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Analytic Solutions for A New Kind
of Auto-Coupled KdV Equation

with Variable Coefficients
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Abstract

In this paper, we apply the extended variable-coefficient mapping
method to discuss a new kind of auto-coupled KdV equation with vari-
able coefficients. By solving nonlinear differential algebraic equations
which are derived from nonlinear evolution equations, many Jacobi ellip-
tic function solutions, hyperbolic function solutions and trigonometric
periodic solutions for the auto-coupled KdV equation with variable co-
efficients are derived. By selecting the appropriate parameter values,

some exact solutions of the other forms are also obtained.

Mathematics Subject Classification: 35M10, 35Q51, 35Q53
Keywords:the extended variable-coefficient mapping method; auto-coupled

KdV equation with variable coefficients; elliptic function solutions

1 'School of Mathematics, Yunnan Normal University, KunMing, Yunnan,650500,

P.R. China, e-mail: hudongpo2006@126.com
2 School of Mathematics, Yunnan NormalUniversity, KunMing, Yunnan, 650500,

P.R.China, e-mail: cuncai-hua@139.com

* Corresponding author.

Article Info: Received : December 12, 2012. Rewvised : February 10, 2013
Published online : April 15, 2013



70 Auto-Coupled KdV Equation

1 Introduction

Nonlinear evolution equations play an important role in description of natu-
ral phenomena. As the soliton phenomena were first observed by Scott Russell
in 1831[1], researchers began to study the explicit solutions of nonlinear evo-
lution equations, many powerful methods to seek explicit exact solitary wave
solutions of nonlinear evolution equations have been established and devel-
oped. Since constructive methods transform the problem of solving nonlinear
evolution equations into the problem of solving the corresponding systems of
algebraic equations, the problem of solving nonlinear evolution equations can
be simplified, and it can also reveal many of the essential attribute of equa-
tions. Some methods have been widely applied and extended, such as Backlund
transformation|2,3], sine-cosine method[4], homogeneous balance method|[5],
tanh-function expansion method[6,7], the extended tanh-function expansion
method[8,9], the Jacobi elliptic function expansion method[10,11], the Riccati

expansion method[12].

At present, people have paid more attention to the KdV equation with
variable coefficients. Using different constructive methods, some researchers
have obtained exact solutions of the KdV equation with variable coefficients.
For example Liu Shi-Kuo et al. applied extended Jacobi elliptic function ex-
pansion method to construct the exact solutions of variable coefficients KdV
equation, getting the solitary wave solutions and soliton solutions easier[13].
Based on the idea of the homogeneous balance method, Fan En gui obtained
the Bécklund transformation and similarity reductions of general variable co-
efficient KdV equation[14]. Woopyo Hong et al. found analytic solutions for
general variable coefficient KdV equation and made use of both the truncate
Painleve expansion and symbolic computation to obtain an auto-Backlund
transformation and certain soliton-typed analytic solutions[15]. Li Desheng
and Zhang Hongqing obtained exact soliton-like, rational formal and trigono-
metric function solutions of the general variable coefficient KdV and MKdV

equations by using the extended tanh-function method[16].

Based on the reduced method, the variable separation method of extended
mapping method has been widely applied to solve exact solutions of non-
linear evolution equations[17-19], Zhang Sheng and Xia Tiecheng proposed

a variable coefficient extended mapping method and applied this method to
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the MKdV equaiton with variable coefficients and (241)dimensional Nizhnik-
Novikov-Vesolov equations. Many new and more general exact solutions in-
cluding Jacobi elliptic function solutions ,hyperbolic function solutions and
trigonometric function solutions are obtained. However, at present, there are
less of papers which applied the extended variable coefficient mapping method
to the variable coefficient coupled equations. This present work is motivated
to apply the method from[19] to a new kind of auto-coupled KdV equations,
and some exact solutions are derived. Particularly, by selecting some different
parameter values,we obtain the corresponding other forms solutions, includ-
ing the Jacobi elliptic function solutions, hyperbolic function solutions and
tribonometric function solutions.

The rest of this paper is arranged as follows: In Section 2, we shall describe
the variable-coefficient extended mapping method for searching solutions of
nonlinear evolution equations with variable coefficients and give the main steps
of the method. In Section 3, we shall apply this method to a new kind of auto-
coupled KdV equation with variable coefficients and obtain some solutions. In

Section 4, some conclusions are given.

2 Description of method

For a given partial differential, say, in two variables x and ¢

F (U, g, Uy U, Uty - -+ ) = 0, (1)
2 2
where u, = %, Upy = %, Upp = %, .-+, the same hereafter.

