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Lainiotis filter implementation
via Chandrasekhar type algorithm
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Abstract

An implementation of the time invariant Lainiotis filter using a
Chandrasekhar type algorithm is presented and compared to the clas-
sical one. The size of model determines which algorithm is faster; a
method is proposed to a-priori decide, which implementation is faster.
In the infinite measurement noise case, the proposed method is always

faster than the classical one.
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1 Introduction

Estimation plays an important role in many fields of science. The estimation

problem has been solved by means of a recursive algorithm based on Riccati
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type difference equations. In the last decades, several authors have proposed
faster algorithms to solve the estimation problems by substituting the Riccati
equations by a set of Chandrasekhar type difference equations [1, 5, 7, 8, 9].
The discrete time Lainiotis filter [6] is a well known algorithm that solves the
estimation /filtering problem. In this paper, we propose an implementation
of the time invariant Lainiotis filter using Chandrasekhar type recursive al-
gorithm to solve the estimation/filtering problem. It is established that the
classical and the proposed implementations are equivalent with respect to their
behavior. It is also developed a method to a-priori (before the Lainiotis filter’s
implementation) decide which implementation is faster. This is very important
due to the fact that, in most real-time applications, it is essential to obtain
the estimate in the shortest possible time.

The paper is organized as follows: In Section 2 the classical implemen-
tation of Lainiotis filter is presented. In Section 3 the Chandrasekhar type
algorithm is presented and the proposed implementation of Lainiotis filter via
Chandrasekhar type algorithm is introduced. In Section 4 the computational
requirements both implementations of Lainiotis filter are established and com-
parisons are carried out. It is pointed out that the proposed implementation
may be faster than the classical one. In addition, a rule is established in order

to decide which implementation is faster.

2 Classical Implementation of Lainiotis filter

The estimation problem arises in linear estimation and is associated with
time invariant systems described for k£ > 0 by the following state space equa-

tions:

Tpy1 = Fap + wy,

2z, = Hxp + vy,

where x;, is the n x 1 state vector at time k, z; is the m x 1 measurement
vector, F'is the n x n system transition matrix, H is the m X n output matrix,
{wy} and {v;} are independent Gaussian zero-mean white and uncorrelated
random processes, respectively, () is the n x n plant noise covariance matrix,

R is the m x m measurement noise covariance matrix and x( is a Gaussian
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random process with mean zoy and covariance F,. In the sequel, consider that
Q, R are positive definite matrices and denote @), R > O.

The filtering problem is to produce an estimate at time L of the state vector
using measurements till time L, i.e. the aim is to use the measurements set
{z1,22,..., 21} in order to calculate an estimate value z;, of the state vector
xr. The discrete time Lainiotis filter [6] is a well known algorithm that solves
the filtering problem. The estimation xj, and the corresponding estimation
error covariance matrix Py, at time k are computed by the following equations,

consisting the Lainiotis filter,

Peirjprr = Pn + Fn [I + Pk|k0n} ! Pk|kff (1)
Triik+1 = Fn [I + Pk|k0n} - Tkl +
+ (K + Fu [I + P O] ! Pl ) 2r41 (2)

for k > 0, with initial conditions Fyg = Py and x| = Ty, where the following

constant matrices are calculated off-line:

A=[HQHT + R (3)
K,=QH"A (4)
Kn=F'HTA (5)
Pn=Q—-K,HQ=Q—-QH"AHQ (6)
Fo=F—-K,HF =F - QH"AHF (7)
O,=K.HF = FTH"AHF (8)

with F, is a n x n matrix, while IC,, C,, are n x m matrices. The n x n
matrices P, and O, are symmetric. Also, the m x m matrix HQH” + R is
nonsingular, since R > O, which means that no measurement is exact; this
is reasonable in physical problems. Moreover, since ), R > O, A is a well
defined m x m symmetric and positive definite matrix as well as O,, is positive
definite. Furthermore, since ) > O using the matrix inversion Lemma?® and

substituting the matrix A by (3) in (6) we may rewrite P, as

Po=Q-QH"[HQH" + R HQ=[Q '+ H'R'H]" (9)

3Let A, C be nonsingular matrices, then holds:

(A+BCD) ' =A"'—A'B(C~'+ DA 'B)"'DA™!
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from which it is clear that the symmetric P,, is a positive definite matrix.
Equation (1) is the Riccati equation emanating from Lainiotis filter.

