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Abstract

In this paper, upon making some suitable assumptions such as the
Acquistapace-Terreni condition and exponential dichotomy, we obtain
new existence and uniqueness theorems of pseudo almost automorphic
solutions to some nonautonomous neutral partial evolution equations.

Some examples are presented to illustrate the main findings.
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1 Introduction

In this paper, we continue the investigation of [6, 7, 12, 13, 14]. That is, we
aim to establish the existence and uniqueness theorem of pseudo almost auto-
morphic mild solutions to nonautonomous neutral partial evolution equations

with Stepanov-like pseudo almost automorphic term

%[U(t) + [t u(t)] = AB)[u(t) + f(E,u®)] + h(t) ,teR, (1)
d

L) + f(tu®)] = AR)[u) + f(t,ut))] + gt ult))  tER,  (2)

where A(.) is a given family of closed linear operators on D(A(t)) satisfying
the well-known Acquistapace-Terreni conditions, f : R x X — X is pseudo
almost automorphic, A : R — X and ¢ : R x X — X are Stepanov-like pseudo
almost automorphic for p > 1 and continuous, where X is a Banach space.
Another aim in this paper is to investigate pseudo almost automorphic mild

solutions to perturbed nonautonomous neutral partial evolution equation

%[U(t) + f(t, Bu(t))] = AQ@)[u(t) + f(t, Bu(t))] + g(t, Cu(t)) ,teR, (3)
where B, C' are bounded linear operators.

In recent years, the theory of almost automorphy and its various exten-
sions have attracted a great deal of attention due to their significance and
applications in areas such as physics, mathematical biology, control theory,
and others.

The concept of pseudo almost automorphy, which is the central issue in
this work, was introduced in the literature by Xiao, Liang and Zhang [21] as a
natural generalization of both the classical concept of almost automorphy and
that of pseudo almost periodicity.

In [17], N’Guérékata and Pankov introduced the notion of Stepanov-like
almost automorphic function. Using this new concept, the autors in [9, 10]
stydied the composition of Stepanov-like almost automorphic functions and
obtained the existence and uniqueness of almost automorphic solutions to some
abstract differential equations.

Recently, Diagana [8] studied the basic properties of a new class of func-
tions, called Stepanov-like pseudo almost automorphic functions, which gen-
eralizes both the Stepanov-like almost automorphy and pseudo almost auto-

morphy:.
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We now turn to a summary of this work. In Section 2, we review the
concept of almost automorphy and its generalisations such as pseudo almost
automorphy and Stepanov-like almost automorphy. Section 3 and 4 are de-
voted to the existence and uniqueness of pseudo almost automorphic solutions
to nonautonomous neutral partial evolution equations and perturbed nonau-
tonomous neutral partial evolution equations, respectively. In Section 5, we

provide some examples to illustrate our main results.

2 Preliminaries

In this section, we fix notation and collect some preliminary facts that will
be used in the sequel. throughout this paper, N, R and C stand for the sets of
positive integer, real and complex numbers, (X, ||.||), (Y, ||.||y) stand for Banach
spaces, B(X,Y) denotes the Banach space of all bounded linear operators from
X into Y equipped with natural topology. If Y = X it is simply denotes by
B(X).

2.1 pseudo almost automorphy

Let C'(R,X) denote the collection of continuous functions from R into X.
Let BC(R,X) denote the Banach space of all X-valued bounded continuous
functions equipped with the sup norm ||u|le = sup,cp ||u(t)| for each u €
BC(R,X).

Similarly, C'(R x Y, X)) denotes the collection of all jointly continuous func-
tions from R x Y into X, BC(R x Y,X) denotes the collection of all jointly
bounded continuous functions f: R x Y — X.

