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The limit in the category
of Q-P quantale modules

Shaohui Liang!

Abstract

In this paper, firstly, the definition of Q-P quantale modules and
some relative concepts were introduced. we prove that the category of
Q-P quantale modules is a pointed and connected category. Based on
which, we give the structure of the limit of this category, so it is com-
plete. Secondly, we talk about some properties of the inverse systems
of the category of Q-P quantale modules, we construct the inverse limit
of the category of Q-P quantale modules. Introducing the definition
of a mapping between two inverse systems, we get the limit mapping
in the category of Q-P quantale modules. At last, The definition of

bimorphism of Q-P quantale modules is given.
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1 Introduction

Quantale was introduced by C.J.Mulvey in 1986 in order to provide a lat-
tice theoretic setting for studying non-commutative C*-algebras[l]. On the
other hand, the concept was expected to relate to the semantics of non-
commutative logics, for example that of quantum mechanics. A quantale-
besed (non-commutative logic theoretic) approach to quantum mechanics was
developed by Piazza. It is known that quantales are one of the semantics of
linear logic. The systematic introduction of quantale theory came from the
book [2], which written by K.I.LRosenthal in 1990. In particular, each frame
(and therefore each complete Boolean algebra) is a quantale. Other examples
include the power-set of a semigroup as well as the set of all relations on a
set. Quantale theory provides a powerful tool in studying noncommutative
structures, it has a wide applications, especially in studying noncommutative
C*-algebra theory [3], the ideal theory of commutative ring[4], linear logic [5]
and so on. Following C.J.Mulvey, the quantale theory have been studied by
many researches [6-16].The inverse limit in the category of topological molec-
ular lattices and the limit in the category of topological molecular lattices was
studied deeply in [18-20].we give the structure of the limit of this category, so
it is complete. Secondly, we talk about some properties of the inverse systems
of the category of Q-P quantale modules, we construct the inverse limit of the

category of Q-P quantale modules.

2 Preliminaries

Definition 2.1% A quantale is a complete lattice Q with an associative bi-
nary operation & satisfying: a&(sup,ba)=sup,(a&b,)and (sup,b,)&a=sup,(b.&a)for
all ac Q and b, CQ.

Definition 2.2: Let Q be a quantale, a left module over Q(briefly, a
left Q-module)is a sup-lattice M, together with a module action - :QxM—M

satisfying
(1) (E\/Iai) m = E\/I(ai -m);
(2) a-(V my) =V (a-my);

jed jed

(3) (a&b)-m =a- (b-m). for all a,b,a; €Q, m,m; eM.
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The right modules are defined analogously.
If Q is untial and e-m=m for every meM, we say that M is unital.

Definition 2.3 Let M and N are Q-quantales. A mapping f : M—N
is said to be module homomorphism if f(\/ m;) =\ f(m;), and f(a-m) =
iel iel
a- f(m)for all a €Q, m, m; €M.
Definition 2.4 Let Q and P are quantales , a double quantale module over
Q and P is a sup-lattice M, together with a module atction T : Q x M x P —

M satisfying

(1) TV ai,m, V b;) = V'V T(ai,m, bj);

iel jeJ icl jeJ
(2) T(a, (V mg),b) =\ T(a,my,b);
keEK keK

(3) T'(a&eb,m, c&d) = T'(a, T(b,m,c),d). for alla, b, a; €Q,c,d,b; €Q, m,my, €
M.

we shall denote by (M, T) the Q-P quantale module M over ) and P.

Definition 2.5 Let (M;,T1) and (M, T3) are Q-P quantale modules. A

mapping f : M; — Mosis saied to be Q-P quantale module homomorphism if

satisfying

(1) fFOV mi) =V flm);

iel iel

(2) f(Ti(a,m,b)) = Ty(a, f(m),b)for all ac Q, be P, m; € M.

Definition 2.6 Let (M, Tj;) be Q-P quantale module, N is the subset
of M, N is said to be submodule of M if N is closed under arbitrary join and
Tu(a, n, b)eN for all ac Q, be P, neN.

If Q@ = P is unital quantale with unit e, we define T'(e,m,e) = m for all
m € M.

Definition 2.7. Let @, P be a quantale, (M;,T}) and (My,T,) are Q-P
quantale modules. A mapping f: M; — M, is said to be a Q — P quantale

module homomorphism if f satisfies the following conditions:

(1) FOV m) =V flma);

iel iel
(2) f(Ti(a,m,b)) = Ts(a, f(m),b) for all a € Q,b € P, m;,m € M.
Definition 2.8. Let (M, Ty) be a Q — P quantale module over @, P, N

be a subset of M, N is said to be a submodule of M if N is closed under

arbitrary join and Tys(a,n,b) € N for alla € Qb € P, n € N.
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3 The limit in the category of Q-P quantale

module

In this section, we will talk about the structure of limit in the category of
Q-P quantale module.

Definition 3.1. Let @, P be a quantale, gModp be the category whose
objects are the Q-P quantale modules of (), P, and morphisms are the Q-P
quantale module homomorphisms, i.e.,

Ob(@Modp)={M : M is Q-P quantale modules},

Mor(qModp)={f : M— N is the Q-P quantale modules homorphism}.
Hence, the category qModp is a concrete category.

