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Abstract

The paper deals with the oscillation and asymptotic behavior of solu-

tions of the third-order nonlinear delay dynamic equation

A A
{b(t)([a(t)(#(t))“} ) } + f(ta(r()) = 0

on a time scale T, where «, 3 > 0 are quotients of odd positive integers.
We obtain some sufficient conditions which ensure that every solution
of the equation either oscillates or converges to zero. Our results extend

and improve some known results.
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1 Introduction

In this paper, we are concerned with the oscillation and asymptotic behav-

ior of solutions of the third-order nonlinear delay dynamic equation

A A2
{b(t)([awxﬂ(t))“] ) } + [t (7(1)) =0 1)

on a time scale T. Throughout this paper we assume that the following con-
ditions hold:

(S1) supT = 0o, and a and 3 are quotients of odd positive integers;

(S2) to € T, T:={t:t € T,t > to}, a,b € Coa(I,R), a(t),b(t) > 0 for t € I,
ftzo a~Y*(t)At = oo, and ftzo b= YB(t) At = oo;

(S3) 7€ Coa(T,T),7(t) <t fort el and limy ., 7(t) = 00;

(S4) f € C(I x R,R), and there exists a positive rd-continuous function ¢
defined on I such that f(¢,u)/(uY) > ¢q(t) for all t € T and for all u # 0,
where v := af;

(S5) 72(t) > 0 is rd-continuous on T, T := 7(T) = {r(t) : t € T} Cc T is a
time scale, and (77)(t) = (o o 7)(¢) for all t € T, where o is the forward

jump operator on T and (77)(¢t) := (7 0o 0)(1).

Recall that a solution of (1) is a nontrivial real function z such that
z € Cly[ty,00), a(x®)® € CY[ts, 00), b(la(z?)?]*)? € CL[t,, 00) for a certain
t, > to, and x satisfies (1) for ¢ > ¢,. Our attention is restricted to those
solutions of (1) which exist on the half-line [t,, 00) and satisfy sup{|z(t)|: t >
t.} > 0 for any ¢, > t,. A solution x of (1) is said to be oscillatory if it is nei-
ther eventually positive nor eventually negative, otherwise it is nonoscillatory.
Equation (1) is said to be oscillatory if all its solutions are oscillatory.

In this work a knowledge and understanding of time scales and of time
scale notations is assumed; for an excellent introduction to the calculus on
time scales, see Bohner and Peterson [15, 16]. A time scale T is an arbitrary
nonempty closed subset of the reals, and the cases when this time scale is equal
to the reals or to the integers represent the classical theories of differential

equations and of difference equations. Many interesting time scales exist, and
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they give rise to many applications (see [15]). The new theory of the so-called
“dynamic equations” not only can unify the theories of differential equations
and of difference equations, but also is able to extend these classical cases
to cases “in between,” e.g., to the so-called ¢-difference equations when T =
¢ = {¢* : k =0,1,2,--- ,¢ > 1} (which has important applications in
quantum theory) and can be applied to different types of time scales like T =
hWZ = {hk : k € Z,h > 0}, T =N2 :={k* : k=10,1,2,---} and T = H,, the
space of harmonic numbers. In the last few years, there has been an increasing
interest in obtaining sufficient conditions for the oscillation/nonoscillation and
asymptotic behavior of solutions of different classes of dynamic equations, and
we refer the reader to the papers [1, 2, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 14, 17,
18, 19, 20, 21, 22, 23, 24] and the references cited therein.

Recently, Erbe et al. [11] considered the case when « = 1, § > 1 is a
quotient of odd positive integers and 7(¢) = t in (1) and established some
sufficient conditions which ensure that every solution of (1) either oscillates or
has a finite limit at co. Besides, Erbe et al. [14] studied the case when o =1
and (3 is a quotient of odd positive integers in (1) and improved and extended
the results in [11]. Hassan [22] investigated the case when o =1 and 8 > 1 is
a quotient of odd positive integers in (1) and gave several oscillation criteria
for (1). Yu and Wang [24] were concerned with the case when « and 3 are
quotients of odd positive integers, a3 = 1 and 7(¢) = ¢ in (1) and obtained two
sufficient conditions for the asymptotic and oscillatory behavior of solutions of
(1).