Definition 2.1. [5, 16, 25] A function f € C(R,X) is said to be almost au-
tomorphic if for every sequence of real numbers (s}, there ezists a subsequence

(Sn)n such that
lim lim f(t+ s, — sm) = f(t) for each t € R.
m—o00oN—0o0

this limit means that

g(t) := lim f(t + s,) is well defined for each t € R
n— oo
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and
f(t) = limg(t — s,) for eacht € R.

n—oo

The collection of all such functions will be denoted by AA(X).

Theorem 2.2. [16] Assume f,g: R — X are almost automorphic and X
1s any scalar. Then the following holds true:
(1) f+g,Mf, fo(t) = f(t+7) and f(t) := f(—t) are almost automorphic.
(2) The range Ry of f is precompact, so f is bounded.
(3) If {fu} is a sequence of almost automorphic functions and f, — f uni-

formly on R, then f is almost automorphic.

Definition 2.3. [12] A function f € C(R x R, X) is called bi-almost
automorphic if for every sequence of real numbers (s}), we can extract a sub-
sequence (S,)n such that g(t,s) = T}i_}rgof(t—i- Sn,t 4 sp) is well defined for each
t,s € R and f(t,s) = lim g(t — s,,t — s,) for each t,s € R. The collection of
all such functions willngéoodenoted by bAA(C(R x R, X)).

We set

AA(X) = {f € BCR.X): Jim o [ 17(a)ldo = 0},

Definition 2.4. [5] A function f € BC(R,X) is said to be pseudo almost
automorphic if it can be decomposed as f = g+ ¢ where g € AA(X) and
p € AA(X). The set of all such functions will be denoted by PAA(X).

Theorem 2.5. [21] If one equips PAA(X) with the sup norm, then PAA(X).

turns out to be a Banach space.

Theorem 2.6. [12] Let u € PAA(Y), B € B(Y,X). If for each
t € R, Bu(t) = v(t), then v € PAA(X).

Definition 2.7. [15] A function f € C(R x Y,X) is said to be almost
automorphic if f(t,u) is almost automorphic int € R uniformly for allu € K,

where K is any bounded subset of Y. The collection of all such functions will
be denoted by AA(R x Y, X).
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We set

T
AR X ¥, X) = (] € BORx Y. X) : Jim %/ I (o) do = 0
—00 _7

uniformly for v in any bounded subset of Y}.

Definition 2.8. [15] A function f € C(R x Y,X) is said to be pseudo
almost automorphic if it can be decomposed as f = g + ¢ where
g€ AAR X Y,X) and ¢ € AAN(R x Y, X). The set of all such functions will
be denoted by PAA(R x Y, X).

Theorem 2.9. [8, 12] Assume F € PAA(R x X). Suppose that F(t,u) is
Lipschitz in uw € X uniformly in t € R, in the sense that there exists L > 0
such that

|F(t,u) — F(t,v)|| < Lllu—v|| forallt e Ru,veX

[f®(.) € PAA(X), then F(.,®(.)) € PAA(X).

2.2 Stepanov-like almost automorphy

Let LP(R, X) denote the space of all classes of equivalence ( with respect to

the equality almost everywhere on R ) of measurable functions f : R — X such
that || f|| € LP(R). Let L?

(R, X) denote the space of all classes of equivalence

of measurable functions f : R — X such that the restriction of every bounded
subinterval of R is in LP(R, X).

Definition 2.10. [8, 17, 19] The Bochner transform f°(t,s),t € R, s €
0,1], of a function f: R — X is defined by f°(t,s) = f(t+ s).

Remark 2.11. [19] A function ¢(t,s),t € R,s € [0,1], is the Bochner
transform of a certain function f,p(t,s) = f°(t,s), if and only if
ot +7,5s—7T)=(s,t) forallt e R,s €[0,1] and T € [s — 1, 5.

