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On a certain generalized condition
for starlikeness and convexity
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Abstract

In this paper, we applied Salagean differential operator to the inte-

gral operator of the form

re = [T (22 0

and obtained the starlikeness, convexity and convolution properties.
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1 Introduction

Let A be the class of all analytic functions f(z) defined in the open unit
disk U = {z € C : |z] < 1} and S the subclass of A condisting of univalent

functions of the form:

f(2) :z+2anz” (1)

While /
s*:{feS:Re(z]{(S) >0, zeU)} (2)
SC:{fGS:Re<1+zJ£/;<Z§)) >0, zeU} (3)

are called respectively univalent starlike and convex functions with respect to

the origin.

Lemma 1.[1] Let M and N be analytic in U with M (0) = N(0) = 0. If N(z)
maps onto a many sheeted region which is starlike with respect to the origin

and Re{%,/((j))} > in U, then Re{%((j))} > in U.

Seenivasagan [4] obtained a sufficient condition for the univalence of the

integral operator of the form:

o= o [T (50) )

filz) =z + Z al 2" (4)

While Makinde and Opoola [2] obtained a condition for the starlikeness of the

integral operator of the form:

= [TI(H9) 0 o

The differential operator D™(n € Ny) was introduced by Salagean [5]. Where
D, f(2) is defined by

D"f(z) = D(D"" f(2)) = (D" f(2))" with D°f(2) = f(2) (5)

Where
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Makinde [3] investigated some properties for I'2((y, (o;y) of D™ f;(z) in the

integral operator of the form:

/ (Dfl ) ds, a € C |a| <1

Where she gave the Salagean Differential operator for the function f;(2) in (4)
to be of the form:

D" fi(z —z+2nk’ n (6)

Let D"f(z) = 2+ Y oo ,nfal 2™ an D" fin(2) = z + > oo ,nFal,2" we define
the convolution of D" f;;(z) and D" fi2(z) b

anil (Z) * aniQ( ) (anzl * D" sz =z 4+ Z n anlaiﬂz"

In the present paper, we investigated certain conditions for starlikeness and

convexity of the integral operator of the form:

FDa / <D fz ) dS, aeC

and its convolution properties.

2 Main Results

Theorem 2.1. Let Fp,(z) be the function in U defined by

FDa / (D fl > ds, aeC

If D" fi(s) is starlike, then Fp,(z) is convex.

Proof. Let

Foa(2) =/ﬁ (D"f‘s))“l‘ds, aec

=1
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Then
1
k D fi(s) | ©
Fhals) H( s )
FDQ(Z) n é
fO z—l <%Z(S)) dS
1 1 1
Z(D”f1(2)> ’ (D%(z)) c (D”fk(z)) *
1
FPIL (2482) s
Now, let

z

M) = 2Fp(2) = +( L) ' (D"fz(z))l

Q

VR

>

3

w =

O
~_
2

z
and .
D’n
N( FDa / < fl ) dS
Then
k l D"*lfi(z) _ 1
M'(z) L+ 2Fp.(2) m 2im1 a( D" fi(2) )
N'(z) Fpo(2)

1

H]-C_l (—ani(z) ) “
But

k l D”'Hfi(z) o
M) | 2im a( D fi(z) 1)|
N'(2) - - e I
e (24 ) |
n+1
S |5 1

Dnfi(2)
1
e, (Dnmz)) "
D" f;(z2) is starlike by hypothesis implies that

Dn—&-lfi(z)
’—D”fi(z) -1 <1

IN

Thus
M'(z)
N'(z)

—-1l<1
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Hence, Re
M'(z)
{3t
N'(z)
which shows that Fp,(z) is convex and so by Lemma 1

Re (M), g

N(z)

which implies that Fp,(z) is starlike.

>0

This concludes the proof of Theorem 1. m

Theorem 2.2. Let Fp,(z) be the function in U defined by

FDa / <D fl > dS, aecC

Then Fpo(z) is starlike If D™ f;(s) is starlike.

Proof. From Theorem 1

M'(z)
—1 1
N(2) ‘ )
This implies that
M'(z)
Re{ Nz) } >0
and by Lemma 1 we have
M(z)
Re{ N (2) } >0

Which implies that

Thus Fpa(z) is starlike. O

Theorem 2.3. Let

Fpa(z / ( D" fir * D"fiz)(5)>“d5’ acC

S

Then Fp(z) is convex if (D™ fi1 * D™ fi2)(2) is starlike.
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Proof. Following the procedure of the proof of the Theorem 1, we obtain
the result. N

Theorem 2.4. Let Fp,(z) be the function in U defined by
1
(D" fi = D™ f; o
o - [ TT(Z 280 e
s

Then Fpe(z) is starlike If (D™ f;1 % D" fi2)(2) is starlike.

Proof. Following the procedure of the proof of the Theorem 2, we obtain
the result. N

Theorem 2.5. Let Fp,(z) be the function in U defined by

1
DTL
Fpa(z / ( fils )ds, aelC, la>1

Then Fpo(z) is convez if

ZZTL Dla'| <1

Proof. From Theorem 1, we have

k 2Dt £ (2
M'(z) 1l < D |é||WJ(Cz()) — 1

e (242)
Using (6) we obtain

M(z) 1' _1 Soii Domey (0 = 1)]al | e
A Py k| T (M)

—1‘<1

and by hypothesis, we have

M'(z)
N'(z)
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Thus Fpa(z) is convex
Corollary Let Fp,(z) be the function in U defined by

‘L D" fi1 % D" fio g
FDa(Z):/o-ll(( J S f)(s)) ds, aeC

Then Fp,(z) is convex if

k
> nfn—Dlajllaps| < 1.
i=1
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