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Estimating a change-point in two-phases
regression model based on
the shift of parameter estimates

To Van Ban'! and Nguyen Thi Quyen?

Abstract

In this paper, we propose a method to estimate the change-point of
a two phases regression based on the shift of parameter estimates. For
the uniform design, we show that the change-point and the parameter
estimates converge almost surely to the true values. Some simulations

show that our proposed method is more effective than the others.
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1 Introduction

The change-point problem in regression model is increasingly attracted the
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attention in statistical journals as well as its applications. We can mention
some researches using the information criteria BIC in [1], the CUSUM pro-
cedure in [2], [3]. Kim and Siegmund [4] proposed likelihood ratio tests for a
change in the intercept with the same slope, and a change in both the intercept
and slope. The power of tests were surveyed in [3], [4], [5]. Applying empirical
likelihood in the change-point problem has been studied in [6], [7], [8]. The
outstanding advantage of the empirical likelihood is that the test is little de-
pendent on the distribution of errors. Normally, after concluding that the
change-point exists, we have to consider how to estimate it. Bai [9] studied
the robustness, the rate of the convergence and the asymptotic distribution
of the change-point estimate based on the least squares method for multiple
linear regression model. The asymptotic of the maximum likelihood estimator
and of M-estimator were considered in [10], [11]. Diniz and Brochi [12] studied
the robustness of some likelihood ratios for the simple linear regression model.
Comparison four methods for estimating as Bayesian, Julious’, grid-search and
the segmented methods was carried out in [13]. In [7], when calculating the
residuals, Liu and Qian used the fitting y; at x; with swapped least square
estimates of the regression parameters, that is the parameter estimates of the
first (the last) phase used to calculate the residuals of the last (the first) phase.
By this way, the residuals are exaggerated and then this makes the rate of the
convergence of estimates increase. However, Liu and Qian [7], Zhao, Wu and
Chen [14] used the empirical likehood method to study these residuals and
they took care of the robustness of the change-point estimate as well as pa-
rameter estimates by simulation only.

In this paper, we will use the shift of parameter estimates to calculate the
residuals proposed by Liu and Qian in [7]. However, another method is pro-
posed to estimate the change-point, from that the almost sure convergence of
the change-point estimate and the parameter ones to the true values are ob-
tained. The present paper is organized in the following way. In Section 2, the
main results are given including the almost sure convergence of the change-
point estimate and the parameter estimates of the model. Some simulations
are presented in Section 3 where we compare the effect of the estimate of the
time of the change using the proposed method with using Liu and Qian’s one

and with some others. The detailed proofs are presented in Section 4.
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2 Main results

Consider a two-phases regression model

ag+ oz ¢ if 1 <0 <k,
Yi = ) (1)

Bo+ Bizi+e k" <i<n
where {z;,i = 1,...,n} belong to a closed interval I = [a,b] and without
loss of generality we can assume a < x; < ... <z, < b, {¢} is a sequence of
independent errors with mean zero and E(e?) = o fori = 1,...,k*, E(¢?) = o3

for e =k*+ 1, ..., n, the parameters «g, oy, By, 01, 01, 02, k* are unknown.

If (o, 1) = (Do, 1) then the model (1) is called no change. Otherwise, the
model is said to have a change and k* is called the time of the change. In this
case, if two lines y = ag + ayx and y = By + fio meet at 7 in [zg«, Tx+41) that
is ag + a7 = fo + 1T, T € [Xp+, T 11), then the model function is called the
continuous segmented one, the model is called continuous and 7 is called the
change-point. Otherwise, the model is called the discontinuous one. In this
paper, we only consider the continuous model. Let h = 3 — ay, the model (1)

is rewritten as y; = f(z;) + €, i =1,...,n, where f(z) is defined by
flx) =a0+a1x + h(z —7)I(x > 1) (2)

and I(.) is the indicator function.

There are a lot of methods have been proposed to test the null hypothesis
Hy : (ag,a1) = (Bo, £1) (see [3], [4], [9]). If the null hypothesis is rejected, we
need to estimate the time of the change k* and the change-point 7.

