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Iteration methods for two nonexpansive
mappings and semigroups on two sets
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Abstract
In this paper, we introduce some new iteration methods based on the
hybrid method in mathematical programming, the descent-like iterative
method and the Halpern’s method for finding a common fixed point of
two nonexpansive mappings and nonexpansive semigroups on two closed

and convex subsets in Hilbert spaces.
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1 Introduction

Let H be a real Hilbert space with the scalar product and the norm denoted
by the symbols (.,.) and ||.||, respectively, and let C' be a nonempty, closed
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and convex subset of H. Denote by Pcx the metric projection from x € H
onto C. Let T be a nonexpansive mapping on C, ie., T : C — C and
|Tx — Tyl < ||z —y| for all z,y € C. We use F(T') to denote the set of fixed
points of T, i.e., F(T) = {x € C': x = Tz}. We know that F(T) is nonempty,
if C'is bounded, for more details see [1].

Let {T'(t) : t > 0} be a nonexpansive semigroup on C, that is,

(1) for each ¢t > 0,7(t) is a nonexpansive mapping on C;

(2) T(0)x = x for all x € C,
(3) T'(ty + to) = T(t1) o T'(to) for all t1,ty > 0; and
(4) for each = € C, the mapping T'(.)x from (0, 00) into C' is continuous.
Denote by F = M=o F(T'(t)) the set of common fixed points for the semi-

group {7'(t) : t > 0}. We know that F is a closed convex subset in H and
F # 0 if C is compact (see, [2]).

T
T

Let C;,i = 1,2, be two closed and convex subsets in H. Let T; and
{T;(t) : t > 0}, i = 1,2, be two nonexpansive mappings and semigroups

on C}, respectively. The problems studied in this paper is to find two elements
peF:=FT)NF(Ty) (1.1)

and

q € Fio:=F1NF, (1.2)
where F; = MyoF(T3(t)). Assume that F' and Fj are not empty. Some
particular cases of (1.1) and (1.2) are the following:
(i) when T} = Ty = I, the indentity mapping in H, (1.1) is the convex feasibility
problem studied in [3].
(ii) when C; = Cy = C, problems (1.1) and (1.2) are considered in [4]-[6].

For finding a fixed point of a nonexpansive mapping 7" on C, in 1953, Mann

[7] proposed the following method:

xg € C' any element,
(1.3)
Tpt1 = Quzp + (1 — ) Tx,, n>0,

that converges only weakly, in general (see [8] for an example). In 1967,

Halpern [9] firstly proposed the following iteration process:

Tp1 = Bpu+ (1 = )Tz, n>0, (1.4)
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where u,zg are two fixed elements in C' and {#,} C (0,1). He pointed out
that the conditions lim, ., 8, = 0 and ZZOZO B, = oo are necessary in the
sense that, if the iteration (1.4) converges to a fixed point of 7', then these
conditions must be satisfied. Further, the iteration method was investigated
by Lions [10], Reich [11], Wittmann [12] and Song [13]. Recently, Alber [14]
proposed the following descent-like method

Tni1 = Po(x, — pn[z, — Txy)),n >0, (1.5)
and proved that if {u,} : pn > 0,0, — 0, as n — oo and {z,} is bounded,

then:
(i) there exists a weak accumulation point € C of {z,};
(ii) all weak accumulation points of {z,} belong to F(T); and
(iii) if F(7T) is a singleton, i.e., F(T') = {Z}, then {z,} converges weakly to Z.
To obtain strong convergence for (1.3), Nakajo and Takahashi [15] intro-
duced the hybrid Mann’s iteration method:
To € C,
Yn = QnTp + (1 - O./n)TZEn,
Co={2€C:|lyn — 2| < llon — 2|}, (1.6)
Qn={z€C:{(x,—zz90—1x,) >0},
Tnt1 = Po,ng, o,
where {a,} C [0,a] for some a € [0,1). They showed that {z,} defined by

(1.6) converges strongly to Pp(ryro as n — oco. Recently, Yanes and Xu [16]

adapted the iteration process (1.4) as follows:

xg € C any element,

Yn = Bno + (1 — Bn)Txn,

Co={2€C: |y —2|° < ||lwn — 2|
+ Balllzoll* + 2(zy — 20, 2))},

Qn={z€C:{(x,—2zz90—x,) >0},

(1.7)

Tnt1 = PCan,ﬁo-
They proved that if T" is a nonexpansive mapping on a closed convex subset C'

with F(T) # () and the sequence {8,} C (0, 1) is chosen such that

lim g, =0,

n—oo
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then the sequence {z,} defined by (1.7) converges strongly to Ppr)zo as n —
0.

