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Isomorphic Properties of Highly Irregular
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Abstract

This paper discusses some properties on isomorphism, weak isomorphism and co-
weak isomorphism between highly irregular fuzzy graphs and its complement.
Isomorphic properties of u — complement, self (u —) complement and self weak
(u—) complement of highly irregular fuzzy graph are established. Also,
isomorphic properties of busy nodes and free nodes in highly irregular fuzzy graph

are discussed.
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162 Highly Irregular Fuzzy Graph and Its Complement

1 Introduction

In 1965, Lofti A. Zadeh [14] introduced the notion of a fuzzy subset of a
set as a method for representing the phenomena of uncertainty in real life
situation. Based on the definitions of fuzzy sets and fuzzy relations, ten years later
Azriel Rosenfeld [10] defined fuzzy graph and developed the theory of fuzzy
graph in 1975. Yousef Alavi etl., [11] introduced highly irregular fuzzy graph and
examined several problems relating to the existence and enumeration of highly
irregular graphs. Youesf Alavi etl., [12] extended the concept of highly irregular
graphs by introducing k-path irregular graph. Nagoor Gani and Latha [5] defined
highly irregular fuzzy graph and discussed some properties on it. The concept of
weak isomorphism, co-weak isomorphism and isomorphism between fuzzy graphs
was introduced by K.R.Bhutani [2]. Isomorphic properties of highly irregular
fuzzy graphs were discussed by Nagoor Gani and Latha [6]. In this paper, some
properties on isomorphism of highly irregular fuzzy graph and its complement are
established. Also, some isomorphic properties of highly irregular fuzzy graph in
connection with u — complement of a fuzzy graph introduced by Nagoor Gani and

Chandrasekaran [4] are studied. Following definitions are from [1 — 14].

2 Preliminaries

Definition 2.1 A fuzzy subset of a nonempty set S is a mapping o: S—[0,1]. A
fuzzy relation on S is a fuzzy subset of SxS. If pn and v are fuzzy relations, then
pov(u,w) = Sup{ w(u,v)A v(v, w):veS} and

uk(u,v)= Sup{p(u ,u1)Av(uy ,uz)A(uz ,us) A...Apu(Uga ,V) : U, Uz ,.... Ue1 €S}

where ‘A’ stands for minimum.

Definition 2.2 The underlying crisp graph of a fuzzy graph G = (o,u) is denoted
by G'=(c",)), where s ={u e V/o(u)>0} and
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=L (uv) e VXV /u@u,v)>0}.

Definition 2.3 Let G = (o,u) be a fuzzy graph. The degree of a vertex u is
d(u) = Yyzvu(u, v).

Definition 2.4 The order of a fuzzy graph G is 0(G) = Y. ,ey o(u). The size of a
fuzzy graph G is S(G) = Y yev u(u, v).

Definition 2.5 A graph G is called regular if every vertex is adjacent only to

vertices having the same degree.

Definition 2.6 A graph G is called irregular, if there is a vertex which is adjacent
to atleast one vertex with distinct degree.

Definition 2.7 A connected graph G is said to be highly irregular if every vertex

of G is adjacent only to vertices with distinct degrees.

Definition 2.8 Let G = (o,u) be a connected fuzzy graph. G is said to be a highly
irregular fuzzy graph if every vertex of G is adjacent to vertices with distinct

degrees.

Definition 2.9 The complement of a fuzzy graph G:(o,u) is a fuzzy graph

G: (0,1, whereg = ¢ and u(u,v) = o) Ao(w) — u(u,v) Vu,v V.

3 Isomorphic properties of highly irregular fuzzy graph and

its complement

Definition 3.1 [6] A homomorphism of highly irregular fuzzy graphs G and G/,



164 Highly Irregular Fuzzy Graph and Its Complement

h:G - G'isamap h: V — V'suchthat h(u) = u’,, which satisfies

(Do) <o ((h(w)VueVand (ii) pW(u,v) < u'(h(u),h(v))Vu,veV.
Definition 3.2 [6] A weak isomorphism of highly irregular fuzzy graphs Gand G’
h:G - G' isamap h:V = V'such that h(u) = u',V u eV, which is a bijective

homomorphism that satisfies o(u) = o'((h(w))VuelV.

Definition 3.3 [6] A co- weak isomorphism of highly irregular fuzzy graphs G and
G,h: G - G'isamaph: V — V'’ suchthat h(u) =u',Vvu €V, which is a

bijective homomorphism that satisfies p (u,v) = p/'(h(w), hR(v)) Vu, v e V.

Definition 3.4 [6] An isomorphism of highly irregular fuzzy graphs h: G — G’
isamap h: V — V' which is bijective that satisfies

(Do) = o' ((h(w)YueV, and

(i) p(u,v) = p'(h(w),h(v)) YVu,velv.