In the case of infinite measurement noise (R — o0), we have A = O,
K,=0,K,=0,P,=Q, F,=F, O, =0 and the Lainiotis filter becomes:

Piitjpsr = Po + FuPpFl = Q + FPyp FT (10)

Thtrilk+1 = ~7:n33k\k = F$k|k (11)

Equation (10) is the Lyapunov equation emanating from Lainiotis filter.

3 Implementation of Lainiotis filter via Chan-

drasekhar type algorithm

For time invariant systems, it is well known [2] that if the signal process model
is asymptotically stable (i.e. all eigenvalues of F' lie inside the unit circle),
then there exists a steady state value P of the estimation error covariance
matrix. The steady state solution P is calculated by recursively implementing
the Riccati equation emanating from Lainiotis filter (1) for £ = 0,1,..., with
initial condition Fyg = Fy. The steady state or limiting solution of the Riccati
equation is independent of the initial condition [2]. The discrete time Riccati
equation emanating from the Lainiotis filter equations has attracted enormous
attention. In view of the importance of the Riccati equation, there exists
considerable literature on its recursive solutions [4, 7], concerning per step or
doubling algorithms. The Chandrasekhar type algorithm has been used [7, §]
to solve the Riccati equation (1). The Chandrasekhar type algorithm consists

of the recursion
Peiijprr = P + YiSpY,

using recursions for the suitable quantities Y; and S;. Hence, the algorithm is

based on the idea of defining the difference equation
0P, = Pryijkr1 — Pk (12)
and its factorization

6P, = Vi.S1Y,!, (13)
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where Y}, is an n x r matrix and S is an r X r matrix, with
0 <r=rank(éF) < n.
For every k = 0,1, ..., denoting
Or = Pyp+ O (14)

we note that Oy, is a n X n symmetric and positive definite matrix due to the
presence of O, (recalling that O,, in (8) is a positive definite matrix and Py,
is a positive semidefinite as estimation error covariance matrix). Also, since
Oy, is a nonsingular matrix for every k = 0,1,..., the equation (14) may be

written:
PyxO;' =1-0,70;" (15)

Using the above notations and substituting the equations of the Lainiotis
filter by a set of Chandrasekhar type difference equations, a recursive filtering
algorithm is proposed, as established in the following theorem, which presents
computational advantage compared to the classical filtering algorithm, (see 4

and 5 statements in the next Section 4).

Theorem 3.1. Let the measurement noise R be a positive definite matriz, the
plant noise ) be a positive definite matriz and Py, is a nonsingular matriz,
for every k = 0,1,2,... The set of the following recursive equations compose
the new algorithm for the solution of the discrete time Lainiotis filter,
Oi1 = O + Yi.S1YE (16)
Y = 5,00, 1Y, (17)
Sir1 = Sk — SkYy O YiSk (18)
Preijprr = P + YkSkYkT (19)
Titpir1 = Fn O, O e + (K + Fo0, ' OF P K o) 211, (20)

with initial conditions:

Poo=H
Zojo = Zo
Oy =Py + O, (21)
YoSoYy = P + Foll + PO, '\ RFL — By (22)

where Fp,, On, Ky, Ko, Py are the matrices in (3)-(8).
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Proof. Combining (14) and (12) we write
Ok+1 = Pryippr1 + O, = Proajprr + Op — Py = Og + 6Py,
i.e., for every k =0,1,2,..., holds
0Py = Og41 — Oy, (23)

in which substituting 0P, by (13) the recursion equation in (16) is obvious.