We divide the observations into two groups. The first one contains k obser-
vations (z;,v;), 1 = 1,..., k and let &g, 1 denote the least squares estimators
of the parameters of the simple linear regression through the set of them. The
last one contains the rest n — k observations and the least squares estimators
are fox, 1x. Each group has to contain enough observations. Following 7], 19]
the restricted range of k is kg < k < n — ko, where ky is large enough. Follows
[7], we put

s )Y (Bok + Burs) if 1 <¢ <k, 3)
Zk yi — (Gok + dagz;) ifk<i<n.
It should be noted that the residuals €;;, are not the ordinary least squares

fitting residuals but the residuals of fitting y; at z; with swapped least squares
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estimates of the regression parameters. The advantage of these residuals is
that they should be close to ordinary residuals under null hypothesis, but they
are exaggerated under alternative hypothesis Hy : (ag,aq) # (6o, 51). The
time of the change k* is estimated by

k, = argmax g €2 (4)
ko<k<n—ko {5

We will need the following assumptions:
Al. T < To < ...<ZTp.

A2. xp« < T < x4 that is the model function (2) is continuous and has a
break at 7: ag + a7 = Gy + OiT, (v, 1) # (Bo, F1)-

A3. Exist ko : 1 < kg < n/2such as kg < k* < n—ky and kg — 0o as n — 0.
Ad. zp+ — T as n — 0.

Ab. Errors €; are independent, zero mean and E(e?) = 07 < oo for 1 <14 < k*
and E(e?) = 03 < oo for k* <i < n.

From A1, the design points z; are ordered. For random design, such as
x; are i.i.d., we work with a fixed realization of the z;’s then they can be
assumed to be in [a,b] and reordered. Assumption A2 shows that g« is on
the left of 7 and as near it as possible. With A3, we only consider the times
of the change from ko to n — ky. Following Bai [9], ko is chosen such that
ko/n ~ Cy € (0,0.5). The assumption A4 will be need to guarantee for the
convergence of change-point estimates.

The rest of this Section is concentrated on surveying the convergence of
kn/n. To simplify presentation, we consider the case of [a,b] = [0, 1], uniform
designs, furthermore, 7 and xp« are coincident. Hence, the following assump-

tions are made instead of A1 — A3:
A’l. The designs z; is uniform in [0,1] : x; = i/n,i=1,...,n.
A’2. The model function can be written as

f(z) =ap+ a1z + h(x — xp ) (x> xp2), h # 0.
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A’3. There exists 79 € (0,1/2) such that for kg = |n7p] + 1, where |a] is
integer part of a, kg < k* <n — ko.

From A’3 it is clear that kg — oo if and only if n — oo.

l%n a.s T .
Theorem 2.1. If A'1—A’3, A4, A5 hold, then — —= 7, where k,, is defined

by (4). !

We note that h = ; — a7 in Theorem 2.1 is fixed. In the case that h

depends on n, we get the following theorem.

Theorem 2.2. The assertion of Theorem 2.1 still holds if h = h,,, as long

1 C
as exist C, D > 0 cmd()<p<§ such as—pghnSD,‘v’n.
n

Moreover, if nhl& hy, = he # 0 then estimates & ,&,; and Bofcn’ Bu%n of
the parameters of the simple linear regression through the set of the first i
observations and the last (n — /%n) ones converge almost surely to oy, a; and
g — hooT, a1 + hoo, Tespectively.

In the case h # 0 is fixed then {ay; }, {ay; }, {Bokn}, {Bl,;n} converge al-

most surely to ag, a1, ag — h7, aq + h, respectively.

3 Some simulations
Following to Liu and Qian [7] we consider the model
Y; = h(CL’Z — ZEk*)]<J}Z > ZL‘k*) + €,

where h = 2, h = 4 represent moderate and large slope changes and all are
under two error settings N(0,0.5%) and centered log N(0,0.1%). In [7] the
effectiveness of methods is evaluated through the relative frequency RF' of the
deviation d = |k — k*| less than or equal the fine tuned acceptable deviation
D =[(U — L)/A], where U = n — L, L = log®n, A is the range of z;.

