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Using homotopy analysis method for solving
Volterra integral equations of the second kind
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Abstract

This paper employs an analytical method, where linear and nonlinear integral
equations are solve using the homotopy analysis method. The Volterra integral
equations of the second kind are considered by this method. Here an infinite
solution series which converges to the exact solution of considered equations are
realized. In this method one is allowed to choose an initial guess and iteratively

deforms the considered equations with an initial guess to obtain the exact solution.
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1 Introduction

Liao in 1992 proposed this analytical method known as homotopy analysis
method [5] .In this method, the exact solution is obtained as the summation of an
infinite series which usually converges quickily to the exact solution. Liao in [7]
introduced an auxiliary parameter h, as a convergence control parameter. Let’s

consider linear and nonlinear Volterra integral equations

y(x) = g(x) + 7 [ H(x, t)dt (1)

In the equation (1) the upper limit is variable, as the equation is Volterra
integral equation, the kernel H(x,t) [1] and g(x) are known functions, whereas y is
to be determined, A is a complex number [3].

2 Description of the method

Let the following equation
N[r(x)]=0 (2)
These are parameters in equation (2) N nonlinear operator, r(x) which is
unknown function and x independent variable [8]. Consider ro(x) that represents
an initial guess of the exact solution r(x), h=0 an auxiliary parameter, H(x)#0 an
auxiliary function, and L an auxiliary linear operator with the property L[r(x)]=0
when r(x)= 0. Then using g€[0,1] as an embedding parameter [8], homotopy is
constructed as [6] and [4]
(1-a)L[$ (x : a) = ro(x)] — ghH)N[$(x : q)] = O ©)
It should be emphasized that ,there is great laxity in selecting an initial guess
ro(x), the auxiliary linear operator L, the non-zero auxiliary parameter h,[6] and
the auxiliary function H(x).We have the so-called zero-order deformation
equation[8]
(1- o)LL (x : @) = ro(x)] = ahH)N[ (x : q)] (4)
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When g=0, the equation (4) becomes ¢ (x:0)= ro(x). And when g=1, since h+0
and H(x) #0, the equation (3) is equivalent to ¢ (x:1)=r(x) .For (3) and (4) as the
embedding parameter [8] increases from 0 to 1, ¢ (x:q) varies continuously from
the initial approximation ro(x) to the exact solution r(x)[6]. Where this continuous
variation is known as deformation in homotopy [1] and[4].

As apply to Taylor's theorem, ¢(x;q) can be expanded in an exponential series

of q as follows

$(x: q) = 1o(X)+L5=1 n(X)q" (5)
where
rn(x):% 6n§‘(;;:q) lg=o (6)

If the initial guess ro(x), the auxiliary linear parameter L, the non-zero
auxiliary parameter h and the auxiliary function H(x) are selected properly, it
fascilitates the convergence of power series (5) of ¢(x:q) [8] at a point where g=1.

Where these assumptions of the solution series are made

r(x)=¢(x: 1) = ro(X)+ rn(x) (7)
where the vector is defined
Fn(X)=ro(X), r1(x), r2(X),... rn(X) 8
L[rn(X) - xnf1()]=hHX)Ra(17,21(x)) . a(0)=0 ©)
Where
R(r ()= ‘5"_;’2 el (10)
And

_{O, for n<1
Xn= 1, forn=>1

As in [2] the equation (9) is governed by L, and Rn(r,,~1(X) as presented by
(10) for any N, which is the nonlinear operator. And MATLAB is used to obtain
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r(x) the solution. The solution r(x) depends on L,h,H(x) and ro(x)see[6]. If

Y1 7n(X) moves to a limit as n—oo, converges to the exact solution [8].

3 HAM's solution to Volterra integral equations
Let consider the equation
hOUO=g()+ [ H (¢, x) u(t)dt (11)

where equation (11)[2] is Volterra integral equation of the second kind if h(t)=1

is substituted into equation(11),then
U)=g(t)+4 [ H(t, x)u(x)dx b<t<c (12)
construct the zeroth-order deformation [8] for this kind of integral equations as
(1-p)(u(t.p.n)-g(x))=hp(u(t.p.h)-g(t)- I~ H (x, hu(x, p, h)dx) (13)
For p=0 and p=1,implies

u(t,0,h)=g(t)
u(t,1,h)=u(t)

For Maclaurin series of u(t,p,h) corresponding to p, then

U(t,p,h)=u(t,0,h)+X52 "0—“%“ (14)
Which
ul(t,n) = —5“1;(;;5"’” Ip=0 (15)

Substituting p=1 into (14) give

uo (t h)

u(t)=g()+XaZ; (16)

where the nth-order deformation equation is obtained as
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L[uiM (6, h) — xaul™ (8, W)]=hR, () (17)

And the solution of the nth-order deformation equation for n>1 yields

ugl(t, ) = —h [* H(t,x)g(x)dx (18)
And
[n] [n-1] [n-1]
uy (t,h) _ ug (th) (uq (th)) (xh)
T =] hf Hx t) o O (19)

The solution of the problem looks similar to that of homotopy perturbation
method when one choose h = -1[8], [4] and [1].
Applying the HAM

Here application of the HAM to Volterra integral equations are considered.