For finding an element p € F, Nakajo and Takahashi [15] also introduced

an iteration procedure as follows:

xo € C' any element,

n

1 [t
Yn = iy + (1 — an)t—/ T(s)xpds,
0

Con={2€C:|lyn — 2| < |ln — 2|},
Qn={z€C:(x,—2zz90—x,) >0},

Tpt1 = PCann%, n >0,

where «,, € [0,a] for some a € [0,1) and {t,} is a positive real number divergent
sequence. Under the conditions on {a,} and {t,}, the sequence {z,} defined

by (1.8) converges strongly to Przy.
If C = H, then C, and @, in (1.6)-(1.8) are two halfspaces. So, the

projection z,,; onto C),, N @, in these methods can be found by an explicit
formula [17]. Clearly, if C' is a proper subset of H, then C, and @, in (1.6)-
(1.8) are not two halfspaces. Then, the following problem is posed: how to
construct the closed convex subsets C),, and @),, and if we can express z,,; of
(1.6)-(1.8) in a similar form as in [17]?7 This problem is solved very recently
in [18]-[20]. In this works, C), and @,, are replaced by two halfspaces and vy, is
the right hand side of (1.5) with a modification. In this paper, motivated by
(1.5), (1.7) and [14], [15], to solve problems (1.1) and (1.2) we introduce the

following new iteration processes:

xo € H any element,
Zn = Ty, — fn(xy — TV Poyxy,),
Yn = Bnzo + (1 = Bn) T2 Foy 2,
Hy,={z € H:|ly, — 2| < [l — [ (1.9)
+ Bullzoll* + 2z — 20, 2))},
W,=4{z€ H: {(x, — 2,20 — z,) > 0},

Tnt1 = Pr,aw,xo,n > 0;
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and
xo € H any element,

1 [t
Zp = Tp — ln (xn — t_/ Tl(s)Pclxnds),
n Jo

1 [
Yn = ano + (1 - Bn)t_ / TQ(S)PCQanS7
n J0
H,={z€H:|ya— 2> < |ln — 2|

+ Balllzoll* + 2{n — 20, 2))},
W,={z¢€ H:(x,—z,x9—x,) >0},

(1.10)

Tnt1 = P, ow, o, n = 0.

We shall prove the strong convergence of the sequences {x,},{y,} and
{z,} defined by (1.9) and (1.10) to some elements p and ¢ in Sections 2 and 3,
respectively.

Below, the symbols — and — denote weak and strong convergences, re-

spectively.

2 Strong convergence to a common fixed point

of two nonexpansive mappings

We formulate the following facts needed in the proof of our results.

Lemma 2.1. [21] Let H be a real Hilbert. There holds the following identity:
1Az + (1= Nyll* = Al + (1 = Mlyll* = A1 = Mz =yl

Lemma 2.2. [16] Let C be a nonempty, closed and convexr subset of a real
Hilbert space H. For any x € H, there exists a unique z € C such that
|z —z|| < ||ly —z|| for ally € C, and z = Pex if and only if (z —x,y—2) >0
for ally € C.

Lemma 2.3. (Demiclosedness principle) [21] If C' is a nonempty, closed and
convex subset of a real Hilbert space H, T is a nonexpansive mapping on C,

{z,} is a sequence in C such that x,, — = and x,, — Tz, — 0, then x —Tx = 0.
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Lemma 2.4. [22] Every Hilbert space H has Randon-Riesz property or Kadec-
Klee property, that is, for a sequence {x,} C H with x,, = x and ||z,| — ||z,
then there hodls x,, — .

Now, we are in a position to prove the following result.