Moreover, using elementary algebraic operations and properties we may write
M+N=NM"'+NHYM, M*—-N'=NYN-MM" (24
when M, N are n X n nonsingular matrices, as well as

_ -1
[I + PyrO5] ' Py = [Pk\k(Pk_‘li + On)] Py = [Pk_pi + 0,7, (25)

due to the nonsingularity of Py, for every £ = 0,1,.... Combining (12), (1),
(25), the first equality in (24), (14) and (15), we derive:

5Pk+1 = Pk;+2|k;+2 - Pk+1|k;+1
= (I + Pk+1\k+10 |7 Posapest — [+ PepOn) ™ Prur) Fit

Lt + O = [P+ 07 ) AT

< -1 -1
( Pk+1|k+1 +0, ) k+1|k+1] [O (Pklk +0, ) k\kﬂ ) fg

(Pestpest [Prraerr + O 17 O = P[Py + 071710) o
(Pk+1\k+1 Plc+l|k—|—l + On ] ! Pk|k[Pk|k + 0771]71) (’);1_7-"3
(Pk+1\k+10k+1 PO 1) O, 1]:7?

0, (07 - 071,) 0,

n n

I
o

I
Qﬂ?ﬂ;ﬁﬁ

Using the second equality of (24) and (23) the last equation may be written

as:

6P = Fn0,'0pl, (Ori1 — Op) OOV FY
= Fa0," (0;'0x) Oty (0F) Oy O, Fy
= Fn.0,'0;" (Op1 — 6P) Oty (6P:) O O F Y
= F.0,'0:" (6P) O O FE — 7,010, (0P) Oy Ly (6P:) O O F Y
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From (13) the last equation yields
3Peyr = FnO, O WiS Y O O F — F,0,1 07 S, Y O ViSO O F T
in which setting the matrix ;1 = F,0, 10, 'Yy by (17) immediately arises
0Pii1 = Yi1SY = Vi1 SVl O L YiSiY . (26)

By (13) we have P41 = Yi41Sk1Yh . thus the equation in (26) may be
formulated as :

Yier1Sk1Yii1 = Yierr (Se — Sy O L YiSk) Vi

Multiplying with YkT+1 on the left and Yy, on the right the last equality the
recursion equation in (18) is derived.
Furthermore, rewriting zy 1541 in (2) with different way and due to (14)

we conclude
Tisiper = FuOp O [I + PyiOn) - Tk +

+ <ICn + ]—"n(’)gl(’)n [I + PWC(’),J - Pk|lem> Zk+1

= FoO; (I + Pyr0,) 07 ™ e +
+ <]Cn + .,Fn(l)gl [(I + Pk|k(9n)(’);1] - PkVJCm) Zk41

= fn@;1 [Pk:\k: -+ O;l} ! Tklk + (/Cn + fn(f);l [Pk|k + O;l} ! Pk|lem> Zh+1
= Fn0,'0 v + (Ko + Fn O, O P Kon) 21

showing thus the equation (20).

Moreover, Fyg = Py and g9 = Zo are given as the initial conditions of
the problem; by (14) Oq is computed for £ = 0 and the matrices Yy, Sy are
computed by the factorization of the matrix P, + F,[I + PO, ' P, FL — P,

in (22) in order to used as initial conditions. O

Remark 3.1. 1. For the boundary values of r = rank(§F,) we note that:

e If r = 0, then, from (12) arises that the estimation covariance
matrix remains constant, i.e. Py = F, and equation (23) yields
O = Oy, for every k = 0,1, 2, ... Thus the algorithm of Theorem 3.1

computes iteratively only the estimation x4 taking the form:

Thahrr = Fn O, O wpgye + (K + FoO, Oy PoKon) 2k
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o If r =n and Pyy = Py = O, then we are able to use the initial
conditions Yy = I and Sy = P,.

