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Some liminf results for the Increments
of stable subordinators

Abdelkader Bahram' and Bader Almohaimeed?

Abstract

Let {X(t),0 <t < oo} be a stable subordinator defined on a proba-
bility space (€2, F,.A). In this paper we establish some liminf for incre-
ments of stable subordinators and we obtain similar results for delayed

sums.
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1 Introduction

Let {X(t),0 <t < 0o} be a stable subordinator with exponent o, 0 < a <
1, defined on a probability space (2, F, A). Let a4, ¢ > 0, be a non-negative
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valued function of ¢ such that (i) 0 < a; < 1, (ii) @y — 00 as t — o0
(iii) a;/t — 0 as t — oo0. let Y(t) = X(t +a;) — X(t),t > 0 and Y(0) =

—1 11—«

0. Define \4(t) = Haaté(log L(logt)?(log a;)'~7)*", where 0, = (B(a)) =",
B(a)=(1- a)a%(cos(%))ﬁ, 0 <a<landO0<pg <1 Observe that the
process has the property that t~= X (¢) and X (1) are identically distributed.
A real valued increasing process { X (t),t > 0} with stationary independent is
called a subordinator. For any given t, the characteristic function of X () is
the form

E(e{i“X(t)}) = exp {—t|u|a (1 — %tcm (?)) } , 0<pB <L
u

Throughout the paper ¢, ¢, 0 and K (integer), with or without suffix, stand
for positive constants; i.o. means infinitely often; we shall define for each
u > 0 the functions logu = log(max(u, 1)), loglogu = loglog(maz(u,3)),
g(t) = (tlogt)/a; and gs(t) = L(logt)’(loga;)' ™" with 0 < 3 < 1, so that
Ay = (2, log go(1)) 7%,

Vasudeva and Divanji [6] have obtained the following limit inferior for the

increments of stable subordinators. Under certain condition on a;, it was shown

that htrg(l)gf )

Hwang et al.[2] and Bahram and Shehawy [1] studied this subsequence prin-

= la.s

ciple for increments of Gaussian processes in obtaining limsup. In this paper
we study an almost sure limit inferior behaviour for increments of stable sub-

ordinators for proper selection of subsequences and extended to delayed sums.

2 Main results

In order to prove Theorem 2.1, we need to give the following Lemma.

Lemma 2.1. (see [5] or [6]) Let X, be a positive stable random variable with

characteristic function

E(expl{iuX,}) = exp {—|u|a (1 — %t(m (?)) } , O0<a<1l Then,as =z —10
:[;2(1Cia) o
P(X; <1)~ ————exp {—B(a)xa—l}

~ /2maB(a)
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where
1 T 1

B(a) =(1-— a)a%(cos(T))ﬁ.

119

Theorem 2.1. Let a;, t > 0 be a nondecreasing function of t such i) 0 <

ar <t, 1) ay — 00, ast — oo and i) a;/t — 0 as t— oo . Let (tx) be an

increasing sequence of positive integers such that

tey1 — tk

lim sup < 1.
k—o00 atk
Then
oY)
lim inf a.s.,
where

. —e (07
e =inf{e >0: ;(gg(tk)) <oo, 0<pB<1} and = —
Proof Equivalently, we show that for any given ¢; > 0, as k — o0,

P(Y (1) < (" +e)As(ty) i.0.) =1

and
P(Y(ty) < (e" —e1)Ag(ty) i.0.)=0.

(1)

O0<a<l.

(2)

(3)

The condition (1) implies that t541 < tx + a4, , for large k and by Mijnheer

[5], we have

1/a
Uy

P(Y(tr) < (e +e)\s(tr) =P <X1 < (e" + 51>)‘ﬁ(tk)>

Observe that

(e* + 611/)(3\5(%) — (" + 1) (log gs(ts)) T

Ay

(4)

taken as x, in the above lemma, one can find a k; and some conctant C, such

that for all & > ky |

p(x, < (€ el

Ay

where g5(t) = £ (logt)?(loga;)' ™ and 0 < 8 < 1.