Definition 2.12. [19] The Bochner transform F®(t,s,u),t € R, s € [0,1],
u € X, of a function F : R x X — X is defined by F°(t,s,u) := F(t + s,u) for
each u € X.
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Definition 2.13. [19] Let p € [1,00). The space BSP(X) of all Stepanov
bounded functions, with the exponent p, consists of all measurable functions
f:R — X such that f* € L>®(R, L?(0,1;X)). This is a Banach space with the

norm

t+1 1
s = W liuzn =sup ([ LrlPar)?
teR t

Definition 2.14. [17] The space SPAA(X) of Stepanov-like almost auto-
morphic functions (or SP—almost automorphic functions) , consists of all f €
BSP(X) such that f* € AA(LP(0,1;X)). That is, a function f € L} (R,X) is
said to be Stepanov-like almost automorphic if its Bochner transform f° : R —
LP(0,1;X) is almost automorphic in the sense that for every sequence of real
numbers (s),), there exists a subsequence (s,)n, and a function g € L} (R,X)

loc
such that

(/0 | f(s+ sn) —g(s)”Pds)% — 0 and (/0 lg(s — sn) — f(s)||pds)% =0

as n — oo pointwise on R.

2.3 Stepanov-like pseudo almost automorphy

Definition 2.15. [8] A function f € BSP(X) is said to be Stepanov-
like pseudo almost automorphic ( or SP—pseudo almost automorphic ) if it
can be decomposed as f = g + ¢ where ¢° € AA(LP(0,1;X)) and ¢° €
AA(LP(0,1;X)). The set of all such functions will be denoted by SPPAA(X).

Lemma 2.16. [8] If f € PAA(X), then f € SPPAA(X) for each 1 < p <
oo. In other words, PAA(X) C SPPAA(X).

Lemma 2.17. [8] The space SPPAA(X) equipped with the norm ||.||s» is a

Banach space.
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Definition 2.18. [8] A function F : R x Y — X with F(.,u) € LP(R,X)
for each uw € Y, is said to be Stepanov-like pseudo almost automorphic ( or
SP—pseudo almost automorphic ) if it can be decomposed as F' = G + ® where
G’ € AA(R x LP(0,1;Y)) and ®* € AAs(R x LP(0,1;Y)). The collection of
such functions will be denoted by SPPAA(R x Y).

Theorem 2.19. [8] Assume ' € SPPAA(R x X). Suppose that F(t,u) is
Lipschitz in v € X uniformly in t € R, in the sense that there exists L > 0
such that

|F(t,u) — F(t,v)|| < L||lu—v]|| forallt € Riu,veX

If®(.) € SPPAAX) and K := {®(t) : t € R} is compact in X, then F(.,®(.)) €
SPPAA(X).

2.4 Evolution family and exponential dichotomy

Definition 2.20. [18] A family of bounded linear operators (U(t,s))i>s on
a Banach space X is called a strongly continuous evolution family if
(1) U(t,s) =U(t,r)U(r,s) and U(t,t) =1 forallt >r >s andt,r,s € R
(2) the map (t,s) — U(t, s)x is continuous for all x € X,;t > s and t,s € R,

Definition 2.21. [18, 11] An evolution family (U(t,s));>s on a Banach
space X is called hyperbolic ( or has exponential dichotomy ) if there exist
projections P(t),t € R, uniformly bounded and strongly continuous in t, and
constants M > 0,6 > 0 such that
(1) U(t,s)P(s) =pt)U(t,s) fort > s and t,s € R
(2) the restriction Ug(t,s) : Q(s)X — Q)X of U(t,s) is invertible fort > s (
and we set Ug(s,t) :=U(t,s)™ )