2. For the zero initial condition Py = Fy = O, by (1) we derive Pyj; = Py;
recalling that by (9) holds P,, > O, it is evident that for every k = 1,2, . ..
arises Py > O, that guarantees P, be a nonsingular matrix. Hence
Theorem 3.1 is applicable for initial condition Fyp = Py = O; in this case
by (21)-(22) we are able to use the following initial conditions: Oy = O,
and YpS Yy = P

3.1 Infinite measurement noise K — oo

In the following, the special case of infinite measurement noise is presented. In
this case P, = Q, F,, = F and O,, = O, then the Riccati equation (1) becomes
the Lyapunov equation (10). Using (12) and combining (10) with (13) we have

0P = Pk+2\k+2 - Pk+1\k+1 =F (Pk+1\k+1 - Pk|k> F'=F (5Pk) Fr
= FY.S. Y, FT,

where setting Y1 = F'Y; the above equality is formulated Yk+15k+1Y,§r1 =

0P, = Yk+1Sle£1 and after some algebra arises :
Sky1 = Sk

Since the last equality of the matrices holds for every &k = 1,2,..., without

loss of generality, we consider an arbitrary r x r symmetric matrix
Sk =5, (27)

with rank(S) = r and 0 < r < n. Thus, using (19), (11) and (27) the following
filtering algorithm, which is based on the Chandrasekhar type algorithm, is
established.

Y1 = FYy
P11 = Brp + V.SV,
11 = Fpr,

and with initial conditions:

Pojo = Py, oo = To,

YoSY) =Q+ FP,FT — By
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Since in (27) the matrix S can be arbitrarily chosen, we propose as S the r x r
identity matrix; thus we are able to establish the proposed algorithm, which

is formulated in the next theorem.

Theorem 3.2. Let R be the infinite measurement noise (R — oc), the plant
noise Q) be a positive definite matrix and F' be a transition matrix. The set of
the following recursive equations compose the algorithm for the solution of the

discrete time Lainiotis filter, for k =1,2,...,

Y = FYy (28)
Prsiks1 = P + YaYy! (29)
Try1pr1 = Fayr, (30)

with initial conditions:

Pojo = Py,  xopp = To,

YoV =Q+ FPFT — Ry (31)

Remark 3.2. In the special case Py = Fy = O, then equation (31) becomes
oY = Q.

4 Computational comparison of algorithms

The two implementations of the Lainiotis filter presented above are equiv-
alent with respect to their behavior: they calculate theoretically the same
estimates, due to the fact that equations (1)-(2) are equivalent to equations in
Theorem 3.1 (i.e. (16)-(20)) and equations (10)-(11) are equivalent to equa-
tions (28)-(30) for the case of infinite measurement noise. Then, it is reason-
able to assume that both implementations of the Lainiotis filter compute the
estimate value x|, of the state vector zr, executing the same number of re-
cursions. Thus, in order to compare the algorithms, we have to compare their
per recursion calculation burden required for the on-line calculations; the cal-
culation burden of the off-line calculations (initialization process) is not taken
into account.

The computational analysis is based on the analysis in [3]: scalar opera-
tions are involved in matrix manipulation operations, which are needed for the
implementation of the filtering algorithms. Table 1 summarizes the calculation

burden of needed matrix operations.
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Table 1. Calculation burden of matrix operations

Matrix Operation

Calculation Burden

A(n xm)+ B(nxm)=C(nxm) nm

A(n xn)+ B(n xn)=.S5(nxn) S :symmetric | 3(n? +n)
I(n xn)+ A(n xn)=B(n xn) I :identity n
Alnxm)-B(m x k)=C(n x k) 2nmk — nk

A(nxm)-B(m xn)=5(nxn)

S :symmetric | n*m +nm — 1(n? 4+ n)

[A(n x n)] "' = B(n x n)

£(16n* — 3n* —n)

The per recursion calculation burden of the Lainiotis filter implementations

are summarized in Table 2. The details are given in the Appendix.