We seek solutions of Eq.(1) in following form[19]:

w=ao+ Y af O+ Y nFEO+ Y af OO+ Y AfOr©. @)

i=—1 i=—1

where a; = a;(X), b = b(X), ¢; = ;(X), d; = di(X), { = {(X) and X =
X(x,t) are all functions to be determined later. f(£) satisfies the following

auxiliary differential equation:

F2€) =pfHE) +af*(©) +r, (3)
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and hence holds for f(£) and f/(¢):

(/7€) = 2pf3(€) + 4/ (),

f"(€) = (6pf*(€) +q) f'(6),

§ FWE) = 24P f3(€) + 20pq f2(€) + (¢* + 12pr) f(£), (4)
5)(6) = (120p f4(€) + 60pgf>(€) + ¢* + 12pr) f(€),

where ’ dgv p, q and r are all real parameters.
To determine u = u(x, o, x3, - ,t) explicitly, we take the following four
steps:

Step 1. Determining the integer n by considering the homogeneous balancing
between the highest order nonlinear term(s) and the highest order partial

derivative of u in Eq.(1).

Step 2. With the aid of symbolic computation of the software Maple, sub-
stituting Eq.(2) along with (3) and (4) into Eq.(1), and collecting all the
terms with the same order of f*(&)f7(€)(I = 0,1;5 = 0,41,£2,...) to-
gether, then the left- hand side of Eq.(1) is converted into a polynomial in
FUEI(E)(1=0,1;5 =0,£1,42,...). Setting each coefficient to zero yields
a set of over-determined differential equations for ag, a;, b;, ¢;, d;(i = 1,2,...)
and &.

Step 3. Solving the system of over-determined differential equations obtained
in Step 2 for ag, a;, b;, ¢;, d;(i =1,2,...) and £ by use of Maple.

Step 4. Using the results obtained in above steps to derive a series of fun-
damental solutions of Eq.(1) which depend on the solution f(§) of Eq.(3).
For given different values of p, ¢, r, Eq.(3) has many kinds of Jacobi elliptic

solutions, which are listed as follows:

F(©) p q r
sné, cd€ m? —(14+m?) 1
cng —m? 2m? — 1 1 —m?

dné —1 2 —m? m? —1
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continued
f(€) p q r
nsé, deé 1 —(1+m?) m?
ncé 1 —m? 2m? — 1 —m?
ndé m? —1 2 —m? -1
scé 1 —m? 2 —m? 1
sd¢ m?(m? — 1) 2m? — 1 1
csé 1 2 —m? 1 —m?
ds¢ 1 2m? — 1 m2(m? — 1)
1 2 1— 2\2
mené + dné —1 E — =)
cné 1 1-2 1
nsg & csg, VI—m2snétdné 4 2 4
ncé + scé L-m” —1+2mQ 1_112
nsé + ds¢ i m22_2 %4
. dn 2 2_2 2
Snf + 1cn§, \/1—m2s§§:l:cn§ mT m2 mT
: 1 1-2m? 1
msné + idné, 11‘;51{ 1 oh 1
sné m? m2—2 1
1+dné 4 2 4
dn¢ 1—m? 1+m? m2—1
1+msné 4 2 4
cné m2—1 14+m?2 1—m?2
TEsné 4 2 1
sné (1—m?2)2 14+m? 1
cné+dné 4 2 4
cné m* m2—2 1
vV1-m2+dné 4 2 4

Where i? = —1. Selecting proper values of p, ¢, r and corresponding f (),

then substituting them along with a;, b;, ¢;, d; and & into Eq.(2), we can obtain

exact solutions of Eq.(1), from which hyperbolic solutions and trigonometric

function solutions can be obtained in the limit cases when m — 1 and m — 0.

Here sn¢ = sn(&, m), cn€ = cn(&, m) and dn€ = dn(§, m) are Jacobi elliptic

sine function, Jacobi elliptic cosine and Jacobi elliptic function of the third

kind respectively, m denotes the modulus of Jacobi elliptic functions. Other

functions are derived from these three kinds of functions[20]:

1
ns§ = E,

sné
ch - &7
s = 8

1
anZ &a
sdg = o
ds§ = %

sné’

1
Ildf: d_ngv
g =
d
dcé = ang
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The Jacobi elliptic functions degenerate into hyperbolic functions when

m — 1[21);
hm sn(&,m) = tanh¢, lim cn(§, m) = sech¢, 7Ln_n)l dn(¢, m) = sech¢,
hm ns(&, m) = coth &, hm nc(¢,m) = cosh¢, 71n1211 nd(&, m) = cosh¢,
hm sc(&,m) = sinh¢, hm sd(&,m) = sinh ¢, 71n1£1)11 cd(¢,m) =1,
hm cs(&, m) = csch§, hm ds(&,m) = esché, Tlnl£n)1 de(¢,m) = 1.