For the design z; ~ i.i.d. N(0,1) as in [7] as well as x; = —3 + 6i/n,i =
1,2,...,n spread evenly in [—3,3], we take n = 50, A = 6,L = 16,U = 34
and D = 3. Using R software, the results of estimator by ERL and by our
proposed method based on 1,000 replications are displayed in Table 1. These
show that our proposed method is more effective than ELR. If ¢; ~ N(0,0.1?)
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Table 1: Simulation results using the ERL method and the proposed one
(PR) based on 1,000 replications and uniform design on [—3, 3|, random design

max width=

d €; ~ N(0,0.5%) €; ~ log N(0,0.1%)
h=2 h=4 h=2 h=4
Uniform Normal Uniform Normal Uniform Normal Uniform Normal

ELR PR ELR PR ELR PR ELR PR ELR PR ELR PR ELR PR ELR PR
0 88 208 85 87 167 429 99 161 322 525 171 316 330 494 233 362
1 174 211 124 151 295 391 186 260 361 472 249 380 396 506 330 489
2 132 103 105 101 145 95 126 137 83 3 164 156 63 0 136 95
3 121 80 86 72 83 33 97 95 59 0 94 60 40 0 91 34
4 76 51 91 72 59 16 73 65 33 0 68 38 42 0 51 14
5 73 51 82 84 53 6 87 52 32 0 60 17 34 0 39 3
6 67 41 78 93 47 3 69 42 24 0 44 14 19 0 27
<7 269 255 349 340 151 27 263 188 86 0 150 19 76 0 93
RF() 515 602 400 411 690 948 508 653 825 1000 678 912 829 1000 790 980

then the similar results are deduced.

Now we reconsider the model (2) in the continuous case that the parameters
of the model (2) are constrained so that ag + a17 = o + (17, T € [Tg+, T 11)
and need to estimate the change point 7. First, we estimate k, for k* by our
proposed method, from this the parameter estimates &y, , &y, , Boknvﬁu%n are
obtained. The abscissa of the intersect of two lines y = & + &3 x and
y = ﬁAO,;n + Blknx is 7" = (50]%” — o, )/ (G, — Blkn) Now, the estimate of 7
is chosen by

7= x,;n[(T* < xkn) + 7 (7, <T" < xl%ml) + x,;nHI(T* > xknﬂ).

We use the parameter estimates of the model (2) constrained by ag + a7 =
Bo + 517 to be the final estimates for parameters.

For the model y; = 3.5 + 0.52; + 1.0(x; — 10)I(x; > 10) + ¢; in [13], where
¢; are independent, ¢; ~ N(0,1.0) if z; < 10, ¢, ~ N(0,0.25) if x; > 10,
the covariate x is generated according to the autoregressive model z; = 2.0 +
0.8z;_1 + v;, xg ~ N(0,81), v; ~ N(0,100). It is run for 120 iterations, after
which the first 40 iterations are discarded to avoid the influence of the choice
of xy; 500 replicated data sets were generated.

By our proposed method, the mean of estimates of 7 is 7 = 9.777 which
is nearer 7 = 10 than 9.640 obtained in [13] by grid-seach method that was
highly evaluated.
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4 Proofs

Proof for Theorem 2.1

Without loss of generality we only consider the case of h > 0. Moreover, we
can assume that £* = |n7|. In order to prove the Theorem, we only need to
show that for a given small enough ¢ > 0 then

~ ~

ky, kn
P{inf—>T—e}—>1,P{sup—<7‘+e}—>1aSN—>oo. (5)
n>Nn n>N T

Let k1 = [ (T — €)n], it is clear that

n

= ke
~2 ~2 n _
{kolgggxkl g € < El eik*} C { > E}. (6)

=1

To evaluate the probability of the left-hand side of (6), we need some lem-
mas. For kg < k <n — kg, put

1 — 1
Ek:%(€1+...+6k)a EkZ@(lﬁl‘i‘-.-‘f‘kﬁk)a
B ) - 1 (7)
Ok =——(kn+. .t e) D= m((/l“r Deria + ...+ nep).