Table 2. Per recursion calculation burden of algorithms

Implementation Noise Per recursion calculation burden
Classical R> 0 CB. = ¢(64n® — 4n) + 2n*m + 2nm
Classical R — o0 CB.2=3n*+2n*>—n
Proposed R0 CB,1 = £(56n* — 3n? — 5n) + 3nr?

—2nr + Tn’r + 2n’m + 2nm
Proposed R — o CB,2 =3n*r+2n*>—n

From Table 2, we derive the following conclusions:

1. The per recursion calculation burden of the classical implementation de-

pends on the state vector dimension n.

2. The per recursion calculation

burden of the proposed implementation

depends on the state vector dimension n and on r = rank(5F).

3. Concerning the non-infinite measurement noise case (R > O) and defin-

ing Q(n7r> = CBc,l - CBp,la

burdens yield the relation:

from Table 2 the respective calculation

1
q(n,r) = 6(8713 +3n% 4+ n) — 3nr® + 2nr — Tn’r (32)

From Remark 3.1 the case r = 0 gives degenerated algorithm; thus con-

sider r > 1 we investigate two cases : (a) r =n, and (b) r <n.

(a) 1 < r = n. In this case, it is obvious that g(n,n) = #(—52n® +
15n? + n) and since g(n,n) is a decreasing function, we compute

qg(n,n) < q(1,1) = —6 < 0. Hence, if r = n, then the classical

implementation is faster than the proposed one.
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(b) 1 <r < mn. In this case, we rewrite the equality in (32) as

g(n,7) = g(—18r2 F (=420 +12)r + 802 +3n+ 1) = %f(r, n),(33)
with f(r,n) = —18r%+(—42n+12)r+8n?+3n+1. The discriminant

of f(r,n) is
A(n) = 2340n% — 792n + 216 > 0,

and its zeros are :

_ —42n+12 — y/A(n) _ —2n+ 12+ \/A(n)(34)
N 36 ’ B 36

Hence, the factorization of f(r,n) is f(r,n) = —18(r — ri(n))(r —
r9(n)), thus, the equality of ¢(n,r) in (33) can been written as

ri(n) ro(n)

q(n,r) = =3n(r —ri(n))(r —ra(n)). (35)

Also, it is easily proved that for n = 1,2,... holds v/A(n) > 42n —
12, from which immediately arises r1(n) < 0 and 73(n) > 0; thus,
due to the fact » > 1, it is obvious

r—ri(n) > 0.

Consequently, in (35) the sign of g(n,r) depends on the sign of
r — 19(n), with ro(n) in (34), i.e., the choice of implementation of
the suitable algorithm is related to the comparison of quantities
r,ra(n);
e if 7 > ry(n) = q(n,r) < 0, thus the classical implementation is
faster than the proposed one.
e if r < ry(n) = q(n,r) > 0, thus the proposed implementation
is faster than the classical one.

4. Figure 1 depicts the relation between n and r that may hold in order to
decide, which implementation is faster. In fact r is plotted as function of
n using r2(n) in (34). Then, we are able to establish the following Rule of
Thumb: the proposed Lainiotis filter implementation via Chandrasekhar
type algorithm is faster than the classical implementation if the following

relation holds:

r < 0.18n (36)
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Figure 1: Proposed algorithm may be faster than the classical one.

Thus, we are able to choose in advance the implementation of the faster
algorithm comparing only the quantities r and n by (36).

Concerning the infinite measurement noise case (R — 00), the calcu-
lation burden of the classical implementation is greater than or equal
to the calculation burden of the proposed implementation; the equality
holds for » = n. Thus, the proposed implementation is faster than the
classical one.
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Appendix

Calculation burdens of algorithms

A Measurement noise is a positive definite ma-

trix (R > O)