Theorem 2.5. Let C7 and Cy be two nonempty, closed and convex subsets
i a real Hilbert space H and let Ty and Ty be two nonexpansive mappings on
C1 and Cy, respectively, such that F := F(T1) N F(Ty) # 0. Assume that {p,}
and {5, } are sequences in [0, 1] such that w,, € (a,b) for some a,b € (0,1) and
Bn — 0. Then, the sequences {x,},{z,} and {y,}, defined by (1.9), converge

strongly to the same point uy = Prxg, as n — 00.
Proof. First, note that
ly = 2l1* < llzn = 217 + Balllwoll* + 220 — 0, 2))

is equivalent to

Bn

1

Thus, H, is a halfspace. It is clear that
F(T)=F(TPs) :={p€ H:TFPcp=rp}

for any mapping T from C into C'. So, we have that F' = F(T}) N F(T3) where
T, = T;Pc,,v = 1,2, and T,,i = 1,2, are also two nonexpansive mappings on
H. Hence, by (1.9) and Lemma 2.1, we obtain for any p € F that

Hzn _pH2 = ”(1 - Un)<xn —p)+ Nn(Tlxn _p)”2

= (1= )|z — pII* + | Ty — pl|?

= (1= o)t 2 = T (2.1)
< (1= pn) |z — Pl + pin|n — pl|?

— (1= gl — Ty |”

<l = pl* = (1= ) palln — Trza|* < ||z — pl*.
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By the similar argument and the convexity of ||.||?, we also obtain

g = 21> = [1Bazo + (1 = B)Toz — plI?

< Ballzo = plI* + (1 = Ba)l[ To2n — Top|?

< Bullzo = plI* + (1 = Ba)llzn — pII”

< Bullzo = plI* + (1 = Ba) 2w — pl?

= llzn = pI” + Bullwo — pII* = 2 — pI*)

= llzw = plI* + Bulllzoll® + 2{zn — 20, 1)).
Therefore, p € H,, for all n > 0. It means that F(T') C H, for all n > 0.

Next, we show by mathematical induction that F(T) C H, N W, for each

n > 0. For n = 0, we have Wy = H, and hence F(T) C Hy N Wj. Suppose

that z; is given and F(T') C H; N W; for some i > 0. There exists a unique
element ;1 € H; N W; such that x;11 = Py,nw,z¢. Therefore, by Lemma 2.2,

<l’z‘+1 — Xo, P — $z’+1> >0

for each p € H; N W;. Since F(T) C H; N W;, we get F(T) C Wi1. So, we
have F(T)) C Hiy1 N Wigg.

Further, since F(T) is a nonempty, closed and convex subset of H, there
exists a unique element vy € F(T) such that uy = Prryzo. From x,41 =

Py, ow, (x), we obtain
[ 2041 = zoll < |z = 2ol
for every z € H, " W,,. Asug € F(T) C W,,, we get
|Tni1 — xol| < ||lug — 0] YV >0. (2.2)
This implies that {x,} is bounded. Now, we show that
Tim 21— 2] = (23)

From the definition of W,, and Lemma 2.2, we have z,, = Py, xo. As Tp41 €
H, "W, we obtain

[2n1 = oll = fln — zoll ¥ 1> 0.

Therefore, {||z, — xo||} is a nondecreasing and bounded sequence. So, there
exists lim,_, ||z, — Zo|| = ¢. On the other hand, from z,.; € W, it follows
that

(Tn, — T, Tpy1 — ) > 0,
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and hence
1z = Tnall* = ll2n — 20 — (@041 — 20)|1”
= ||zn — 2oll* = 2(2n — 20, Tns1 = z0) + [[T0r1 — zol|?
< l[@ns1 — @oll* = llzn — @0l Vn > 0.
Thus, (2.3) is proved by using the last inequality and lim,, . ||z, — zo|| = ¢

Next, since x,,1 € H, we have that

g = @nsall* < llwn = @ngall* + Bulllzoll + 2(2n — 20, 2))}-

Therefore, from (2.3), the boundedness of {x,, }, 8, — 0 and the last inequality,
it follows that

nh_glo [9n — Tnia|l = 0. (2.4)
This together with (2.3) implies that
lim ||y, — x| = 0. (2.5)
n—o0
Noticing that Thz, = yn — BT, — ngn) + Bn(x, — x0), we have
|z, — TQZnH < |z — ynll + Bullzn — TQZnH + Ballzy — o[-

From (2.2) and the last inequality, it follows that

n_T n <
7~ Tozall < 5—5-

(Hxn — yall + Bulluo xou).