It is clear that what the papers [11, 14, 22, 24] considered are some special
cases of (1) and that the results in [11, 14, 22, 24] cannot be applied to the
general cases of (1). For instance, all the results in [11, 14, 22| cannot be
applied to (1) when « # 1, the results in [11, 24] are invalid when 7(t) # t,
and the results in [24] fail to be applied to (1) when «af # 1. Therefore, it
is of great interest to investigate the oscillation and asymptotic behavior of
solutions of (1) in the general cases. In this paper, for the case when a and
B are quotients of odd positive integers and 7(¢) < ¢, we establish several
sufficient conditions which ensure that every solution of (1) either oscillates or
tends to zero. Our results extend and improve some of the results presented

in [11, 14, 22, 24].

In what follows, for convenience, when we write a functional inequality
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without specifying its domain of validity we assume that it holds for all suffi-

ciently large t.

2 Lemmas

Lemma 2.1 (Chen [7], Lemma 2.3). Suppose that (Ss) holds. Let z :
T — R. If 22(t) exists for all sufficiently large t € T, then (z o 7)2(t) =
(2 o 7)(t)TA(t) for all sufficiently large t € T.

Lemma 2.2 (Chen [7], Lemma 2.4). Let ) : T — R and A > 0 be a
constant. Furthermore, assume ™(t) > 0 and (t) > 0 for all sufficiently
large t € T. Then we have the following:

(i) If 0 < X < 1, then (Y2 () > MW7) L(t)2(t) for all sufficiently large
t €T, where % ;=1 oo;

(ii) If X > 1, then ()2 (t) > ML ()2 (t) for all sufficiently larget € T,

Lemma 2.3 (Hardy et al. [8]). If A and B are nonnegative, then
MB — A< (A= 1)B* when A > 1,

where the equality holds if and only if A=B.

Lemma 2.4. Suppose that (Sy)-(S4) and the following condition hold:

/: {a—l(s) / h {b‘l(u) / " q(v)Av] WAU}WAS = . 2)

Furthermore, suppose that (1) has an eventually positive solution x. Then

[ @*0)]" >0, (3)

and either z2(t) > 0 or lim;_ z(t) = 0.
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Proof. Since x is an eventually positive solution of (1), form (S3) there exists
t1 > ty such that

z(t) >0 and xz(7(t)) >0 for ¢t € [ty,00). (4)

Therefore, from (1) and (S4) we have for ¢t € [¢;, 00),
A\
{b(t) ([au) (@ (0)"] ) } = —J(talr (1)) < g (1) <0, (5)

a2\ A
which implies that b(t)([a(t) (z2(t)) ] ) is strictly decreasing on [tq,00).

A A
Thus, [a(t) (a:A(t))a} is eventually of one sign, i.e., [a(t)(a:A(t))a} is even-
tually positive or eventually negative.

We now claim
o1
[a(t) (22 (1)) ] >0 for tefh,o0). (6)
If not, then there exists t5 > ¢; such that

[a(t)(xA(t))a]A<O for ¢ € [ts, 00). (7)

A\ B
Since b(t) ( [a(t) (azA(t))a] > is strictly decreasing on [t1,00), we get

B

b(t) (a0 @21)"] )" < bt ([ale2) (12(12)] )" = ea < 0

A
for t € [ty,00). Therefore, we conclude [a(t) (xA(t))a] < ci/ﬁb_l/ﬁ(t) for
t € [ta,0). Integrating both sides of the last inequality from ¢, to ¢, we obtain

t
a(t) (z2(t)" < a(ts) (z2(t2))" + c}/ﬁ/ b 1P (s)As for t € [ty,00).
to

Letting t — oo and using (S2), we get lim; o a(t)(z*(t))" = —oo. Thus,
there exists t5 > ¢ such that a(t3)(z®(¢3))" < 0. It follows from (7) that
a(t)(z2(t))" is strictly decreasing on [to, 00). Hence, we obtain a(t) (z2(t))" <
a(ts)(z2(t3))" := e < 0 and 22(t) < e/ ®a=1/°(t) for t € [ts,00). Integrating
both sides of the last inequality from t¢3 to ¢, we find

¢
x(t) < z(t3) + C;/a/ a V%(s)As for t € [ts, 00).

t3
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Letting t — oo and using (Ss), we get lim; ., x(t) = —oo, which contradicts
the fact that x is an eventually positive solution of (1). Therefore, (6) holds.
From (6) we conclude that a(t)(z®(t))" is strictly increasing on [t1,00).
Thus, a(t)(z2(t))" as well as 22 (¢) is eventually of one sign, i.e., a(t)(z*(t))"
as well as 72(t) is eventually positive or eventually negative. If z(t) is even-
tually negative, then we obtain lim; .., z(t) :=1; > 0 and
lim a(t)(22(1))" =1, <0, (8)

t—o0

and we conclude that there exists t4 > t; such that x(t) > [ for t € [t4, 00).
Thus, from (S3) there exists t5 € [t4, 00) such that