The Jacobi elliptic functlons degenerate into trigonometric functions when
m — 0:

lim sn(§,m) =siné, lim cn({,m) =cos¢, lim dn(§,m) =1,

m—0 m—0

( (€
hm ns({,m) = csc&, lim nc(§,m) =secf, limnd({,m)=1,
3

)

) m—0 ) m—0
hm sc(g, m) = tan¢, hm sd({, m) = siné, lim0 cd
hrn CS( m) = cot &, hmO ds(§,m) = cscé, lim0 dc

In this paper, we consider the following coupled KdV equation with variable

coeflicients

Fl(t7 Uy Vy Uty Viy Ugy Uy Uz y Uy Uz - - ) = 0, (5)
F2<t7 U, Uy Uty Uy Ugy Uy Ugyy Vary Vs - - ) = 0
In order to search for explicit solutions of Eq.(5), we suppose that the solutions

of Egs.(5) can be expressed as

—ni —ni

u:ao—l—Zaifi(ﬁ)—i—Zbifz JFZ:(:ZJ”2 O+ > difi(©)f

1=—1 i=—1

v= Ay + ZA,»fi(g) + Z Bifi(€) + Z Cif (&) f(€)

—n9

+S DSOS

\ i=—1

(6)
where a; = CLZ‘(X), bz = bZ(X)7 C;, = Ci(X), dz = dZ(X)7 Az = AZ(X)7 BZ =
Bi(X), C; = Ci(X), D; = D;i(X), € =&(X), X = X(x,t) are all functions to
be determined later. By balancing the highest order nonlinear term(s) and the

highest order partial derivative in Eqgs.(6), we can get the values of ny, ns.
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3 Application

General variable coefficient KdV equation is given as
w4+ a(t)uug + B(t)Uper = 0, (7)

where «(t) and ((t) are arbitrary functions of ¢,the equation first was intro-
duced by Grimshaw.
In this paper,a new auto-coupled KdV equations with variable coefficients
is as follows:
ur + a(t)uvy + B(t)ugze = Y(t) vy,
vy 4 a(t) vy + B(t)Vppe = Y(t)Uy.
where ((t) = da(t), 0 is a constant.

By balancing .., and uv,, v;., and vu,, we get ny = 2, no = 2. In order to

(8)

search for explicit solutions, we assume that Eqs.(8) has the following solutions

of the form:

u(€) = ao+ a1 f(§) + a2 f2(€) + bifig + b + 2 (€) + di i + o,
o(E) = Ao+ ALT(E) + AaJ2(€) + Bi gl + Bahey + Caf (€) + Dy M8

D58

(9)
where ag = ao(t), a1 = a;1(t), a as(t), by = by(t), by = ba(t), co = ca(t),
di = di(t), dy = da(t), Ay = (), Ay A (t), Az = As(t), By = Bi(t),
By = Bs(t), Co = Ca(t), D1 = Di(t), Do = Ds(t), § = kx +n, & = k(1)
n=n(t).

Substituting Eqgs.(9),(3) and (4) into Egs.(8), collecting the coefficients with
the same power z# (&) f9(&)(u = 0,1;1=0,1;5 = 0,£1,42,---) and setting
each of the obtained coefficients to be zero, we get a set of over-determined
nonlinear differential algebraic equations, which is omitted here. Solving the
set of over-determined nonlinear differential algebraic equations by using sym-

bolic computation of software Maple, we have results in the following cases:
Case 1
ap = C, CL1:O, (12:0, b1:0, b2:—12(57'k’2, 62:07 d1:0, dQZO,
A():C, A1:0, A2:0 Ble B2:—12(57”]{32, CQIO, D1:O, DQIO,

K=k, n=(y(r)k —a(r)kc — 453(7)qk’)dt.
(10)
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where ¢ and k are arbitrary constants.
Therefore, the first solution of Eqs.(8) are given as follows:

u=1v=c— 120rk?