4 The Volterra integral equation of the second kind [2]
Let look at Volterra integral equation of the second kind, which reads
$(x) = g(x) +J;; H(x; D)t (20)

where H(x,t) is the kernel of the integral equation

Example 1: Consider this Volterra integral equation
$(x) =x+ [ (3t — x) p(t)dt (21)
Then choose
by (X) =X (22)
where the linear operator

L[$(x,p)] = d(x,p) (23)
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the nonlinear operator is define below

NI$(P)I= §x.p)-x- ;' (3t —

x)g(t)dt

where the nth-order deformation equation is

L[¢n'Xn¢n_1]:hRn(¢;_1)

And

Ru(¢,_ )=, () — (1 — xu)x+[> (3t — x)¢,_, (D)dy

where the solution of the nth-order deformation equation (25)

¢, )= Xnd,,_, )+hL™[Rn(8,,_,)]
Finally,
$(X)=¢,()+XnZ1 4, (x)

where

$,(x) =x

$,(x) = — [ (3t — x) g ()t =-h=x3

$,(x) = — J; (3t — x) ¢, ()dt = h=

$,(x) = — [, Bt — x) ¢, (D)dt =-

$,(x) = — [ Bt —x) ¢, ()dt = h

Hence

9
= x>
5!

27

X
7!

81
— x°
9!

(24)

(25)

(26)

(27)

(28)



Ibrahim Issaka et al. 91

d(X)= g, (x) + b, )+, )+, )+, (x) + -

3 9 27 81
=x-h=x3+h=x°-h=x7+ h=x°
31 51 71 9!

If h=-1
=x+ Sx3-2xS+ 2L x7 By
317 5l 71 9
—ye T (2n+1) (29)

n=0 (2n+1)!

Which is the exact solution of equation (21)

0 20 40 60 80 100 120
Figure 4:1 Example 1.Exact solution to equation (21) [3].

The following algorithm produces Figure 4.1 using the Matlab software.



92  Homotopy analysis method for solving Volterra integral equations of the 2" kind

function [x,sumc] = solplot1(x,n)

sumc(1) = x;
fori=1:n
num = (-3)Ni;

den = factorial(2*i+1);
rsult = num/den; rsult = rsult*x~(2*i+1);
sumc(i+1) = sumc(i) + rsult;
end
plot(1:n+1,sumc)
%plot(1:n,sumc(2:end))
end

Example 2: Consider the following Volterra integral equation

dO)=2x - x% — [ p(t)dt
To solve equation (30), choose
b, (x)=2x - x?
And the linear operator

L[$ (x; p)] =& (x; p)

And the nonlinear operator is defined as

NI$ 06 )] = (6 p) - 2¢ +x2 + [ §(D)dt
Let’s construct the nth-order deformation equation
L[¢n'Xn¢n_1]:hRn(¢;_1)
And
Rn($y_)= 1 () = (1 = xa)2x +x% + [ (D)t
The solution of the nth-order deformation equation (34)

¢, )= Xnd,,_ )+hL™[Rn(8,,_,)]
Finally, the solution of equation (30) is

(30)

(31)

(32)

(33)

(34)

(35)

(36)
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$(X)=¢,(X)+X7Z1 ¢, (X)

where

do(X)= 2X - x2

b1(0=J7 do(B)dt = (2t — t2)dt = h (x2x?)

x4

Cl)z(x):f; ¢, (Ddt = f; ( t? — g) dt = h(§x3 - =

12)

¢3(X):f: ¢, (Ddt = f: (%tg - %) dt = h( J16_: N g)

t*t s
0

¢4(X):f: ds(Ddt = f: (E - 6_) dt =h( Z_(s) h 3x_:0)

Hence

O(X) = P (x) + 1 () +do () +P3 () + 4 (x) + -

_ 2 21,3 Lys 2 2_x z_z
=2x-x“+h(x -3x)+h(3x 12)+h(12 60)+h(60 360)

If h=-1
=2X-x2-x2+§x3—lx +——=t ==t —

= XnZo bn(x) = 2% - 2%
Which is the exact solution to equation (30), [3].