2(r(t) > 1 for t€ [ts, 00). 9)

Next, we prove [; = 0. From (5) and (9) we obtain

A a4
{b<t><[a<t>(wA<t>)°‘} ) } < —q(a"(7()) < ~ljqt) for ¢ € [ts,00),

Integrating both sides of the last inequality from ¢ to u, we get

< —ZY/ q(v)Av  for u >t > ts.
t

Letting v — oo, we have —b(t)([a(t)(xA(t))a}Ay < =] [ q(v)Av and

A 1/8
—[a(t) (azA(t))a] <-n” [b‘l(t) I q(v)Av} for t € [t5,00). Integrating
both sides of the last inequality from ¢ to 0o, we conclude for t € [t5, 00)

1/8

«00)" <t a0 @0)" <07 [T [Tawadau

where [y is defined as in (8). Hence, we have

22 (t) < —ll{a_l(t) /t b {b‘l(u) /u h q(v)Av} WAU}I/Q for ¢ € [t5,00).
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Integrating both sides of the last inequality from 5 to ¢, we obtain for ¢ > t5,

(t) < x(ts) — Iy /t:{al(s) / N [bl(u) / Ooq(vmv] l/ﬁAu}l/aAs.

Assume l; > 0. Letting t — oo and using (2), we see lim;_,o, (t) = —o0, which
contradicts the fact that x is an eventually positive solution of (1). Therefore,

we have [y = 0, which implies lim;_,, 2(t) = 0. The proof is complete. ]

Lemma 2.5. Suppose that (S1)—(Sy) hold and that z is an eventually positive

solution of (1). Furthermore, assume that there exists T, € [tg, 00) such that
A

[a(t)(:vA(t))a} >0 and z2(t) > 0 for t € [T,,00). Then there exists T > T,

such that
AN\ 1/

xA(t)>gl(t,T)bl/v(t)<[a(t)(xﬁ(t))“] ) for tel[T,00),  (10)

1/
where g1 (t,T) = a= /(¢ "8 (s)As , here v is defined as in (Sy).
T

Proof. Proceeding as in the proof of Lemma 2.4, we obtain (4) and (5). Let
T := max{t;, T.}. Since z2(t) > 0 for t € [T o0), we have for t € [T, 00),

a(t)(@2(1)" > a(t) (22(1))" — a(T) (+2(1))"
i {bl/ﬁ 2 (s ))“}A}bl/ﬁ(s)As. (11)
From (5) we obtain that b(¢ ( [a (t)( } A) ’ is strictly decreasing on [T, 00).
Thus, we get b(s)([ (s)(z (s))a] ) > b(t)([a(t) (xA(t))a] A>B fort > s >

T and

b/ (s) [a(s) (JEA(S))“]A > s (1) [a(t)(mﬁ(t))“r for t>s>T. (12)

It follows from (11) and (12) that
t

alt) (z2(6)" > 09| a(t) (xA(t))a]A / bY/%(s) As

T
and

72 () > a—l/a(t)bl/v(t)([a(t) (xA(t))a]A>l/ a( /T t b—l/%)As) "

_ gl(t,T)bl/w(t)<[a(t)(xﬁ(t))“r)”a for tel,00),  (13)

where g,(¢,T") is defined as in Lemma 2.5. The proof is complete. O
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3 Main Results

Theorem 3.1. Assume that (S1)-(Ss) and (2) hold. Furthermore, suppose
that, for all sufficiently large T' € [to,00), there exist Ty > T and a positive
function ¢ € CL(I,R) such that 7(Ty) > T and

imsp [ t{go(s)q(s)— (e (s)™ o A (9

too Jy (v + D)7 T2 (s)p(s) 1 (7 (s

where ¢ (s) == max{y™(s),0} and the function g, is defined as in Lemma 2.5.

Then every solution of (1) either oscillates or tends to zero.