(3) |U(t,s)P(s)|| < Me™2t=9) ||Ug(s,t)Q(t)|| < Me™2t=9) fort > s andt,s €
R.
Here and below we set Q) := 1 — P.
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Definition 2.22. [18, 3] Given an hyperbolic evolution family, we define

its so-called Green’s function by

U(t,s)P(s), fort>s, t,seR
[(t,s) := (4)
Ug(t,s)Q(s), fort<s, t,seR

3 Neutral partial evolution equations

Throughout this paper, we make the following basic assumptions

(Hy) the family of closed linear operators A(t), for ¢ € R, on X with do-
main D(A(t)) (possibly not densely defined) satisfy the so-called Acquistapace-
Terreni conditions; namely, there exist constants Ao > 0, 6 € (5, 7), My, My >
0, and «, 8 € (0,1] with o + 3 > 1 such that

M,

S U{0} C p(A(t) — Xo) 2 A, [[R(A, A(t) = N)|| < T+

and
[CA(t) = o) R(X, A(E) = Xo) [R(No, A(t)) = R(Xo, A(s))]]| < M|t —s|*|X 7" (5)

for t,s e R, A € ¥p:={A € C—{0}: |arg)| < 0}

(H3) The evolution family (U(t,s)):>s generated by A(t) has an exponential
dichotomy with constants M > 0, > 0, dichotomy projections P(t),t € R,

and Green’s function I'(¢, s).
(H3) I'(t,s) € bAAR x R, B(X))

(Hy) f: R x X — X is pseudo almost automorphic and Lipschitz with respect
to the second argument uniformly in the first argument in the sence that there
exist Ky such that

Lf(tu) = ft0)l] < Kyllu = vl

forall t € R and u,v € X

(Hs) g : R x X — X is Stepanov-like pseudo almost automorphic for p > 1,
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jointly continuous and Lipschitz with respect to the second argument uniformly

in the first argument in the sence that there exist K, such that
lg(t,u) = g(t, )| < Kgllu— o]

for all t € R and u,v € X.
Let us mention that in the case when A(t) has a constant domain D(A(t)) =

D, it is well-known [4, 20] that equation (5) can be replaced with the following

(H7) There exist constant M, and 0 < a < 1 such that
I(A(t) = A(s))R(Xo, A(r))|| < Mot —s|%, for s,t,r € R (6)

Let us also mention that (H;) was introduced in the literature by Ac-
quistapace and Terreni in [1, 2]. Among other things, from [3, Theorem 2.3];
see also [1, 23, 24]; it ensure that the family (A(¢)); generates a unique strongly

continuous evolution family (U (¢, s))i>s on X.

Definition 3.1. A mild solution to Equation (1) is a continuous function
u: R — X satisfying

t
) = —f(u(0) + Ut ) lu(s) + S5 0] + [ Uolhto)s (0
forallt > s and all s € R.
Now, we state our first result.
Theorem 3.2. Assume that (Hy) — (Hy) hold and h € SPAA(X) N C (R, X)

for p > 1. if Ky < 1, then there exists a unique solution u € PAA(X) of
equation (1) such that

t

U(t, o) P(o)h(o)do— /t T Uolt, )Q(0)h(o)do, tE R
(8)

lt) = st u(t)+ |

—00

Lemma 3.3. Suppose that (Hy) — (Hy) hold. If h € SPAA(X) N C(R, X)
for p > 1, then the operator A defined by

t “+o0
(Au)(t) :/ U(t,o)P(a)h(a)da—/t Ug(t,0)Q(o)h(o)do, teR

— 00

maps PAA(X) into its self.
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Proof of Lemma: The proof is similar to that one of [12, Theorem 3.3, so,

we omit it. H

Proof of Theorem: To prove that u satisfies equation (7) for all ¢ > s, all
s € R, we let

u(s) = ~fls.u(s)+ [

—0o0

S

+oo
U(S,J)P(a)h(a)da—/ Ug(s,0)Q(o)h(o)do (9)