Itisdenotedby G = G

Theorem 3.5 The complement of highly irregular fuzzy graph need not be highly
irregular.

Proof: To every vertex, the adjacent vertices with distinct degrees or the non-
adjacent vertices with distinct or same degrees may happen to be adjacent vertices
with same degrees. This contradicts the definition of highly irregular fuzzy graph.
The following example illustrates that the complement of highly irregular fuzzy

graph need not be highly irregular.
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Example 3.6
Gif{s, )
A
u{.5) v.4) u(.5) vi.4)
5 .2 4
x{.9) y w(.7) x(.9) w(.7)

Figure 1

From the Figure 1, we see that G is not highly irregular because the

degrees of the adjacent vertices of w are the same.

Theorem 3.7 Let G: (o, u) and G": (¢, ") be two highly irregular fuzzy graphs. G
and G' are isomorphic if and only if, their complements are isomorphic, but the
complements need not be highly irregular.

Proof: Assume G = G’

= There exists a bijective map h:V — V' such that h(u) = u’ for all u €V,
satisfying

o(u) = o'(h(w)) (3.1)
and p(u,v) = p'(h(u), h(v))

By definition of complement of a fuzzy graph, wu(u,v)=0cw)Aoc(v)—
ulu,v) Vvu,vev
u(u,v) = a'(h(u)) A a'(h(v)) - ,u'(h(u),h(v)) Vuvevlv

= E(h(u),h(v)) YuvevlV (3.2)
(31) and (32) = G =G’
Conversely, assume that G = G.

(i.e) There is a bijective map g:V - V' such that g(u) =u’ for all u € V
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satisfying

ow) =d(gw)vVuev (3.3)
and z(u,v) = E’(g(u),g(v)) Vuv €V

Using the definition of complement of fuzzy graph,

o) Ao(v) — p(u,v) = o'(gw) A o(g(»)) — w(gw), g))

= uw,v) =u(gw),gw)) v u,v €V (3.4)
From (3.3) and (3.4), it is proved that G = G".

The following example illustrates the above theorem.

Example 3.8 Let G:(o,u) and G": (¢',1") be two highly irregular fuzzy graphs
defined by cu)=06=0'w),ocw)= 08 =c'(v),c(w) = 1=
cgw),o(x)=1=0c'(x),u(u,v) =0.6 =pu'w,v),ulv,w) =0.6 =

w@,w),ulow) =05=pu'(x,w),ulux) =0.6=pu(u,x) The complements
are defined by Z(u,w) = 0.6 = u'(u,w), T(w,x) = 0.8 = W (v, x"), G(v,w) =
02 = pu'(w,w),alx,w) =05 =u(x,w).In this example, G = G'and G = G/,

but the complements are not highly irregular fuzzy graph.

Theorem 3.9 Let G and G’ be two highly irregular fuzzy graphs. If G is weak

isomorphic with G', then G’ is weak isomorphic with G , but the complements
need not be highly irregular.

Proof: Assume that G is weak isomorphic with G'. Then there is a bijective map
h:V - V'such that h(u) = u’'Vu € V satisfying ,

ow) =a'(h(W)vVuev (3.5)
and
ulu,v) < ,u'(h(u),h(v))‘v’ wv €V (3.6)

Since h:V — V'is bijective, h™1: V' - V exists forall u' € V".

= There isan u’ € V' such that
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hlw) =u (3.7)
Using (3.7) in (3.5),

o(h"(w)) = c'(w)Vu' eV’ (3.8)
Using the definition of complement of a fuzzy graph,

uw,v) =c(u)Ao(w) —u(u,v) Vvu,v €V (3.9
we have

a(h*w),h (@) = a(h*w)) Aa(h™*(v) — u((h W), (R (v))
=d' W)Ano'(v)— u(u,v)
>d'(u)Ao' W) — p@W,v') Yu,vev
(ie)
', v) <a(h~tw),h () ¥ u,v' eV’ (3.10)

From (3.5) and (3.10) it is proved that, G’ is weak isomorphic with G.

Example 3.10 Let G: (o,u) and G" (o', u’") be two highly irregular fuzzy graphs
defined by

o(u) =08.0(v) =0.9,0(w) =1,0(x) =0.9,u(u,v) =04, u(v,w) =

0.5 u(x,w) = 0.4, u(u,x) = 08,0 (u) =0.6,6(¥v) =09,6 (W) =1,6'(x) =
0.9,u'(w,v)=05u@w,w)=0.6u(x,w)=0.5u@,x)=08.