First, using formulas to find estimates for the parameters of the simple

linear regression model (see [15]), by some algebraic calculations, we get

Lemma 4.1. For kg < k < n — kg, the estimates dqy, 01 and B()k,@uc of
the parameters of the simple linear regression model (1) through the set of the

first k observations and the last (n — k) ones, respectively, are defined by

Gor = o + Aok + Ko, Gy = ay + Ay, + K, )
Bor = o + Bok + Lo, Bik = o1 + By + L,

where

hk*(k — k) (k — k* + 1)
a nk(k —1)

9)
Wk — k) (k -k +1) _ . . .
=T (2k* + &k — DI(k* <k < n — ko);

AOk: I(k*<k§n—k0),

Ay =
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B%—h( ;ﬁ _W+1$@Mk+m-4n+k+mmﬂ@<kw
%U@>kﬂ

Bm—h&_é}f_g;f$m+%ﬁ—%—¢ﬂw<kﬂ+M@zkm
(10)

AOk _ 4kkj12gk B k6_k1Eka Klk _ —an ot k122nk T,

Loy = (1 + 3EZ —i__ ]Z,;_i)b k— 6(n ?nki(z;_f —f )_k, (11)

. onnt+k+ 1)< n(n—Fk) —

] iy L ey e S

Lemma 4.2. The components of parameter estimates in Lemma 4.1 have
following properties:

Z) 0>Ap |, 0< Ay T for k* <k <n— ko,
0> Bo, |, 0< By T for ko <k < k*;

i)

WE

hk
(B()k* + Blk*xi) = 2—(—2/{7* +k+ 1),

n
1

I
|

hk*

(B[)k* —+ Blk*xl) = (1 — k*)

~
Il
: —-

h(in—k*)(n—k*+1
(Bﬂk* + Blk*wi) = ( )( )

. 2n
i=k*+1
(12)
Proof. For ky < k < k* — 1 then
2h(2n+k+2)(n — k*)(n — k* + 1)

Bor — Bogg1 = B —k—1)>0
O = Ok Mn—k—%m—k—lmw%ﬂn—k+n( ) >0,
(n—k*)(n—k*+1)

Bigs1 — By = 6h k= k-1
thett R 6(n—k—mm—k—nopwmn—k+n( ) >0,

and the monotony of By, By follows. The monotony of A;.,7 = 0,1 is ob-

tained by a similar argument. By some calculations, we have (7). O
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Lemma 4.3. For kg < k < ki, a given small enough €, all large enough
n’s, Byj defined by (10) satisfy the following inequalities:

0 > Bop + Bipxr, > Bow + Biwz; > BOkl + Blklxi fOT 1< < k, (13)

7 .
— <B0k1 —+ Blklxi) > _g(BOk* + Blk*xi) > () fO’I" 1< < ]{31, (14)
k* k 3 7_2
Z(B()k,* + Blk*l’i)Q — Z(Bok —|— Blka'ﬁ) §nh2 2:. (15)
i=1 =1

Proof. Applying (i) in Lemma 4.2, (13) is easy to be deduced.

_(BOk1 _'_ Blklmi) _(BOk1 _'_ Blklmlﬂ)
Clearly, By, Bipx > BowxBi, th > )
early, Dok, Dikx = Dok D1k, then _(BOk:* n Blk*ﬂfi) > _(BOk:* n Blk*xkl)

Using (10), the right-hand side of this inequality becomes

n Xh(n—k*)(n—k*+1)(k*_k)_(n—k*)(n—k*—l—l)>z
hk*— k1) n(n—Fk)n—Fk +1) Y m—k)(n—k +1) " 8
for a given small enough € and all large enough n’s. Hence (14) follows.
From (13),
k* k k*
> (Bow+ + Bigewi)® = > (Box + Buewi)* > > (Bows + Buge)’
i=1 i=1 i=1
k ky
— Z(BOkl + BlkllL’i)Z > Z ((BOk* + Blk*l‘z) (BOkl + Blklxz) )
i=1 i=1
> ((B()k1 + Big, Tk, ) — (Boxs + Blk*-l"kl)) X
X Z ( B()]g1 —+ Blklxz) (Bok* -+ Blk*ZL’Z)> (16)