Multiply both sides of (9) by U(t, s) for all ¢ > s, then

Ul(t,s)u(s) = =U(t, s) f(s,u(s)) —i—/ U(t,o)P(o)h(o)do

— 00

+o0o
— / Ug(t,o)Q(o)h(o)do

— Ut 5) (s, u(s)) + / U(t,0)P(0)h(0)do

t - “+o00
—/ U(t,a)P(a)h(a)da—/t Ug(t,0)Q(o)h(o)do
- [ Uolt.)Q(o)h(w)do
= —Ul(t,s)f(s,u(s)) +u(t) + f(t,u(t)) —/ U(t,o)h(o)do

Hence u is a mild solution to equation (7).
In PAA(X) define the operator I' : PAA(X) — C(R, X) by setting

(Cu)(0) = —f(tule) + [

—00

t

U(t,o)P(o)h(c)do — /t h Ug(t,o)Q(o)h(o)do.

From previous assumptions one can easily see that I'u is well defined and
continuous. Moreover, from Theorem (2.9) and Lemma (3.3) we deduce that
T'u € PAA(X), that is I : PAA(X) — PAA(X).

It remains to prove that I' is a strict contraction on PAA(X).

For u,v € PAA(X) we get

[(Tw) (@) = (To) @) = [ u) = f(E 0@ < Kyllu®) —o@)] < Kfllu=vlle

Since Ky < 1, it follows that I' is a strict contraction, and by the Banach fixed-
point principle, there exists a unique mild solution to (1) which obviously is

pseudo almost automorphic. O]
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Definition 3.4. A mild solution to Equation (2) is a continuous function

u: R — X satisfying
u(t) = —f(t,u(t)) + UL, )[u(s) + f (s, u(s))] +/ U(t,0)g(o, u(o))do (10)
forallt > s and all s € R.

Now, we state our second result.

Theorem 3.5. Assume that (Hy) — (Hs) hold. If (K;+ 2M§K9) < 1, then

there ezists a unique mild solution uw € PAA(X) of equation (2) such that

t

uwz—ﬂmm»+/ U(t, 0)P(0)g(0, u(0))do

—0o0

—[m%mwwwmmww,

Proof In PAA(X) define the nonlinear operator I' : PAA(X) — C(R, X)
by setting

t

(Fu)(t) = —f(t7u(f))+/ U(t, o) P(o)g(o,u(o))do

—00

—/t CwUQ(t,U)Q(J)g(a,u(a))da, teR

(i) From previous assumptions one can easily see that I' is well defined and
continuous. Moreover, let u(.) € PAA(X) Cc SPPAA(X), Using (Hs) and
composition theorem on Stepanov-like pseudo almost automorphic functions
(Theorem (2.19)), we deduce that g(.,u(.)) € SPPAA(X). It is easy to check
that g(.,u(.)) € C(R,Y). Applying Lemma (3.3) for h(.) = g(., u(.)), it follows
that the operator I' maps PAA(X) into its self.

(ii) we will show that I' : PAA(X) — PAA(X) has a unique fixed point
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For u,v € PAA(X) we get

IT(u)(t) = T() @) < Kyllu(t) —o@)]]

t
+M/’gwwmﬁmm—mmwww
!
+M/ e g(0, u(o)) — glo, v(0))|do
t
t
SKWHMM+M%/ieWWM®—WWM

+oo
+ MKg/ e = (o) — v(0)||do
t
IMK,

< (Kj+ v = vl

Since K; + QM(SKQ

Banach fixed-point principle, I has a unique fixed point in PAA(X).

< 1, it follows that I' is a strict contraction, and by the

(iii) It remains to prove that u satisfies equation (10) for all t > s, all s € R,
we let