Example 3: Let consider the following Volterra equation

d()=x + [, P2 (D)dt

To solve equation(39),let

93

(37)

(38)

(39)
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by (x) = x
choose linear operator
L[$ (x; p)] = &(x; p)
Thus the nonlinear operator is
N[§ (x; p)I = (: p) - x — J5 §* (Dt
And the nth-order deformation equation is as follows
L[4, (C)-xnd,_,1=hRn($,_,)
And
Ru(dy )=, () — (1= x) X =[5 $* (D)t
where the solution of the nth-order deformation equation (43)
¢, ()= xnd, (AL R (4, )]
Finally, the solution of equation (39) is
)=, )+ T 4% 6,()

where

$,(x) =x

* 1
¢, (x) = —jo $e()dt = —[§t3]g — _h§x3

§,(x) = —fo @t = [t = ~hox’

¢, (x) = —fo $5(t)dt = ~lgt"°l = —hgx

1

x 1
$,(x) = —fo $r(t)dt = ~lg 76 = —hgpyx

15

31

(40)

(41)

(42)

(43)

(44)

(45)

(46)
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Hence
O(x) =, (x) + ¢, C)+¢, (X)+¢, (x)+¢, (x) + -
=X+—h=x3+—h=x" + —h—x5 + — h—x31+_..
31 7 151 311
If h=-1
=x+—x3 + 2x7 +—x15 + 1314,
31 71 15! 311

= T4Z0 4,0 @

Which is the exact solution to equation (39).

1.1669

11669

1.1668 |

1.1668 |

1.1667

1.1667 ' ' * ' '
0 10 20 30 40 50 60 70 80 890 100

Figure 4.2: Example 3. Exact solution to equation (39) [3].



96  Homotopy analysis method for solving Volterra integral equations of the 2" kind

The following algorithm produces Figure 4.2 using the Matlab software.

function [x,sumc] = solplot4(x,n)
sumc(l) = x; m=1;
for i=1:n
m = 2*m+1;
num = 1;
den = factorial(m);
rsult = (num*x”~m)/den;
sumc(i+1) = sumc(i) + rsult;
end
plot(1:n,sumc(2:end))

end

Example 4: Let consider the Volterra integral equations

$09=x +3 [ $*(Ddt (48)
To solve equation (48), choose

do(x) =x (49)
the linear operator

L[$ (x; p)] = (x; p) (50)

Now define the nonlinear operator is

N[§ (x; p)] = b (; p) - x — 2 [ §*(D)dt (51)
And the nth-order deformation equation is

LI, -xné,_,1=hRu(4,_,) (52)

And
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Ra($y_)= g GO — (1= ) X =2 [ $7 (Ddt (53)
where the solution of the nth-order deformation equation (52)

¢, ()= xnd,_, ()AL Ry (4 )] (54)
Finally,equation (48)

d(X)=¢, (X)+2X5Z21 4, (%) (55)

where

8,00 ==3 [} $2(Odt = =3 (515 = —h1x’

10
110 1

$,00 === [F P2 (D)dt = =[] = —h—x10

ROt e A% o
$5(x) = zfo ¢, (Ddt = 2 orlo = —haygx

Hence
B(X) = 6, (X) + b, (X)+b, (X) +d, (X)+..

1 1 1
=X+ —h-x3+ —h—x10+ —h—x101
6 20 202

If h=-1

1 1 1
=x+1ix3 4+ Lyt04 1 101
6 20 202

Which is the exact solution to equation (48).
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10
Figure 4.3: Example 4. Exact solution to equation (48).

The following algorithm produces Figure 4.3 using the Matlab software.

function [x,sumc] = solplot5(x,n)

sumc(1) = x; m=sqrt(2);
for i=1:n

m=m"2 + 1,
num = x"m;
den = 2*m;
rsult = (-1)*(i+1) * (num/den);

sumc(i+1) = sumc(i) + rsult;
end

plot(1:n,sumc(2:end))
end

% % Script to run
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Solplot1(0.5,100)

Solplot2(1,100)

Solplot3(1,100)

\end{verbatim}[3]

5 Conclusion

Volterra integral equation of the second kind has been solved successfully by

Homotopy analysis method (HAM).The exact solutions obtained by the analytical

solution of the considered equations showed that HAM is a powerful method for

solving Volterra integral equations.
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