To evaluate the right-hand side of (16), we first have
(n—k*)(n—k*+1)

h *
BOIﬁ — Bor + (Blk1 - Blk*)[ﬁkl = E(k? — ]{31) |:1 —

h (n—k*+1)2 Th(k* — ky)?
> — (k" —ky)|1— > . 17
On the other hand, from (12), (14) yields
k1 15 &
Z (= (Boky + Bik,@:) — (Boge + Bugea;)) > 3 Z (= (Bow + Bupei))
i=1 i=1
~ 15hk 15hk, k>
_ 5 Lk k= —1) > Shink™ (18)

8 2n 16n
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From (16)-(18), we get

k> k
Z(BOk* + Blk*xi)z — Z(BOk + Blklﬂi)Q

i=1 =1

Th(k* — k1)? 15hk,k*
dn(n — ki +1) 16n

7_2

> §nh262
2 1—71

for the given small enough e, large enough n’s, so (15) follows. [
Now, let {¢;} and {7;} be centered, independent, ¢; and v; be independent,

E(¢?) =0}, E(y}) = o3 such as ¢; = €, 1 < i < k%, 7 = €qjy1, 1 < j <
n — k*. Put

ak:%((bl—l—...—l—(bk), Ek:%(1¢1+...+k¢k),

_ 1 (19)
ik:E('yl+...+Wk), FkZﬁ(171+---+k%)-

Lemma 4.4. If A5 holds and kg — oo iff n — oo then
To= s (3] [Bil, 17 ) 220 as 0 — oo,
Proof. By the strong law of large numbers, ¢,, ®x, 7., [x —> 0 as k — 00,
hence max max (1], |xl, Vel ITk]) == 0 as ko — oc.
0

The assertion is clear from the fact that

0 S Tn S max max (|5k|a |6k|a |7k|a |fk|)
ko<k

Lemma 4.5. Let

i =, 8, B B =, e Pl
S(n) = kogrl?gz{—koldkh A(n) = max |[4\,],

ko<k<n—ko

where €, By, 6, 2, are defined by (7). If A5 holds and ky — oo iff n — oo
then

Gn = max (E(n),E(n),g(n),Z(n)) N 0.
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Proof. First, note that €, = ¢, for ko < k < k*, so |&;| < T),. For k* < k <

n— k07
B k*— n—k*_ n—=k_
€ = ?ﬁbk* + % ek T T ek

B - n—Fk*, _
Hence [€;] < |¢p-| + I (Fee | 4 Fni]) < (142

It follows that the € converges almost surely.

n—k*
k*

)T,

Similarly, to prove the convergence of E(n), we first have B, = &, for
ko < k < k* then |E,| < T,. For k* <k <n — ky then n — k > kg and then

— 1
Er=—lea+. ...+ ke + (K + Depgr + ... + kex)

L2

2= (ntD(n—Fk)_ (n+1)(n—Fk)_

= L2 Ep + L2 Vn—kr — k2 n—k
(n— ko (k)P
— 2 ank* + 12 ank-
_ — nin—k*) , _ _

So |Ey| < |Eg| + %(|7nk| + Vil

(n—k*)? = =

+—k’*2 (lrn—k* + |FTL—]€|>

— n(n — k* n — k*)?
Hence [Ey| < (1+2 ( = ) ! = ) )T
From that we obtain the convergence of E(n).

To consider the convergence of g(n), note that 6, = %,,_,. for k* < k < n—ko
then |6;| < T,. For ky < k < k¥,

- 1 1
5k:n—k<€k+1++€n):m(
k* k n—k*_

n—kek*_n—kekjL n—k’vn*k*'

€p+1 T ...+ €= +’7n_k*+...+’71)

*

k

n — *
convergence of d(,).

For Z(k), we find that for &* < k <n — kg then

*

< <2n ﬁ o + 1>Tn. We get the

Therefore |6;| <

+ [&k]) + [V

1

n+1_
e

k + 1)6(k+1) +...+ TLEn)) = o — kj’yn_k — fn—k‘

Zk:

n+1
n—k’o

- — n—+1
sl + il < (=

So [B5,] < + 1>Tn.

— R0
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For ky < k < k* then

1
(n —k)?