S

U(s,o)P(c)h(o)do —/ OOUQ(S,O’)Q(O’)h(U)dU,
(11)

uls) = ~fs,uls)) + [

— 00

Multiply both sides of (11) by U(t,s) for all t > s, then

S

U(t,s)u(s) = =U(t,s)f(s,u(s)) +/ U(t,o)P(o)h(o)do

—0o0

—/ OOUQ(t,O'>Q(0)h(U)dU

Ut 5) (s u(s)) + / U(t,0)P(o)h(0)do

—0o0

“+o00

- / Ult,o)P(o)h(o)do — | Uolt, 0)Q(o)h(o)do

t

— / Ug(t,o)Q(o)h(o)do

S

= —U(t,s)f(s,u(s)) +u(t) + f(t,u(t)) — / U(t,o)h(c)do

Hence u is a mild solution to equation (10). The proof is complete. [l
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4 Perturbed nonautonomous neutral partial

evolution equations

In this section, we discuss briefly the existence and uniqueness of a pseudo
almost automorphic mild solution to perturbed nonautonomous neutral partial
evolution equation (3). For this, we need the invariance theorem of Stepanov-

like pseudo almost automorphic funnctions under bounded linear operators.

Theorem 4.1. [12] Let uw € SPPAA(Y), B € B(Y, X). If for each
t € X, Bu(t) = v(t), then v e SPPAA(X).

To discuss the existence of pseudo almost automorphic mild solution to (3)
we need to set the following assumptions
(Hg) Y — X is continuously embedded, where Y := D(A(t)) for t € R (
equipped with graph norm ).

(H;7) f: Rx X — Y is pseudo almost automorphic and Lipschitz with respect
to the second argument uniformly in the first argument in the sence that there
exist Ky such that

1f (@t u) = ft,0)|| < Kyllu =l
for all t € R and u,v € X.

(Hs) g : R x X — Y is Stepanov-like pseudo almost automorphic for p > 1,
jointly continuous and Lipschitz with respect to the second argument uniformly

in the first argument in the sence that there exist K, such that
lg(t,u) — g(t, v)|| < Kgllu —vlly

forallt € R and u,v € X.

/

(Hy) B,C € B(Y,X) with max(|| B||y.x), |CllBryx) = K .

Definition 4.2. A mild solution to Equation (3) is a continuous function
u:R — Y satisfying

u(t) = —f(t, Bu(t)) + U(t, s)[u(s) + f(s, Bu(s))] + / U(t,o)g(o,Cu(o))do

forallt > s and all s € R.
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Lemma 4.3. Suppose that (H,) — (Hs) and (Hg) — (Hy) hold. Then the
operator = defined by

200 = [ Uto)P@lslo.Culo)do ~ [ Uolt0)Q(0)g(o, Culo))d

—00

maps PAA(Y) into its self.

Proof Let u(.) € PAA(Y) C SPPAA(Y), from (Hy) and Theorem (4.1)
it is clear that Cu(.) € SPPAA(Y). Using (Hg) and composition theorem
on Stepanov-like pseudo almost automorphic functions (Theorem (2.19)), we
deduce that g(.,Cu(.)) € SPPAA(Y). It is easy to check that g(.,Cu(.)) €
C(R,Y). Applying Lemma (3.3) for h(.) = g(.,Cu(.)), it follows that the op-
erator = maps PAA(Y) into its self. O

Now, we state our third result.

Theorem 4.4. Under Assumptions (Hy) — (Hs), (Hg) — (Hy),

if K'(K;+ QA{;KQ) < 1, then there exists a unique solution v € PAA(Y) of

equation (3) such that

t

u(t) = —f(t, Bu(t)) +/ U(t,o)P(o)g(o,Cu(o))do

. —00
— /t Ug(t,o)Q(o)g(o, Cu(o))do

Proof The proof is similar to that of Theorem (3.5). So we omit it. [

5 Applications

In this section we provide with two examples to illustrate our abstract
results. For that, we first introduce the required background needed in the
sequel.

Throughout the rest of this section, we take X := L?([0, 7]) equipped with
its natural topology and let A be the operator given by

Ap(€) =" (&) — 24(), V¢ € [0,7],4 € D(A),

where

D(A) = {v € L2((0,7]) : " € L3([0,7]), (0) = ¥(m) =0}
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It is well known [12, 8, 18] that A is the infinitesimal generator of an
analytic semigroup (7'(t))s>o on X. Furthermore, A has a discrete spectrum

with eigenvalues of the form —n? — 2,n € N, and corresponding normalized

() = @ sin(ne).

