆ 00

wREB E
kk

k

   is a random 

absorption set, and due to  

))()(,0()))()(,0()()(,()(),(
~

00

T
t

T
ttttt wxqwxqwwtwwtS    ， 

so let 

})()()()({)(~
000

wRwxqDwREwB
k

E
kk

k

  ， 

Then )(~
0

wB k
 is the random absorption set of ),( wt , and )()(~

0 EDwB kk
 . The proof is 

complete. 

  Lemma 3 When mk ,...,1 , for )()(B Ekk Dw  , let )(t  be the solution of 

equation (5) in initial value Buuu
T

k0
),( 010
  , it can be decomposed into 


21

 , where  21
,  satisfies respectively 
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







.),()(

,0

01001

11

uuuw

dtLd
T




 (23) 

 









.0)(

),,(

02

22

w

wFdtLd




 (24) 

 

then )(,0
1 ),(

2

 tt
E

wt
k

 ，   )()(
0

ww
tkt B  

 ，        （25） 

and there exists a slowly increasing random radius of  wR1 , which makes w  

satisfy  

)(
2 1),( wt

E
Rwt

k

  (26) 

  Proof  Let ))()(,(),( 22211121

T
ttt

T
wxquuuuuu    be the solution of 

equation (6), then according to equation (23) and (24), we can see that  21
,  satisfy 

respectively 









.))()(,(

,0

010001

11

wxquuu

L

t

T

t




 (27) 









.0

),,(

02

222



 wFL tt  (28) 

Taking the scalar product in kE of equation (27) with ),( 1111 uuu t

T
  ,we have that 

0),(
12

1
11

2

  L
Edt

d

k

， 

then due to lemma 1 and Gronw 

)(),( 011

2
2

2
1 wewt

E

k

E kk

t




  (29) 

all inequality,can get 
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If w  in Formula (29) is replaced by wt  , and Bkt
w 


)(  increases slowly, 

then  

)(,0
01 )(),(

2
2

2
1 


tt

E

k
t

E
wewt

kk

t

 ，   Bw mt   )(
0  . 

Thus (25) is established. 

By taking the inner product of ))()(,( 2222

T
tt wxquuu    and equation (28) 

on kE , and by lemma 1 and lemma 2, can obtain 

)(
2

16

22

22
kk

wtMC
EEdt

d
    (30) 

 

where k12 ， )(2

k3
2

1

2

1 xqA

m

M






 )(k)

1
(

2

xqD
  ，       

substituting w  by wt   in（30）and using Gronwall inequality，we know 

dswMCewewt sr

t st
t

E

t
t

E mm

))(()(),(
2

160

)(
02

2

2

2

 






  )(

2
11

6 wrM
C


  (31) 

 

So there's a slowly increasing random half so that for 2, there's                        

)(
2

)( 11
62

1 wrM
C

wR


 ， 

such that for w ，have 

)(
2 1),(

k

wt
E

Rwt  . 

Lemma 3 is proved. 

Lemma 4 The stochastic dynamical system }0),,({ twtS  determined by 

equation (5) has a compact absorption set EwK k)(  in  Pt wea ..,0 . 

Proof  Let )(wK  be a closed sphere with radius )(1 wR  in space E k . 

According to embedding relation EEk 0 , then )(wK  is a compact set in E k . For 
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arbitrary incremental random set )(wBk ,for Bwt kt   ),(  ,according lemma 3, have 

)(
12

wK  , so for 0)(  Tt wBk
,due to lemma 3, there is  

)(),(inf))(),(),((
2

)()(

twtwKwBwtSd t
EwKt

tktE
k

k




 


  

               ),(
1

2
wt t

Ek
   

                             )(,0),(
01

22 1  
 twte t

E

tk

k
 . 

The proof is complete. 

According to Lemma 1-Lemma 4, there is the following theorem:  

  Theorem 1 The stochastic dynamical system }0),,({ twtS  has a family of random 

attractor  wEwKwA kk ，)()( , and there exists a slowly increasing random set 

)(wK , which makes P wea .. , 

))(,,()(
,0

wKwtSwA
tt

k  





  , 

and )()(),( wAwAwtS tkk  . 
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