S((k+ Dppsr + -+ K per + (K + L)epegr + . .. + ney)

- o o—  (n—k)(n+1)_ (n —k*)?—
I R e L ey Ry P ER

From that

A, = ((k+ Degsr + ...+ ney)

_ A R )

N < — | Dy —|P — Y, i

| k’ = (n_ k}*)2| k ’+ (n_ k*)g‘ k’ + (n_ k’*)2 h/n*k
*2

_ k _
Hence |A,] < <2(n ) + " ilk* + 1)Tn. The convergence of A, is ob-

+ Ty

tained. Lemma 4.5 is deduced. O

Lemma 4.6. If A5 holds and kg — oo iff n — oo then

) . 19
U, = nm<(mmpuKM)g(n+—JGm
7o

ko<k<n—ko

. . 24 18
Vo=g_max (|Lol+|Lul) < (1+ = + )G,
ko<k<n—ko To 7o

F, = max(U,, V,) =% 0.

Proof. Using (11) we get,

4k +2 6k o, 6n 12nk
< € _

Uy < kog}g@f‘f_ko( ] €| + - 1]Ek| + k—1|6k| + o |Ek|>
<<10k:+2 6n(k‘+1+2k:)> (10k;+2 18n(k+1)>

F—1 TGO+ F—1 =Dkt 1)
< (11 v B)Gn.

n+k+1)2  (m—km+k+1) nh+k+1)
Vn§<1+3(n—k)2—1+6 (n—Fk)?2 -1 +6(n—k)2—1
n(n —k)
+12—(n—k:)2—1>Gn

(2n)?2  2n  2n? n 24 24
62" L 12—)Gn < (1 ks —)Gn.
R TR S =

§<1+3

The rest of the proof is deduced from the fact G,, == 0 proved in Lemma

4.5. Lemma 4.6 is proved. O
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Lemma 4.7. With the assumptions of Theorem 2.1, the inclusion
2

{sup(Fj+2Fnh(T2+(1—r)2+3)+4G( + 2hT ))<§h“ ! }

>N n 1—7

~

kn,

C { inf —>7— e}
n>N n

where Gy, is defined by Lemma 4.5, F,, is defined by Lemma 4.6, follows.

Proof. For kg <k <k = [(T —e)n],

e =D Cope T Z Cigx T Z Cik (20)

=1 i=k+1 i=k*+41
Let’s denote the terms in the right-hand side of (20) by Iy, Is, I3, respec-
tively. The equality (a —b)? = (a — )+ b* — ¢*+2a(c—b) is used to transform
those terms. Put
&/Ok = Qo) — Qp, alk = a1 — ay, Bop = Bok —ag, By = Blk —Qq.

First, note that

k k k
. . 2
= ZE?k = Z (yi — (Bor+ + B ) Z ( 501«* + 51;@*:6@))
i=1 i=1 i=1
k = _ s ko _ _ _
= Z <6i — (Box + 511@1‘)) + Z ((501& + Bupewi)? = (Bor, + ﬁlkxi)2>
i=1 =1
k - — _ _ k
T 2251'((5% + B1e®i) — (Boes + 51k*$z‘)> = > &+ Ry,
i=1 i=1
where
k k
Rl = Z(BOk* + Blk*l'i)z — Z(B()k + Blk.’ﬂi)Q
i=1 i=1

k
+ Z ((szk* + Ligea;)” = (Lok + f/lkxi)2>
i=1

k
+2 Z(Bok* + Byp;)(Logs + Lig=x;) — 2 Z(B()k + Byxi)( Lok + Elkxi)

i=1 i=1
k k
+2) g ((LOk + Likw;) — (Lo + le*%)) +2 " €(Bor, + Bipi)
i=1 =1

k
-2 Z Ei(BOk* + Blk*xz)

i=1
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Using similar reductions, we get