In addition to the above, the following properties hold:
(a) {, : n € N} is an orthonormal basis for X.
(b) for ¢ € X, T(t) = 3.0, e~ "+ (3, 4h, )1, and
A = =37 (0% + 2) (Y, ), for every b € D(A).
() |T()|| <e ™, for t > 0.
Now, define a family of linear operators A(t) by

D(A(t)) = D(A), teR

AP () = (A + cos(srammrrammn NV (6): V¢ € [0,7], ¢ € D(A),
Then, A(t) generates an evolution family (U(t, s))¢>s such that

eigenfunctions given by

U(t7 3)¢(€) — T(t — s)efst Cos(m)daw(é)

and
U, s)|| < e”HDE=9) ¢ > g

It is easy to verify that A(t) satisfy (H;) — (H3) with M = 1,6 = 7% + 1.

Example 5.1. Let us investigate pseudo almost automorphic mild solutions
to nonautonomous evolution equation
2

0 0
a [u(t,x) + f(t7u(t7$))] = @ [u(t’ "L‘) + f(tau(tv x))]

+(_2 + Cos(m)) [u(tv I) + f(t> u(t7 ZL’)H + g(t7 u(ta '17))7
for t € R and = € [0, 7], (12)

u(t,z) =0, for z =0, 7 and t € R,

(| f(t,u(t,z)) =0, forx =0, 7 and t € R.

where f is pseudo almost automorphic and g is Stepanov-like pseudo almost

automorphic for p > 1, jointly continuous.
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The following proposition is an immediate consequence of Theorem 3.5.

Proposition 5.2. Under assumptions (Hy), (Hs), Eq.(12)admits a unique

2L,
5 < L

s

pseudo almost automorphic mild solution if Ly +

Example 5.3. Let us consider the following perturbed nonautonomous evo-

lution equation

% u(t,z) + f(t, %u(t,x))] = % {u(t,az) + f(t, %u(t,x))]

82
=24 cosl gt ) [u(t0) + £t 5 utt, )
2

t, @u(zﬁ,x)), for t € R and z € [0, 7], (13)

+9(

u(t,z) =0, for x =0, 7 and t € R,

2
f(t, @u(t, x)) =0, forz =0, 7 and t € R.

\
Let Y := D(A(t)) denote the space D(A(t)) endowed with the graph norm,
then Y «— X is continuously embedded.

Define the operators B,C by By = Cy = 1" with D(B) = D(C) = D(A),
then B,C : Y — X are bounded and || B|pvx) = [|C|lpryx) = 1.

The following proposition is an immediate consequence of Theorem 4.4.

Proposition 5.4. Under assumptions (Hy), (Hs), Eq.(13)admits a unique

2L,
e < 1L

pseudo almost automorphic mild solution if Ly +

References

[1] P. Acquistapace and B. Terreni, A unified approach to abstract linear
parabolic equations, Rend. Sem. Mat. Univ. Padova, 78, (1987), 47-107.

[2] P. Acquistapace, F. Flandoli and B. Terreni, Initial boundary value prob-
lems and optimal control for nonautonomous parabolic systems, SIAM J.
Control Optim., 29, (1991), 89-118.



M. Zitane and C. Bensouda 209

3]

[10]

[11]

[12]

[13]

P. Acquistapace, Evolution operators and strong solutions of abstract
linear parabolic equations, Differential Integral Equations, 1, (1988), 433—
457.

H. Amann, Linear and quasilinear parabolic problems, Birkhauser, Berlin,
1995.

S. Bochner, A new approach to almost automorphicity, Proceeding of the
National Academy of Sciences, USA, 48, (1962), 2039-2043.