A
at

D) 2 er(log g5 (1)) 7 eap{—(e” + 1)1 log g (1x)}

Notice that from the definition of €,, we have €, > 1 implies that there exists
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g5 > 0 such that (¢* + &)1 < (1 — &5) < 1. Hence P(X; < M) >

1/« -

g

C1

1
(log g5(tx)) 2 (95 (tk)) =2
as k — oo, I is non decreasing and my — oo, as k — 00, one can find a

constant ko > k; such that = > 1, whenever k > k. By condition (1),
oglpmy
for all k > ko, we therefore have,

P < SRR 5 g0

.Let l, = Cf_k and my, = (log tk)ﬂ(log atk)lfﬂ. Since ‘%k’“ — 0,
tk

€2 €2
L my,

Ay,
_ ty(logty)’(loga )7
= af )
Qg
1 1
RN TN
ko logty ~ logay,
1 1
> Cl(%(% -
k logty “logay,
= aflg(t)™
_ . U1 — Uk (5)
! tk log tk ’
Observing that
i Ter1 — tk S /OO dt
tylogty — J. tlogt
k=k>

for some ¢ > 0 and that f oo _dt

¢ Togi = © Hence from (4) and (5), we get

> P(Y(tr) < (£ +£1)Agy) = 0.
k=ko

The Condition (1) implies that ¢4y < t; + ay,, for large k one can observe
that Y (t;)® are mutually independent and hence by Borel-Cantelli Lemma,
we have,

P(Y(ty) < (6" +e1)Ap 3 1.0) =1,

which establishes (2).
Now we complete the proof by showing that, for any £, € (0,1),

P(Y(tk> S (2’:‘* - 61))\ﬁ<tk)i.0) =1.

From condition (1), we have tx; <ty + a4, , for large k and from Mijnheer
[5], one can find a ko such that for all & > ks,

PY(ty) < (—e)hs(ty)  i.0) = P(X (titas)—X (1) < (€ —)As(ty) i.0)
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Hence in order to prove (3), it is enough to show that
P(X(ty+a,) — X(te) < (6" —e1)\s(tx) i.0) =0. (6)

We know that t'/*X (t) = X (1), which implies

P(X(tp+ay,) — X(te) < (6" —e1)N\s(t)) = P <X(1) < (e" _;11/)3\5<tk)>
and . N
(5 - leiaﬁ( k)) _ (5* . 51)604 (1Og(gﬂ(tk))(o¢—l)/a '

By taking x = (*—¢1)0, (log(gﬂ(tk))(a_l)/a, where g5(t) = £ (logt)?(log a;)' 7,

in the above lemma, one can find a k; and ¢; such that for all k& > ky,

p (< =) < et e o).

Observe that using properties of {a;}, one can find some constant C5 and ky
such that for all k > ky,

PX(1)

IN

(6" — 1) (log(gs (1))

(96(%))(5*—61)("%) .

Notice that ¢* = inf{e > 0 : >, (9s(tx))™° < o0, 0 < f < 1} and
v =24 <0,0<a<1 which yields ¢ > 1.

<

Since €1 € (0,1), choose &, sufficiently small one can find k5 such that for all
k 2 k57

(e" —e1)As(te) . Cs

* __ < OOJ
a;, S (gs(ti) ==

Y Px()<
k=ks
where v = 2, 0 < B < 1.
By Borel-Cantelli Lemma, (3) holds which implies (6) holds and proof of the

theorem is completed. O]

Theorem 2.2. Let a;, t > 0 be a nondecreasing function of t such i) 0 <
a; < t, i) ag — 00, ast — oo and i) a;/t — 0 as t — oo . Let (t) be

an increasing sequence of positive integers such that

. oty — g
liminf 2L "%
k—s o0 ag

> 1. (7)

k
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Then

lim inf Yite) _ 1
k— o0 )\g(tk)

a.s.,

where 0 < 6 < 1.
Proof To prove the Theorem, it is enough to show that for any ¢ € (0,1),
P(Y(ty) < (14+¢e)rs(ty) t.0)=1 (8)

and

By the Theorem of Vasudeva and Divanji [6], we claim that

Yt Yt Yt
i inf 208 S g i X0 S g YO
k—s 00 Aﬁ(tk) k—o0 Aq (tk) t—00 )\1(75)

a.s.,

which establishes (9).