E* E*
Z ~2 Z ~2
]2 = eik* - 6Z-k ‘I‘ RQ,
n n
Z ~ Z ~9
i=k*+1 i=k*+1
where
k* k*
2 . . 2
Ry = E (Bog+ + Big=x;)” + E (Log + Lyg=;)
i=k+1 i=k+1
E* k*
[l [l ~— ~— 2
+ 2 E (Bogr + Big=a;)(Logs + Ligea) — E (cor + Q1)
k+1 i=k+1
+2 E ei(aor + appw;) — 2 g €i(Bok + Big=x;) — 2 E €i( Lok + Lig=x;),
i=k+1 i=k+1 i=k+1
n n
- - 9 - - 5
Ry = E (ors + Q1p=i)° — E (cor + Q1)
i=k*+1 1=k*+1

+2 Y (Bog + Bipey) ((5% + ayr;) — (aor + 511&%‘))
i=k*+1

+2 Z €i<(50k + ;) — (Qops + 51k*%)>-

i=k*+1

Let R=" ¢2.— " €% then R = R; + Ry + R3. After reduction, we
i=1 ~ik i=1 ik
get

R=J1+J2+J3 (21)

where

k* k
Jl - Z(BOk* + Blk*xi)2 — Z(ng + Blkl’i)z,

i=1 =1
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k* n

J2 — (Z(f/()k* —+ f/lk*xi)2 —+ Z (5%* —+ Elk*xif)
i1 =k 41
k n
B ( > (Low + Lugxi)* + Y (o + alkxi)2>
i1 i=k+1
k n
~2> (Lo + Lixw:) (Bor + Bueai) =2 Y (@oxs + @1e2) (Bogs + Bige ;)
i1 =k 41
k* n
+2 Z Log + Lyg ) (Boks + Bugrxi) + 2 Z (aor + a1x2;) (Boks + Big=x:),
i1 ik 1
k i+ k
J3 = Z €i(Bok + Bigw;) — Z €i(Boks + Bip=i) + Z € LOk + L1kxz)
i1 i—1 i—1
n k* n
+ Z éi(aor + Qipwi) — Z €i( Lok + Ligex;) — i Qopr + Q1pex;).
=kt i=1 =k 41

According to (15)

e+ k
J1 = Z(BOk* + Bie)® — Z(B(]k + Bya;)? >

i=1 =1

2

-

nh?e?——.
1—7

N W

Because
\zOk + Elkxz‘ < |j—10k| + \Elk\ < F,, |ao,+ ari| < |f(0k| + ’K1k| <F,

and using Lemma 4.2, 4.5 and 4.6 we obtain

k n
Jo > —|Jo| >0 — <Z(E0k + lemi)Q + Z (cvor + alkxz‘)2>

i=1 i=k+1
k k
+2) Lok + Lar) |(Box + Buews) =2 Y (g + e 3)|(Bows + Buge:)
=1 i=k*+41
k* k
+2 Z |(Lok + Lag=4)|(Bows + Buig=xi) — 2 Z |(cavor, + 1x:)| (Bow + Bigxs)
P i=k*+1
(Zm > F2>+22F Bt Bu) =2 Y FulBoe + B
i=k+1 i=k*+1

+2ZF Bok- + Bigei) — 2 Z w(Boks + Bue1;)

i=k*+1
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k n
> —nF; +2> Fu(Box + Busti) =2 Y Fu(Bow + Buee )
=1 i=k*+1
k* n
—f- 2 Z Fn(BOk* + Blk*xz) — 2 Z Fn(BOk* —I— Blk*mi)
=1 i=k*+1
k* n
=1 i=k*+1
E(k*—1) (n—Fk*)(n—Fk"+1)
2 T 2 >
n n
3

—nF? = 2nhF, (74 (1= )7 + 2 ),
n

= —nF?— 2nth<

v

k k*
J3 = Z Ei((ffoxc + Bok) + (L1k + Buc)il?i) - Z 5i(<£0k* + Bog=) + (Lag- + Blk*xi))
i=1 =1
+ ei(aﬂk + alkxi) - Z ei(aok* + Elk*xi)
i=k+1 i=k*+1
*2

. . k2 . . . _

- - < (n—k?— _ - — (n—Fk")%—
+ Oé()k(n — k:)ék + alk%ﬁk — Qk* (n — k*)5k* + alk*%ﬁk*

n

. R L2 . L
> —(|Lok| — Box=)k[€| — (| L1x| + Blkz)g|Ek| — (| Low+| — Bow=)k"|€x=

*2

— (|Lyye B — | Kokl (n — K)[0|

+ Blk:*)

n—k)? — . - . _
OB R~ B0 — )| — | =,

k* A K hk* . 2
b+ (1Lal + h)— + (|Low| + —=)&" + (| Luee | + 1)

n n (n_k*>2>

n

R n—k*2
Ryl (= k)