The complements of G and G’ are defined by u(u,v)=04,u(v,w)=
0.4, i(u,w) = 0.8, (v, x) = 0.9, (x,w) = 0.5, u'(u,v) = 03,0/ (v, w") = 0.3,
ww,w) =084, x)=09,u(x,w) =04

From the example, it is seen that G is weak isomorphic with G’ and G’ is weak

isomorphic with G but G and G'are not highly irregular.

Theorem 3.11 Let G and G’ be two highly irregular fuzzy graphs. If G is a co-
weak isomorphic with G', then there exists a homomorphism between G and G’,
but the complements need not be highly irregular.

Proof: Assume that G is co-weak isomorphic to G'. Then h V:— V' is a bijective
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map such that
h(u) = u'satisfying,

o(u) < a’(h(u)) Vuev (3.11)
and

ulu,v) = y’(h(u),h(v)), Yuv eV. (3.12)
By definition of complement of fuzzy graph,

nw,v) =c(u)Aoc(w) —u(u,v) Vu,v eV (3.13)
we get,

I(u,v) < o (hW) p 5 (h@) ¢’ (W), h(»))
= E’(h(u),h(v)) Yuv eV (3.14)

From (3.11) and (3.14), h is a bijective homomorphism between G and G’ .

Proposition 3.12 If there is a co-weak isomorphism between be two highly

irregular fuzzy graphs G and G', then there need not be a co-weak isomorphism

between G and G’ and the complements need not be highly irregular.

The following example illustrates the above result.

Example 3.13
G: {o, 1) G (o', 1)
3 3
u(.9) v(7) u'(.8) v{(.8)
5 4 5 4

(1) = w(.9) X{1) w{1)
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G: (o, p} G (o', 1)
4 5
u(.9) (.7} u'(.9) v'(.8)
2 7 9 8
4 3 4 4
x{1) = wi{.9) x'(1) E] w'{1)
Figure 2

From the Figures 2, it is seen that G is co-weak isomorphic withG’. But G is not
co-weak isomorphic with G'. However there is a homomorphism between G and
G'. Also G is not highly irregular where G is highly irregular.

Definition 3.14 [7] A fuzzy graph G is said to be a self complementary if G = G.

Definition 3.15 [7] A fuzzy graph G is said to be a self weak complementary if G

is weak isomorphic with G.

Proposition 3.16 A highly irregular fuzzy graph need not be self complementary.

The proof follows from Theorem 3.5.

Example 3.17
G: (o 1)
4
u(.4) v(.B) u'(.4) v'{.6)
4 6
x(1) 2 w(.8) (1) w'(.8)

Figure 3
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In this example, G is highly irregular but not a self complementary fuzzy
graph. The following two examples shows that a highly irregular fuzzy graph

cannot necessarily be a self weak complementary fuzzy graph.

Example 3.18
G: o, )
.5
u{.5) v({.6) uf.5) v({.6)
5 3 3
x(.9) w(.7) x(.9) w(.7)

Figure 4
From the above example, we see that G and G are highly irregular, but G

is not weak isomorphic with G. Hence G is not a self weak complementary highly

irregular fuzzy graph.

Example 3.19
&: (o, ) G: (5, 1)
2 2

u(.4) v{(.6) ui.4) w{.6)

A B

2 3 -2 3
x{.9) > wi{.8) x(.9) N wi(.9)
Figure 5

In this example,G and G are highly irregular and G is weak isomorphic

with G. Hence G is a self weak complementary highly irregular fuzzy graph.
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Theorem 3.20 Let G be a self weak complementary highly irregular fuzzy graph,
then Ty 41, v) < 5 Buwn(0) A0 (2)).

Proof: Let G:(o,u) be a self weak complementary and highly irregular fuzzy
graph.

= G is weak isomorphic with G'. Therefore, there exists a bijective map

h:V = V(V) with h(w) = u = u, satisfying,

o(u) = E(h(u)) Vuev (3.15)
and

ulu,v) < ﬁ(h(u),h(v)) YuvevV (3.16)
By definition of complement of a fuzzy graph,

uw,v)=cw)A o(v) — u(u,v)vVu,v €V (3.17)

From (3.15) and (3.16),
ulu,v) < ,Tt(h(u),h(v)) = a(h(u)) A a(h(v)) — ,u(h(u),h(v))‘v’ wv €V
= uluv)<ou) A ow)—ulu,v)
=> uluv)+ulu,v) <o) A o)
2u(u,v) <o(u) A a(v)
2 Yuzv bW, V) < Yyzp(c(w) A o(v))
Susw 1t 1) < 3 Duso(0() A 0(v)).