The condition (7) implies that there exists a k; such that tx; > tx+ay,, for
all k > k. This in turn implies that {Y(¢;),k > 1} is a sequence of mutually
independent r.v.s. We can observe that with a minor modification, the proof
of (8) follows on similar lines of (2). That is using Lemma 2.1, one can find
C; and ks such that for all k > k.

14+ e)Ag(t (14e)aET
Pt < L) 5 g )-ava™,

Ay,
Choose € > 0 such that (1 + 5)“1%& < (1 —¢") < 1 and hence we have,

QLD > o, (gfaa)) 0=,

Ay

P(X; <

Following similar arguments of proof of (4) and (5), we get
PY (te) < (14 €)As(ti) = o0,

which in turn implies the proof of (8). Hence the proof of the Theorem is
completed. O
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3 Similar result for delayed sums

Let {X,,,n > 1} be a sequence of i.i.d strictly positive stable r.v.s with index
a, 0 < a < 1. Let {a,,n > 0} be a sequence of non-decreasing functions of
positive integers of n such that 0 < a,, < n, for all n and we assume that a, /n |
0 as n — oo. Define A\g(n) = Haa,%(log -+ Bloglogn + (1 — B) log log an) s,

11—«

where 0, = (B(a))'s", B(8) = (1 — a)a™a (cos(%2))=7, 0 < 3 < 1 and
0 < a < 1. Observe that the process has the property that n='/*X(n) and
X (1) are identically distributed. Let S, = > ;_, X} and set M,, = Sy1q, — Sn,
where {M,,,n > 1} is called a (forward) delayed sum (See Lai [3]). Define the
X, =X(n)—X(n-1),n=12..; X(0) =0, then S, = >7_, X}, with
So = 0, which yields M,, = S,14, — Spn = X(n+a,) + X(n) =Y (n).

Theorem 3.1. Let {a,,n > 0} be a sequence of non-decreasing functions of
positive integers of n such that 0 < a, < m non-decreasing and a,/n non-
increasing. Let (ng, k > 1) be any increasing sequence of positive integers such
that

limsupw < L (10)
Uy,

Then

liminf — %~ =¢&* a.s.,

k—s 00 )\g(nk)
where

e =inf{e >0 Z(gﬁ(nk)) <oo, 0<a<l},
k
and
¥ = a , O<ax<l.
a—1

Proof To prove the theorem it is sufficient to show that for any given
£ € (O, 1)
P(M,, < (e«+¢)Xg(ng) id.0.)=1, (11)
and
P(M,, < (e.—¢e2)Xg(ng) i.0.)=0. (12)

The proof of (11) is an immediate consequence of (2) and the proof of (12)
follows on the similar lines of Vasudeva and Divanji [6]. Hence the details are
omitted. O
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Theorem 3.2. Let {a,,n > 0} be a sequence of non-decreasing functions of
positive integers of n such that 1) 0 < a, <n ,n >0, 2) a, — 00, as n — o0
, and ap/n — 0, as n — oo. Let (ng, k > 1) be any increasing sequence of

Niy1 — N
positive integers such that lim inf kL E S 1. Then

k—o0 ank

M,,
lim inf =1 a.s.
koo Ag(ny)

Proof The proof of Theorem 3.2 is a direct consequence of above Theorem
2.2 and hence the details are omitted. O
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