= _Gn<(|£0k| +

n—k)? - A
g + |K0k* (TL — k?*) + |K1k*

hkk* k? A A k*2
+ hﬁ + k*(|Log=| + |L1x+|) + 20
Jn— k")

FEy(n—k)+ Fy(n— k:*))

+ | Kok (n — k) + | K

> G (k(Lotl + [Luel) +

n n

+ (| Ko| + |Kk])(n — k) + (| Koe| + | K1pe

hkk* k? k*2
+ hg + E*F, + 2h

Vv

—q, <an n
n
> —2nG,(F, + 2h1?).

n
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Substituting the above assessments into (21) yields

2

R> gnh2621 U n< — F}—2F,h(7"+(1—7)+ %)) — 4nG,,(F, + 2h7?)
-7

2
= n(§h2627— — F=2F,h(r*+ (1 —7)*+ §) — 4G, (F, + 2h7’2)>.

2 1—7 n
The right-hand side of the last inequality is nonnegative if and only if
2

§> + 4G, (F, + 2h72) < ;h2e217—. (22)

n — T

F2+ 2Fnh<72 T (-1t
From (6), yields

{F2+2Fnh<72+<1_7)z+3>+4G( \ +2h72) < 2h227_2}

1—7
s, (LA -Y8) 20} < {224,

Lemma 4.7 is proved. O

Proof of Theorem 2.1 (continuous). From Lemma 4.7, we deduce

~

P{infEZT—e}

n>N N

> P{sup (Fg +2F,A(T+ (1—7)* + %) + 4G, (F, + 2hT2)> (23)

n>N

The last convergence follows from the fact F,, G, —> 0 by Lemma 4.5, 4.6.

By a similar argument, we thus get

~

kn
P{sup— < T+€}
n>N T

> P{Sup (Fg +2F,h(TP 4+ (1—7)* + %) + 4G, (F, + 2h72)) (24)

n>N

3 1—17)2
< —hQEQQ} —1las N — oo.
2 T
So (5) holds and the Theorem 2.1 is completely proved. O
Proof of Theorem 2.2. By the strong law of large numbers,

k’%, kpak, kP, kT, 22 0 as k — oo.
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Note that n < (k0‘|‘ 1)/7'0 we get n?T, 25, 0, hence n?G,, N 0 so nPF, N 0.
The inequality (22) still holds if 4 is replaced by h,,. Multiplying both sides
of (22) by n%? we get

(P EY 4+ 207 F)(nPh,) (72 + (L= 7 4 2 ) 4 A0 (0P F + 20h,7)

1—17
or (nF,)? + 4(n*G,,)(n?F,)

7_2

< (n’hy,) (g(nphn)621 - 2nPE) (TP + (1= 1) + %) — 4ann27'2>.

This inequality holds for all large enough n’s. Hence, (23) follows, so does
(24). From that k,/n == 7.

Now, consider the case lim h, = h,, # 0. Without loss of generality, we

n—oo

can assume that h,, > 0. By the above proved assertion, ky, /n 225 7. Because
ko < kn < n — ko, according to Lemma 4.6, [A(Z.,;n, [:lkn 2% 0(i = 0,1). From
that and (9), (10) we obtain

Jim A, = 0. Jin g, = ~hot, i By, =
Now, applying (8) we thus proved the almost sure limits of the parameter

estimates, which completes the proof of Theorem 2.2. O

Remark. For p = 1/2 the conclusion of Theorem 2.2 may not hold.

Indeed, with the same assumptions as in the Theorem 2.2, let’s assume further
P14 ...+ On — 3
vnloglogn

thence lim sup/n ¢, = oo and in general we do not obtain /nG, ~= 0,

VnF, = 0 and neither do (23) and (24).

that ¢; are i.i.d. By the law of iterated logarithm, lim sup
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