By f, — 0 (6, <1—p for some 5 € (0,1)), (2.5) and the last inequality, we
obtain
lim ||z, — Thz,|| = 0. (2.6)
n—o0

Now, we shall prove that ||z, — Tiz,|| — 0 and ||z, — Tox,| — 0, as n — occ.
Indeed, since {x,} is bounded, for any p € F' and any subsequence {Tlxnk —

T, } of {Tix, — ,} there exists a subsequence {zn,} C {2y, } such that

lim ||z, — p|| = lim sup [z, —p| = a.
J—00 k—00

By (2.6), (2.1) and the following inequalities
[2n; =PIl < ll2n; = Tozn, || + [[T2zn,; = pll
< len; = Tozn || + ll2n; = pll
< lwn; = Tozny [l + llzn; — pll,
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we get that
jh_glo Hxng -pll = jh_glo HZ”J —pl =a.
Again from (2.1) and the condition on p,, it implies that
a(1 = b)) Thwn; — @n, || < [lzn, = pll = [l20; = plI-
So, ||T1xnj — Zp, || = 0 and hence | Ty, — || — 0, as n — co. Further, since

||T2mn - xn” S HT2xn - TQZnH + HTQZn - an

< wp — 2ol + HT2zn — Ty,
lim ||z, — @,|| = lim || Ty2, — 2, = 0, (2.7)
n—o00 n—00

by (2.6) and || Ty, —z,|| — 0, we also obtain that || Tz, —z,| — 0. Since {z,}
is bounded, there exists a subsequence {z,,} of {x,} that convegers weakly to
some element p € H asi — co. By Lemmas 2.3 and ||T1$n—a:n||, Hngn—:{:nH —
0, we have that p € F.

Now, from (2.2) and the weak lower semicontinuity of the norm it implies
that
lz0 = woll < llwo — pll < Tim inf 2o — 2, || < lim sup [lzg — 2, || < [lzo — uol|

j—o0 j—o0

Thus, we obtain lim;_ |70 — 2, | = |0 — uo|| = [|[zo — pl|. This implies
Ty, — p = up by Lemma 2.4. By the uniqueness of the projection ug = Pruo,
we have that z,, — uy. Consequently, from (2.7) it follows that z, — uy. From

(2.5), we also get that y,, — wg. This completes the proof. [

We have the following corollaries.

Corollary 2.6. Let C;, i = 1,2, be two nonempty, closed and convexr subsets

i a real Hilbert space H. Let T;,i = 1,2, be two nonexpansive mappings on
Ci such that F(Ty) N F(Tz) # 0. Assume that {u,} is a sequence such that
0<a<p, <b<1l. Then, the sequences {x,} and {y,}, defined by

xo € H any element,

Yn = TQPCQ(:'ETL - ,U/n('rn - T1P01$n));
Hy={z€ H : |lyn — 2| < l|zn — 2|I},
W,={z¢€ H:(x, —z,z0—x,) >0},

Tptl = PHnﬂWn(x())?n Z 07



108 Iteration methods for two nonexpansive mappings and semigroups

converge strongly to the same point uy = Ppryxo, as n — oo.

Proof. By putting 3, = 0 in Theorem 2.5, we obtain the conclusion. O

Corollary 2.7. Let C;,1 = 1,2, be two nonempty, closed and convex subsets
in a real Hilbert space H such that C := C; N Cy # 0. Assume that {p,} and
{B.} are sequences in [0, 1] such that w, € (a,b) for some a,b € (0,1) and
Bn — 0. Then, the sequences {x,},{z.} and {y,}, defined by

9 € H any element,
Zn = Ty — fn (2 — Poyxy),
Yn = Buzo + (1 — Bn) Py 2n,
H,={z¢€H: |y, —2[* < [lxa — 2|
+ Bulllzoll + 2(zn — w0, 2)) },
W,={z¢€ H: (x, —z,z0—1,) >0},

Tp+1 = Pp,ow,2o,n >0,
converge strongly to the same point ug = Poxg, as n — 0.