1
126} (1

We can obtain many new and more types of exact solutions of Eqs.(8). For
example, selecting p = —m?, ¢ =2m? —1,r =1 —m? and f(§) = cné yields

Jacobi elliptic function solutions as
u=v=c—125(1 — m*)k*nc?¢, (12)

In the limit cases when m — 0, from Eq.(12) we can obtain trigonometric

function solutions as

u=v=c—125k*sec*¢, (13)
) —om?2 en )
Selecting p = 1—11, g=1 3 LT = i and f(&) = J?Tﬁ{:tdng yields

(V1 — m2sné £ dn§)?

cn2¢ ’

u=uv=c— 30k (14)

when m — 0, from Eq.(14)we can obtain trigonometric function solutions as

o (siné £+ 1)3
U,:’U:C—?)(Skw, (15)
Selecting p = 1, ¢ = l’ng, r=1%and f(&) = 11’;51{ yields
o (1 £ eng)?
U:U:C—Sék}v7 (16)
When m — 1 from Eq.(16) we can obtain hyperbolic function solutions
1 £ sech &)?
u:v:c—35k2M (17)

tanh? ¢
When m — 0 from Eq.(16) we can obtain trigonometric function solutions

(1 + cos&)?

u=1v=c— 30k sin2§

(18)

where & = kx — (v(7)k — a(1)kc — 43(7)qk?®)dt
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Case 2

ap=c, a1 =0, ay = —120pk? by =0, by =0, co =0, d; =0, dy =0,

Ay=c, Ay =0, Ay = —128pk?, B1 =0, B, =0, C, =0, D; =0, Dy =0,
K="k, n= ")k —alm)kec—45(7)qk?)dt.

(19)
where ¢ and k are arbitrary constants.
Therefore, the second solution of Eqs.(8) are given as follows:
u=1v=c— 120pk*f*(£), (20)
Selecting p =1, ¢ = —(1 +m?), r = m? and f = dc€ yields
u=uv=c— 120k*dc?, (21)

When m — 0, from Eq.(21) we can obtain trigonometric function solutions as

u=1v=c— 126k*sec’ ¢, (22)
Selecting p = 1, ¢ = %, r= % and f = % yields
sn2¢

u=v=c— 30k (23)

(14 cn&)?’
When m — 1, from Eq.(23) we can obtain hyperbolic function solutions as

tanh? ¢

=v=c— 30k —>
u=v=e-3 (1 4 sech €)?’

(24)

When m — 0, from Eq.(23) we can obtain trigonometric function solutions as
sin? ¢
(14 cos&)?’

where & = kx — (y(7)k — a(7)ke — 46(7)qk?)dt.

u=uv=c— 30k (25)

Case 3
ap=-c, a1 =0, ay = —120pk?, by =0, by = —1267k*, ¢, =0, d; =0,
dy=0,40=c, Ay =0, Ay = —126pk?, B, =0, By = —1267k?,

Cy=0, D=0, Dy=0,k=k, n=(y(1)k — a(r)kec — 45(7)qk*)dt.
(26)

where ¢ and k are arbitrary constants.
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Therefore, the third solutions of Eqs.(8) are given as follows:

1
u=v=c—120pk?f3(&) — 120rk*——, 27
(€) 720 (27)
Selecting p = }l, q= &27”2, r= i and f(&) = ﬁ#ﬁ{idnf yields
cn?¢ (V1 — m2sn€ + dn¢)?

o512
(V1 —m2sn€ £ dnf)? 30k cn§ 7

When m — 0, from Eq.(28) we can obtain trigonometric function solutions as

u=1v=c— 30k (28)

cos? & (sin& 4+ 1)?

=v=c—30k*——— — 3Ok 29

vmree (sin€ £+ 1)2 cos?¢ (29)
Selecting p = 1, ¢ = 1‘3"”2, r=1and f(§) = 1552515 yields
sn2¢ 1+ cné)?

u—v:c—35pk:2(1icn£)2— 5k2( sn2§) , (30)

When m — 1, from Eq.(30) we can obtain hyperbolic function solutions as

tanh? ¢ _35k2(lj:sech§)2

(1 +sech§)? tanh?¢ (31)

u=uv=c— 30pk*

When m — 0, from Eq.(30) we can obtain trigonometric function solutions as

in 1 4 cos €)?
=v=c—30 kzﬁ — 35k2(— 32
v=r=e b (1 4+ cos&)? sin?¢ (32)
Selecting p = 1, ¢ = l_ng, r=1, f(§) = ns £ cs yields
1
. as2 2 _ 3572
u=1v=c—30k*(ns + cs&)* — 36 (o £ ot )2 (33)

When m — 1, from Eq.(33) we can obtain hyperbolic function solutions as

1

o asy2 2 _ 36k?
u=uv=c—30k"(coth§ + csch&)* — 3¢ (coth €  csch ()2

(34)