Proof. Let x be a nonoscillatory solution of (1). Without loss of generality,
we may assume that x is an eventually positive solution of (1). Proceeding as
in the proof of Lemma 2.4, we see that there exists t; € [ty,00) such that (4)
and (5) hold. By Lemma 2.4, there exists ¢ty € [t;,00) such that (3) holds for
t € [tz,00) and either z2(¢) > 0 for t € [ty,00) or limy .o x(t) = 0. Assume
x2(t) > 0 for t € [ty,00). Consider the generalized Riccati substitution

wit) = Q(t)ﬁff()t)) for t € [ta, 00), (15)
A\ B
where Q(t) := b(t)([a(t)(xA(t))a} > and v is defined as in (S4). It is easy
to see that w(t) > 0 for t € [ty,00). By the following product and quotient
rules for the delta derivatives of the product F'G and the quotient F'/G of two
delta differentiable functions F' and G:

F\A F2~G-FG*» F~» FG~
A _ pA o A L _ _
(FGY* = FAG+ F7G* and (7) e o A
where F7 := Floo,G° := G oo and GG? # 0, from (15) we get
A_opa_ P L oe[P ]°
wh =@ (xroT)Y [(:1307')7]
A A
ALY ¢ [(zo7)]
_ o a
@ (xoT)Y +@ [(J:OTU) (xOT)V(:L’OT”)V] on [tz,00). (17)

Hence, from (5), (15) and (17) we have

d

o W o QL loT) ]2
gp" (xoT)(zoTo)
‘P+ Q[(zoT)]?

—¥q + Sp_w - QO(ZL_ o T)'Y(I' o TU)’Y on [t27 OO)? (18)

wA —pq + —
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where apﬁ is defined as in Theorem 3.1. From (S;) and Lemma 2.1, there exists
ts € [t2, 00) such that

(zor)> = (o)™ >0 on [t3,00). (19)

If 0 < v < 1, then by taking v = x o 7 and by Lemma 2.2 (i) and (19)
there exists ¢4 € [t3,00) such that

[(9507')7]A > fy(xOT")V’l(:cor)A = V(xOTU)V’l(a:AOT)TA on [tg,00). (20)

It follows from (18) and (20) that

A o o\v—1(,A A
o < g B & Az B o)y
e (worp@or)
A o o)
_ Pr o A Q _(9507)7 A
= —at o e T ey @ ) (@)

on [tg,00). If v > 1, then by taking ¢» = x o7 and by Lemma 2.2 (ii) and (19)
there exists t5 > t4 such that

(wor)]2 > y(wor) (zor)® =y(zor) (a%or)r® on [ts5,00). (22)
It follows from (18) and (22) that

A

A o y—1(,.A A
y S—goq—F(erwg—sOQ Y(@oT) (@ oT)T

E (xoT)(zoTo)
(pA Qo (aj © 7—0) ({L‘A

= — _+ U— A .
¥q + gOUw T SD(I o TU)7+1 (ZL’ o 7_)

oT) (23)

on [t5,00). From (S5) we see 7(t) is increasing on T. Since t < o(t) for t € T,
we have 7(t) < 79(t) for t € T. In view of 22(t) > 0 for t € [ty, 0), we have
(xoT)(t) < (xo7?)(t) for t € [ta,00). Therefore, for all v > 0, from (21) and
(23) we get

A P8 Q°

w® < —pg+ “Ew” — 8
@’ (

Gopmater) on lts00).  (24)

From (10) and the definition of the function @, there exists T' € [ts5, 00)
such that #2(t) > ¢1(t, T)QY"(t) for t € [T, c). Take tg € (T, 00) such that
7(t) > T for t € [ts,00). Then we get (72 o 7)(t) > g1(7(t), T)QY (7 (t)) for
t € [tg,00). Since 7(t) < t < o(t) for t € T and (5) implies that Q(t) is
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decreasing on [t1, 00), we have Q(7(t)) > Q°(t) for t € [t;,00). Therefore, we
get (22 o 7)(t) > gi(7(t), T)(Q)/(t) for t € [tg,00). Hence, from (24) we
obtain for ¢ € [tg, 00),

s P o ag o @0 (0. 1)@ (1)
w30 < —p(t)alt) + Tr (1) = 0p() P T

(25)
From (15) and (25) we have for ¢ € [tg,00),

PR Lo A we (£)\*
P - 000a 0.7 (M) ) L 20

w?(t) < —p(t)q(t) +

where A = 1+1/7. For ¢ € [ts, ), taking A = [y72(¢)p(t)g1(7(t), T)] UA:Z:((Q

N gl
and B = { £ () 1/)} , by Lemma 2.3 and (26) we obtain
A2 0ear (7().1))

A y+1
WA () < —p(B)alt) + “”; ) (27)

(v + 1) 2 ()W) (7(2), T)]

for t € [ts, 00). Integrating both sides of the last inequality from tg to ¢, we
obtain for ¢ € [tg, 00),