Theorem 3.1 Let I is a small category , D : I — LFQuant is a functor,
then the limit of functor D is that S =7 |: S — L, 7®: [[ D(i) — L

for all w : i« — j is a I morphis such that f(j) = D(u)(f(zl)e)l, and satisfy
pi(f)=fG) forallie I, fe (][] D®),T).

Proof. Define a order on ﬁeils that f < g if and only if f(i) < g(7) in D(7)
for all 7 € I.

(1) Let w : i@ — j,D(u) € Mor(qModp), then D(u)(0(7)) = 0(j), so
0elL.

Suppose {fx | k € K} C L, define (\/ fx)(i) =

keK ke

fr()) (Vi € I)for all
K
i € I, then for all v : i — 7, we have D(u)(( \/ fx)(i)) =

D(w)(V fi(i)) =

VD) = VAl = (V. R)G) thuiivK foers

(2) For all a € Q,b € P, f € L, define(T'(a, f,b))(i) = Tp,(a, f(i),b)(for
all i € I), then for all u : i — jis a Q-P quantale module morphism,
D(u)(T(a, f,b)(i)) = D(u)(Tp, (a, f(i),b)) = Tp (a, D(u)(f(i)),b) = Tpy (a, f(j),b) =
(T(a, f,b))(j), so T(a, f,b) € L.

Therefore L is a submodule of [[ D(i),i.e.,L € Ob(qModp). By the defi-
nition of L, we can know that is a Zri‘ituml source with functor D.

Let (Z, T )is a Q-P quantale module, (E, (Pi)ier)is a natural resource about
functor, thenD(u)(p;(m)) = p;(m)for all w: 1 — j,m € L. Define h: L —>
Lsuch that for allm € L, h(m) = fm, and f,,(i) = p;(m) for all i € I. Since
for allm € Z, u : i — 7 is a Q-P quantale module morphism, we have
D(u)(fm(2)) = D(u)(pi(m)) = p;(m) = fin(j), so fm € L, therefore h is a well
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defined.
We will prove h is a Q-P quantale module morphism,
(1) For all{my |k € K} C L, i€ I,
BV 1)) =y @) = BV ) = VB =V fusli) =

keK keK keK keK
kl/K h(mg) (i) = (kyKh(mk))(i),i.e., h(kl/K my) = ké/}( h(mg);

(2) Forallae Q,be PbLmeL,icl,

M3, m,B)(0) = (Frpomn(®) = (L@ m. b)) = Tp, (a.5i(m).b) =
Ty (@, £n(i).1)
= Tp,, (a, (h(m)(i)),b) = (T(a, h(m),b))(i), i.e., h(a,m,b) = (a, h(m),D).

So h is a Q-P quantale module morphism.

It’s clear p; = p;oh for all i € I.In fact, (p;oh)(m) = p;(h(m)) = h(m)(i) =
fm (i) = pi(m) for all m € L.

Let h': L — Lisa Q-P quantale module morphism such that p; = p;o A’
for all i € I, then h(m)(i) = fn(i) = pi(m) = (p; o K')(m) = K (m) for all
mGE,iEI,soh:h'.

Therefore is the limit of functor D .

Theorem 3.3 The category of gModp is completed.

4 Inverse system and Inverse limit in the cat-

egory of Q-P quantale module

Theorem 4.1 Let I is a downward-directed set, F' : I — qModp is a
functor, then F is said to be inverse system in the category of gModp.

Remark 4.2 We can give another definition of inverse system is as follow.
Let I is a downward-directed set, there is a Q-P quantale module (A;, T;) for
allt € I, Ifi,7 € I and © < j, then exist a Q-P quantale module morphism
Fj + Ay — Aj forall 4,5,k € I. If i« < j <k, then Fj, = Fj, o Ij; and
F; =ida,. We can said S = {A;, F};, I} is a inverse system of a Q-P quantale
module, Fj;is said to be a skeletal mapping.

Definition 4.3 Let S = {A;, F};, I} is a inverse system of a Q-P quantale
module, {x;}ier € ([T A4, T), 0,7 € LIfi < j, thenFj;(x;) = x;, {x;}ieris said

il

to be Silk thread ofS.
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Theorem 4.4 Let S = {A;, F};, I}is a inverse system of a Q-P quantale
module, then W is a submodule of ([ 4;,7).

iel

Proof. (1) Let {m}rex € W, and for all k € K, my, = {xk; }ier. SinceFj;is

a Q-P quantale module morphism, then F;;( \/ =) = V Fij(zr) = V ok,
kEK

keK keK
ie., \/ my € W.
keK

(2)For {x;}ier € Woa € Q,b € Pji,j € I, Ifi < j, then F;;(T;(a,z;,b)) =
T‘j(a’ Ej(xl)>b)
- Tj(avxjvb)v SO{Ti(avlchb)}iEI eWw.