When m — 0, from Eq.(33) we can obtain trigonometric function solutions as

1

o as2 2 o572
u=uv=c—30k"(csc& + cot &) — 30k (csf £ cot e

(35)

where & = kx — (v(7)k — a(7)ke — 43(7)qk?)dt.
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Case 4
apg = C, a1 = 0, g = —6(5])]62, bl = O, bQ = 0, Co = 165]{2\/]_?7 d1 = 0,
dQ = O,AO =C, Al = 0, AQ = —6(5]?]{32, Bl = 0, BQ = 0, 02 = :|:6(5k2\/p,
D=0, Dy=0,6=k, n=(y(7)k — a(r)kc — B(7)qk?)dt.

36
where ¢ and k are arbitrary constants. o
Therefore, the fourth solutions of Eqs.(8) are given as follows:
u=v=c—120pk>f*(&) £ 65k*\/pf'(¢), (37)
Selecting p=1,¢=2—m? r=1—m? and f = cs yields
u=uv=c—120k%cs* + 60k%cs'¢
(38)

= ¢ — 120k*cs*¢ F 60k nséds¢,
When m — 1, from Eq.(38) we can obtain hyperbolic function solutions as
u=v=c— 126k®csch® € F 66k? coth & csch &, (39)
When m — 0, from Eq.(38) we can obtain trigonometric function solutions as
u=1v=c— 120k® cot* ¢ F 66k* csc? ¢, (40)
where & = kx — (y(7)k — a(1)kc — B(7)qk?)dt.

Cases 5

ag = C, a1:O, CLQZO, 1)120, b2:—65Tk2, CQIO, dle,
dy = +65k*\/r, Ay =¢, Ay =0, A, =0, By =0, By = —6rk?,

(41)
Cy =0, Dy =0, Dy = £60k*\/T,
K="k, n= 1)k —alr)kec— B(t)qk*)dt.
where ¢ and k are arbitrary constants.
Therefore, the fifth solutions of Eqs.(8) are given as follows:
1 /
u=v=c—60rk’ + 65/{;2\/Ff2(€) (42)

1) 1)
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Selecting p = m?, ¢ = —(1+m?), r =1, f = sn¢ yields

/
u=v=c—60k*— :t65k:2sn5
n2§ sn2¢
cnédné (43)
= ¢ — 60k —— £ 6Jk”
- 1125 sn2¢
When m — 1, from Eq.(43) we can obtain hyperbolic function solutions as
1 h?
u=v=c— 60k — i65k2%
tanh® ¢ tanh” ¢ (44)
1 1
=c— 66k ——— £ 60k*——5—
tanh” ¢ sinh? ¢’
When m — 0, from Eq.(43) we can obtain trigonometric function solutions as
1
== c— 60k —— + 65k 5L (45)
sin” & sin” &
Selecting p = L= " )2, q= 1+m2, r=1and f= Cn;iﬂng yields
o — o §5k’2 (cné + dné)? N 35k28n’§(cn§ + dn€) — sné(cen’€ £+ dn'€)
2 sn2¢ sn2¢
o §(5k‘ (eng 4 dn¢)? 4 35k2cn2§dnf + sn?édné + (:nf7
2 sn2¢ sn2¢
(46)
When m — 1, from Eq.(46) we can obtain hyperbolic function solutions as
o §(5k2 (sech & £ 2ech§)2 n 5kzsech ¢ + tanh? f;echf + sech§7
2 tanh” ¢ tanh” £
(47)
SO . )
u:U:c:F35k2seCh ¢ + tanh §2sech£+sech£ (48)
tanh” &
or
I sech? ¢ N 3(Skzsech3§ + tanh? f;eché’ +sech ¢
tanh? & tanh” & (49)
P T 1 i36k2sech3§+tanh2§2sech§+Sech§7
sinh? ¢ tanh” &
When m — 0, from Eq.(46) we can obtain trigonometric function solutions as
y— = 3(%2(008'511)2 L g52008 §+s1n £+ cosé
2 sin® & sin? & (50)
+1)2 1
_ o SgppleosEE )T | g palcosE
2 sin® & sin” &
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where & = kx — (y(7)k — a(7)ke — B(7)qk?)dt.

4 Conclusion

In this paper, a new kind of auto-coupled KdV equation with variable co-
efficients is proposed. We apply the extended variable coefficient mapping
method to the coupled model, and obtain many exact solutions which include
Jacobi elliptic function solutions, hyperbolic function solutions and trigono-
metric function solutions of auto-coupled KdV equation with variable coeffi-

clents.
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