0wt <~ [ {ete009 el la
w(t) —w(ts) < — o(s)q(s) — s.
’ to (v + 172 (s)e(s)g1(7(s), )]
Since w(t) > 0 for ¢ € [ta, 00), we have for ¢ € [tg, 00),
t ( A y+1
P4 (s)) }
w(s)q(s) — As < w(tg).
[, {000 - e T o
. A(s )’y+1
Thus, we get limsup,_, ft]; {SO(S)Q(S) - (—y+1)v+1[7(.412?5);(8)91(7(8)7T)]w }AS < w(le)
< 00, which contradicts (14). Hence, the proof is complete. O

We now introduce a function class R to present our next theorem. Let
D:={(ts) e TxT:t>s>t}and Dy:={(t,s) € TxT:t>s>t.
A function H € Cq(D,R) is said to belong to the class R if H(t,t) = 0 for
t > to,H(t,s) > 0 for (t,s) € Dy, and H has a rd-continuous delta partial

derivative H?:(t, s) on Dy with respect to the second variable.
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Theorem 3.2. Assume that (S)-(Ss)and (2) hold. Furthermore, suppose
that, for all sufficiently large T' € [to, 00), there exist Ty > T, a positive function
¢ € CL(ILR), a function H € R and a function h € Cq(D,R) such that
m(Ty) > T,

H3+(t,s) for (t.s)eD (28)

HA (t,s) + H(t,s)
@

and

R (t, s)
(v + 1)+ (s, T)

1 t
lim su H(t,s)p(s)q(s) — As =00, (29
msop s [ (e )et9a00 29
where o2 (s) is defined as in Theorem 3.1, U(s, T) := 72(s)p(s)g1(7(s), T) and
hi(t,s) := max{0, h(t,s)}, here g1 is defined as in Lemma 2.5. Then every

solution of (1) either oscillates or tends to zero.

Proof. Assume that z is a nonoscillatory solution of (1). Without loss of
generality, assume that x is an eventually positive solution of (1). Proceeding
as in the proof of Theorem 3.1, we see that (26) holds. Multiplying (26) by
H(t,s) and then integrating from tg to ¢, we find for t € [tg, 00),

t P2 (s)
/ H(t,s) s)As < — / H(t,s) S)A3+/ (t,s) w?(s)As
te (po-(s)
w(s) 1+1/y
— | H(t,s)y¥(s,T < ) As, 30
[ s (L (30)
where U(s,T) is defined as in Theorem 3.2. Applying the integration by parts
formula
d d d
/ F(s)G*(s)As = [F(S)G(S)} / F2(5)G(a(s))As,
we get for ¢ € [tg,00),
t 8:,5 t
—/ H(t, s)w™(s)As = [ )w(s) +/ HA (t, s)w’ (s)As
te
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Substituting (31) in (30) and then using (28), we obtain for ¢ € [tg, 00)

[Hm@wmmmS

< H(t, te)w(te) Jr/t{[HA (t,s) + H(t, s)

te
o 1+1/v
H(t,s)yV(s,T) w(s) }As

‘6
/-\
w
N~—
|_|
q
/N
V)
N~—

h(t, s)
te 800(5>
o 1+1/v
— H(t,s)y¥(s,T) (ZUE?) ]As
Prho(t,s) o

< Hittoutte) + [ [FEEEH s (s

H(t, $)y (s, T) (ZZ—EED HW] As,  (32)

H+ (t, 8)w’(s)

~—

where h(t,s) is defined as in Theorem 3.2. Taking A =1+ 1/~,

aw? (t)

A= [H(t, s)yU (s, T)} )

N
and B = {%} for t > s > tg, by Lemma 2.3 and (32) we have
A

YU (s,T)
t h'erl(t S)
H(t, As < H(t, ts)w(t + A
/ SJe(slals)As < (”<“5LW+HMW@H ¥

t Wi (ts)
for t > tg and m j;ﬁ {H(t, s)p(s)q(s) — Mw—lq}j} As < w(tg) for t €
(tg,0). Hence, we get

_ 1 ! h(t, s)
lutriigp At /t6 {H(t, s)e(s)q(s) — 0T 1)V+1\IJV(5,T)} As < w(tg) < 00,

which implies a contradiction to (29). Thus, this completes the proof. Il
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Remark 3.1. The results obtained in this paper are very general. From The-
orems 3.1 and 3.2, we can get many different sufficient conditions for the
oscillation and asymptotic behavior of solutions of (1) with different choices of

the functions ¢ and H.
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