A.1 Classical implementation of Lainiotis filter

Calculati
Matrix Operation Matrix Dimensions alcfiation

Burden
PO, (nxmn)-(nxn) 2n3 — n?
I + Ppyi.On, (n x n)+ (n xn)t n
[ + Py On] nxn 1(16n3 — 3n* — n)
[ + Py On] ™ Py nxmn)-(nxn)* n® + 3(n® —n)
Full + Pyi,Op] ™ Py, nxn)-(nxmn) 2n3 — n?
Full + Py Op] Py F Y nxmn)-(nxn)* n® + 3(n* —n)
Prsifkr1 = Pn + Fall + PopOnl ' P Fit nxmn)+(nxn)* 3(n* +n)

Full + Pyt On] ™ Py Ko

2n2m — nm

Kn + Foll + Pk|k(’)n]_1Pk|k/Cm nxm)+ (nxm) nm
(ICn + Full + Pk|k(’)n]*1Pk|kICm) 2kl nxm)-(mx1) 2nm —n
Full + Pk|k(9n}_1 nxmn)-(nxmn) 23 —n?
fn[I + Pk|k0n}71xk|k nxmn)-(nx1l) 2n? —n

Thaferr = Fall + PpOn] agp + (nx 1)+ (nx 1) n

+ (’Cn + fn[I + Pk‘k(’)n]*lPk‘kICm) Zk41

Total

CB. = (640 — 4n) + 2n*m + 2nm

I identity matrix

* symmetric matrix
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A.2 Proposed implementation via Chandrasekhar type

algorithm
Matrix Operation Matrix Dimensions Calculation
Burden
Y3 Sk (nxr)-(rxr) 2nr? — nr
Vi SrYr (nxr)-(rxn)* n’r 4+ nr — 3(n® +n)
Ok41 = Ok + V3. SLY,E (nxn)+ (nxn)* 2(n%+n)
o' nxmn 1(16n3 — 3n* — n)
0, 'Y nxn)-(nxr) 2n%r — nr
Vi1 = FnO; 10, Yy (nxmn)-(nxr) 2n%r — nr
Ok-&l nxmn 1(16n3 — 3n* — n)
OkHYkSk (nxmn)-(nxr) 2n%r — nr
SkYk Ok+1YkSk (rxmn)-(nxr)* r’n+rn — l(7"2 +7)
Sk1 = Sk — SpY;l OkHYkSk (rxr)4+(rxr)* (7" +7)
Prstir1 = Prjp + Y Se Yy (n xn) + (n xn)* L(n2 +n)
Fn0,10;! (nxn)-(nxn) 2n3 —n?
j:noﬁlok_ll“km (nxn)-(nx1) m2 _n
fnoﬁlO§1Pk|k (nxn)-(nxn) 2m3 — n2
Fn0, O PojicKon (n xn)-(nxm) 22m — nm
Kn 4+ FnO; L0 Py Ko (n x m)+ (n x m) nm
(KCn + fﬂoglO;Pklk’Cm) Zk4+1 (nxm)-(mx1) 2nm —n
Tkt = anglOk_jsch * (nx1)+(nx1) n
+ (Kn + FnO0; O3 P Kom) 241

Total CBp1 = %(56713 —3n% — 5n) + 3nr? — 2nr + Tn?r + 2n2m + 2nm

* symmetric matrix
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B Infinite measurement noise K — oo

B.1 Classical implementation of Lainiotis filter

Matrix Operation Matrix Dimensions Calculation
Burden
F Py (nxmn)-(nxn) ImE _ n2
FPMkFT (nxn)-(nxn)* n3+%(n2—n)
Perijpr1 = Q + FPyFT | (nxn) + (n x n)* L +n)
Trr1jkr1 = Fapp (nxn)-(nx1) o2 —
Total CB.2=3n*+2n*>—n

* symmetric matrix

B.2 Proposed implementation via Chandrasekhar type

algorithm
Calculati
Matrix Operation Matrix Dimensions alcuiation
Burden
Yi¥y (nxr)-(rxn) n’r 4+ nr — 1(n? + n)
Prstjors = P + VY2 | (nxn) + (n x n)’ L2 4 )
Lh+1)k+1 = ka\k (n X n) . (n X 1) M2 —n
Total CB,, = 3n%r +2n% —n

* symmetric matrix