T. Diagana, Stepanov-like pseudo-almost periodicity and its applications

to some nonautonomous differential equations, Nonlinear Anal. TMA, 69,
(2008), 4277-4285.

T. Diagana, Stepanov-like pseudo-almost periodic functions and their ap-
plications to differential equations, Commun. Math. Anal, 3(1), (2007),
9-18.

T. Diagana, Existence of pseudo-almost automorphic solutions to some
abstract differential equations with SP-pseudo-almost automorphic coeffi-
cients, Nonlinear Anal. TMA | 70, (2009), 3781-3790.

H.S. Ding, J. Liang and T.J. Xiao, Some prorerties of Stepanov-like almost
automorphic functions and applications to abstract evolutions equations,

Appl. Anal., 88(7), (2009), 1079-1091.

H.S. Ding, J. Liang and T.J. Xiao, Almost automorphic mild solutions to
nonautonomous semilinear evolution equations in Banach spaces, Nonlin-

ear Anal. TMA, 73, (2010), 1426-1438.

D. Henry, Geometry Theory of Semilinear Parabolic Equations, Springer-
Verlag, 1981.

Z. Hu and Z. Jin, Stepanov-like pseudo almost automorphic mild solutions
to nonautonomous evolution equations, Nonlinear Anal. TMA, 71, (2009),
2349-2360.

Z. Hu, Z. Jin, Stepanov-like pseudo almost periodic mild solutions to per-
turbed nonautonomous evolution equations with infinite delay, Nonlinear
Anal. TMA, 71, (2009), 5381-5391.



210

[14]

[18]

[19]

[20]

[21]

[22]

[24]

Stepanov-like Pseudo Almost Automorphic Solutions ...

Z. Hu and Z. Jin, Stepanov-like pseudo almost periodic mild solutions
to nonautonomous neutral partial evolution equations, Nonlinear Anal.
TMA | 75, (2012), 244-252.

J. Liang, J. Zhang and T.J. Xiao, Composition of pseudo-almost automor-

phic and asymptotically almost automorphic functions, J. Math. Anal.
Appl., 34076(1), (2008), 1493-1499.

G.M. N’Guérékata, Topics in Almost Automorphy, Springer-Verlag, New
York, 2005.

G.M. N’Guérékata and A. Pankov, Stepanov-like almost automorphic
functions and monotone evolution equations, Nonlinear Anal. TMA, 68,
(2008), 2658-2667.

K.J. Negel, One-Parameter Semigroups for Linear Evolution Equatons,
Springer-Verlag, 194, 2000.

A. Pankov, Bounded and Almost Periodic Solutions of Nonlinear Operator
Differential Equations, Kluwer, Dordrecht, 1990.

A. Pazy, Semigroups of Linear Operators and Applications to Partial Dif-
ferential FEquations, in Applied mathematical sciences, Springer-Verlag,
New York, 44, 1983.

T.J. Xiao, J. Liang and J. Zhang, Pseudo-almost automorphic solutions

to semilinear differential equations in Banach space, Semigroup Forum,
76, (2008), 518-524.

T.J. Xiao, X.X. Zhu and J. Liang, Pseudo-almost automorphic mild solu-
tions to nonautonomous differential equations and applications, Nonlinear
Anal. TMA, 70, (2009), 4079-4085.

A. Yagi, Parabolic equations in which the coefficients are generators of
infinitely differentiable semigroups II, Funkcial. Ekvac., 33, (1990), 139
150.

A. Yagi, Abstract quasilinear evolution equations of parabolic type in
Banach spaces, Unione Mat. Ital. Sez B, 7(5), (1991), 341-368.



M. Zitane and C. Bensouda 211

[25] M. Zitane and C. Bensouda, Weighted pseudo-almost automorphic so-
lutions to a neutral delay integral equation of advanced type, Applied
Mathemathical Sciences, 6(122), (2012), 6087-6095.