Theorem 4.5 Let I is a downward-directed set, F' : I — qModp is a
inverse system of Q-P quantale module, then (W, (p;);er)is the limit of F, and
pil{zi}ier) = x; for all {z;}ic; € W.

Let F': I — gModp and K : I’ — gModp are the inverse systems
of F and K respectively, (W, (p;)icr) and (W', (pl,)ier) are the inverse limit of
F and K respectively. Specifically says, let I and "are the downward-directed
sets, F and K are the downward-directed sets, satisfyF (i) = A;, K(i') = Ay,
foralli € I, € I, (A;,T;) and (Ay, Ty )are Q-P quantale modules, by the
theorem 5.3, we can see that (W, T') and (W', T")is the submodule of ([] A;,T)
and ([] A, T")respectively. For all 4,5 € I,7,j" € I', sincei < ]1,62{ <7,
thenF(i — j) = Fy : F5) — F().K( — ) = Kuy 2 K() — K(7)
are the Q-P quantale module morphisms. For alli,j, k € I,¢,j k" € I', if
i < j < ki <j <K, thenFy, = Fjp o Fyj, Kiw = Kjy o Ky and Fy; =
ida;, Kyy = 1da,, Fij and Kyj is said to be Skeleton mapping of F and K

respectively.

Definition 4.6 Let I is a downward-directed set, I’ C I. For all i € I,
exist ¢/ € I' such that ¢/ <, I'is said to be cofinal set ofI.

Definition 4.7 Let F': | — qModp and K : I' — gModp are inverse
systems in the gModp, (¢, {fs}/cp) is said to be mapping from F to K, if
satisfy

(1) ¢ : I' — I is a monotone and ¢(I’) is a cofinal set of [

(2) for : F(p(i")) — K(i') is a Q-P quantale module morphism for all
i' € I', and satisfy that Ky o fi = fjr 0 Fyuneinfor all i/, € I';i" < 5, then
the diagram
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commutes.

Theorem 4.8 Let F': | — qModp and K : I’ — gModpare inverse
systems in the gModp,(W, (p;)ier) and (W', (p})ier) is the inverse limit of
F and K respectively, then the mapping (¢, {f }ier)between F and K can
induce a Q-P quantale module morphismf : W — W' such that f({z;}ic;) =
{al, Yuepfor all {z;}ier € T, ) = (fir 0 ppry) {xi}ier) for all &/ € I'.

Proof. At first, we will prove the mapping f is well-defined.

For alli’, j' € I',i" < j', sincegis a monotone, then p(i') < ¢(j'). By the
definition 5.7(2), we know that Ky o fiy = fjr 0 Fpune)- Fo@)en)(Tei)) =
Tury = Deiy({@itier) for all {x;}ier € W, then Ki/j/(:t;,) = Kyj o fuo
Potiy({@itier) = Kiy o fi (o)) = fir o Fo(ine(in (Tei) = Opso(j')({mi}i61> -
x;./, iLe.{xl }ier € W'

(1) For all {gs}ses € W,d' € I, we have that
FOV g)(@) = (fi o pe))(V gs) = fir o (V 95)(0(i') = fu(V gs(e(i)) =

seS seS seS seS
\E/S(fa(gs(@(i’)))
= \E/S<fi’ Opap(i’))(gS) = (\G/Sf(gs)(zl)aleaf( \E/SgS) = \E/Sf(gs)a Slncef(()) = 07

then f preserve arbitrary sups.

(2) For all a € @Q,b € P,V{x;}ic; e W,i' € I,
we have that f(T(a, {z:}ier, D)) = (FUTH(a, 5, b) e (@) = (Fropaen) (T (a5, b) Yier)
= fo(To()(a, Ty, b)) = Ti(a, fi(xpn), b) = {T"(a, f({2i}ier), b) bier (i),
then f(T'(a,{z:}ier,0)) = T'(a, f({zi}ier), ).

Therefore fis a Q-P quantale module morphism.

Definition 4.9 Let F': ] — qModp and K : I’ — gModp are inverse
systems in the gModp,(W, (p;)icr) and (W', (pl)ier) is the inverse limit of
F and K respectively,then mapping fis said to be the limit mapping in the
qModp.

Theorem 4.10 Let F': I — gModp and K : I’ — gModp are inverse
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systems in the gModp, (W, (p;)ier) and (W', (p})ier) is the inverse limit of
F and K respectively, f is a limit mapping. Since fyis a Q-P quantale module
morphism for all 7/ € I.

Proof. For all g1,92 € T and g1 # go. Sincef(g1) = f(g2), thenf(g:)(7') =
(f1oPu(in)(91) = (firopy(in)(g2) = f(g2)(7') for all i’ € I'. Because fiis a mono-

tone, then pyi)(91) = Py (92), 5091 (0(i)) = ga((3')). Sincep(I’)I'is the co-
final set of, then for alli € I, existp(j’) € ¢(I")such thatp(j') <, theng (i) =

Totni(91(0(7")) = foini(g2((3"))) = ga(i), Contradictory,thusf(g1) # f(g2),therefore fis
a monomorphism.
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