Proof. By putting T} =15 = I in Theorem 2.5, we obtain the conclusion.
m

3 Strong convergence to a common fixed point

of two nonexpansive semigroups

We need the following Lemma in the proof of our result.

Lemma 3.1. [23] Let C' be a nonempty bounded closed convex subset in a real

Hilbert space H and let {T'(t) : t > 0} be a nonexpansive semigroup on C.

Then, for any h > 0
1 [ [
T(h) (—/ T(s)yds) ——/ T(s)yds||= 0.
t Jo t Jo

lim sup sup
t—oo yeC
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Now, we prove the following result.

Theorem 3.2. Let C and Cs be two nonempty closed convex subsets in a real
Hilbert space H and let {T(t) : t > 0} and {T5(t) : t > 0} be two nonexpansive
semigroups on Cy and Cy, respectively, such that F = F; N Fy # O where
Fi = N=oF(T5(t)),i = 1,2. Assume that {u,} and {B,} are sequences in
0, 1] such that p, € (a,b) for some a,b € (0,1) and B, — 0 and {t,} is
a positive real divergent sequence. Then, the sequences {x,},{z.} and {y.},

defined by (1.10), converge strongly to the same point ug = Prxq, as n — 00.
Proof. For each p € F, we have for each s > 0 that
p="Fop=T(s)p, i=12

where T}(s) = Tj(s)Pc,, and hence from (1.10) and Lemma 2.1, we obtain that

2

fow =l = | = ) =00 4 ([ Tilohris =)

tn

1 _ 2

B H(l )@ —p) 4 Mn(_ /Ot” (T (5)0 — Tl(s)p]ds)

tn

2

1 [t -
ZO—MM%—M”wn—/’Mﬁm—ﬂ@MS
0

tn

2

1 [ :
Ty — t_/ Ti(s)x,ds (3.1)
n Jo

— (1 = pn) it
2

1 [t
< N =l = (1= e = - [ Tyl
n Jo

< llzn —pl*.
By the similar argument and the convexity of ||.||?, we also obtain

2

butea =)+ (=51 [ Tots)ends =)

n

mme{

2

< Bullaa =l + (1= ) = [ Fa(s)20 = Talshplds

1 - 5n)HZn _pH2
L — Bp)||7n — pH2

< Bullzo — I
< Bullzo — plI?
= [lzn = pl* + Bulllzo — plI* — 20 — pl1?)
= |lzn = plI* + Balllwoll* + 2(2n — 0, p))-

+(
+(
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Therefore, p € H, for n > 0. It means that 7 C H,, for n > 0. As in the proof

of Theorem 2.5, we can obtain the following properties:

() F C H,NW,,
[Zns1 — wol| < |luo — 20|, uo = Prao (3.2)

for n > 0. This implies that {z,} is bounded.

(i)

I s =0 33
lim ||y, — ps1]] = 0. (3.4)
n—oo
lim ||y, — .|| = 0. (3.5)
n—oo
Noticing that
1 [t . 1 [t .
[ Bs)zds =, - 5, (:cn— = T2<s>znds)+5n<:cn—:co>,
n J0o n JO

we have

1 tn o
2y — t_/ T5(8)zpds|| < |2 — yall
n J0

L[t
Ty — —/ T5(8)zpds
tn Jo

From (3.2) and the last inequality, it follows that

1
1_571

By 8, = 0 (6, < 1—p for some § € (0,1)), (3.5) and the last inequality, we

obtain

1 [
tn = | Ttsrznds| < 1 (=l + Bl = aal ).
n J0

lim =0. (3.6)
n—oo

L[
Ty — —/ T5(8)zpds
tn Jo

As in the proof of Theorem 2.5, by using (3.6) we can obtain that

lim =0,i=1,2, (3.7)

1 [t
Ty — —/ T:(s)x,ds
tn Jo

and
lim ||z, — z,|| = 0. (3.8)

n—oo
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Since .
1 no

—/ Ti(s)xpds € Cyyi = 1,2,

tn Jo

we have that

' Po,x, — Pe, —/ S)Tpds

- — / s)xnds||,
and hence from (3.7) it implies that

Po,z, — —/ S)Tpds||=

Since {x,} is bounded, there exists a subsequence {x,,} of {z,,} that converges

Po,x, — —/ S)xnds

0,i=1,2. (3.9)

lim
n—oo

weakly to some element ¢ € H as j — co. From (3.7) and (3.9), we also obtain
that uﬁlj = Pc,Tn; — q as j — oo. It means that ¢ € C; N Cy. Then, for each

h > 0, we have that
. 1 [in 4
i, -1 (- [ T ) '
0

i~ ] <) t

tn tn
—i—‘Ti(h) <l/ Ti(s)u;ds)—i/ Ti(s)u' ds
tn 0 tn 0
1 [t , .
+ t_/ Ti(s)uy,ds — uy, (3.10)
1 2" ~ -
<2 —/ Ti(s)u,ds — us,
n Jo

I : IR :
—i—HT(h) (t_/o Tl-(s)u;ds>—t—/0 Ti(s)u,ds||.

Let Ci = {2 € C; : ||z — uo|| < 2||wo — uo||}. Since ug = Przy € C;, we have
that

i, = woll = | P, zn; — Peyuoll < [lzn, — uoll < 2]|z0 — o]

So, C{ is a nonempty bounded closed convex subset. It is easy to verify that

{T;(t) : t > 0} is a nonexpansive semigroup on Cj. By Lemma 3.1, we get

T.(h) <% /0 ; T(s)u;ds)—% /0 " st ds

for every fixed h > 0 and hence by (3.9)-(3.10) we obtain that

=0

lim
n—oo

hm||T() ! ||:O
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for each h > 0. By Lemma 2.3, ¢ € F(T;(h)) for all h > 0. It means that
q € F. As in the proof of Theorem 2.5, by using (3.2), (3.5) and (3.8), we
also obtain that the sequences {x,}, {y,} and {z,}, defined by (1.10), converge
strongly to ug as n — oco. This completes the proof. O]

Corollary 3.3. Let C' be a nonempty closed convex subset in a real Hilbert
space H and let {T'(t) : t > 0} be a nonexpansive semigroup on C such that
F = M=oF(T(t)) # 0. Assume that {$,} is a sequence in [0, 1] such that
fn — 0. Then, the sequences {x,} and {y,}, defined by

xo € H any element,

= Bt + (L= ) [ T(6)Pe(an)as.
0

H,={z€H: |y — 2[* < [lxa — 2|
+ Bnlllzoll + 2{zn — w0, 2))},
W,={z¢€H:(x, — z,x9—x,) >0},
Tny1 = Pr,ow, (70),n > 0,
converge strongly to the same point ug = Prxg, as n — o0.
Proof. By putting T1(s) = I forall s > 0,C; = H,Cy = C' and Ty(s) = T'(s)

in Theorem 3.2, we obtain the conclusion. [l

Corollary 3.4. Let C' be a nonempty closed convex subset in a real Hilbert
space H and let {T'(t) : t > 0} be a nonexpansive semigroup on C' such that
F = Mi=oF(T(t)) # 0. Assume that {ca,} is a sequence in [0, 1] such that
a, — 1. Then, the sequences {x,} and {y,}, defined by

xo € H any element,

I I
w= i [ TP (5= ol = [T Peras)as),
n JO n J0

Hy ={z € H: [lyn — 2| < [lon — 2|},
W,={z€H :{(x, — 2,20 —x,) >0},
Tny1 = Pu,ew, (v0),n > 0,
converge strongly to the same point uy = Prxg, as n — o0.
Proof. By putting 8, =0,Cy = H,C, = C,Ts(s) = I and Ti(s) = T'(s) for

all s > 0 in Theorem 3.2, we obtain the conclusion. [l
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