4 1somorphic properties of g — complement of highly

irregular fuzzy graph

Definition 4.1 [4] Let G: (o, 1) be a fuzzy graph. The u — complement of G is
defined as G*: (o, u*) where

_((cw)ANo(w) —pu(w,v), if u(w,v) >0
uhuv) = {O Jif p(u,v) =0
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Theorem 4.2 The u-complement of a highly irregular fuzzy graph need not be
highly irregular.
Proof: The proof is similar to theorem 3.5

The following example illustrates the above theorem.

Example 4.3
Gi o, p) G*: (g, p*)
A A
u(.3) » v{.2) u(.3) » v{.2)
1 1

2 1
x{.9) v * w(.5) X(.9) ~ ® w(.5)

Figure 6

G is a highly irregular fuzzy graph. The degrees of the vertices in G*

contradicts the definition of highly irregular fuzzy graph.

Theorem 4.4 Let G and G’ be two highly irregular fuzzy graphs. If G and G’ are
isomorphic, then u-complements of G and G’ are also isomorphic and vice versa,
but the complements need not be highly irregular.

Proof: The proof is similar to Theorem 3.7.

Remark 4.5 Let G and G’ be two highly irregular fuzzy graphs. If G is weak
isomorphic with G’, then neither p-complement of G is weak isomorphic with
u — complement of G’ nor u-complement of G’ is weak isomorphic with
u — complement of G.

The following example illustrates the above result.
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Example 4.6
G o, 1)

u.6) y—2

3
X(.4) 4 '

G":{o, 1)

u.8) =

A
x(-4) !

173

G: (o, 1)
5
v.8) w(6) vi8)
2 4 2 A
w4 x{4) 5 wi4)
e (o, 1™
w.8) (6 A vi8)
2 2
w.4) x14) < wi4)

Figure 7

It is easy to observe that G and G are highly irregular fuzzy graphs and G

is weak isomorphic with G', but u-complement of G is not weak isomorphic with

u — complement of G' and u-complement of G’ is not weak isomorphic with

u — complement of G.

Theorem 4.7 If there is a co-weak isomorphism between G and G’, then u-

complement of G and G’ need not be co-weak isomorphic , but there can be a

homomorphism between p-complement of G and G’ .

Proof: The proof is similar to Theorem 3.11

The following example illustrates that there exists a homomorphism between pu-

complement of G and G'.
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Example 4.8
Gifo, ) G (o', 1)
5 5
u{.7) v{.6) u'{.8) v'(.6}
| 1
1 3 1 3
%{.2) > wi.4) x'{.3) F) w'(.5)
G*: (o, n'} G g, u™
ul.?) A v(.6) u'.8) A v(.6)
A
1 1 2 2 2
x{.2) & wi(.4) x'(.3) L w'(.5)
Figure 8

From the figure it is clear that u-complement of G is not co-weak
isomorphic with G’, but there is a homomorphism between u-complement of G
and G'.

Definition 4.9 [8] A fuzzy graph G: (o, 1) is said to be a self © — complementary
fuzzy graph if G = G* .

Example 4.10
G (o G": (o, n")
uf1) - v(-6) u(1} - v(.6)
N N
w(.6) 25 w(.8) .25
x(.9) ® 25 ¥(:5) x{.9) & 25 ¥{.5)

Figure 9
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Clearly G and G* are highly irregular fuzzy graphs and G is isomorphic

with G*. Therefore G is self u — complementary fuzzy graph.

Theorem 4.11 Let G be a highly irregular and self u — complementary fuzzy

graph, then Y., 1w, v) = 3 Dusolo () A ()]
Proof: Let G: (o, ) be a self u — complementary highly irregular fuzzy graph.

= G = G* . = There exists a bijectivemap h : V — V such that

o(u) = a“(h(u)) = a(h(u)) Vuev 4.2)
and

ulu,v) = u”(h(u),h(v)) Vuv eV (4.2)
If (u,v) € u*, then u(u,v) > 0. By the definition of u — complement of a fuzzy
graph

ut(u,v) = {BU(U) No(v) —u(y, 17): i;f Z((Z:;’)) i (())

Therefore, ,u”(h(u),h(v)) = a”(h(u)) A a”(h(u)) — u(h(u), h(v))
p(u,v) = o(h(w) Aa(h(v)) — uh(w), h(v)) (from (4.1) to
4.2))
uw,v) + u(h(), h(v)) = o (u) A o (v)
2u(u,v) = o(u) A a(v). Taking summation,
2 Ty W, 0) = Tuzy 6 W) AG(V) 2 Ty (W, V) = = Tp[0 W) A ()],

The following example illustrates the above theorem.

Example 4.12 From Example 4.10 we have
Yuzo b, v) =85(G)= 3+.3+.25+.25=1.1

1 1 2.2
EZU(U,)/\U(U) =§[.6+.5+.5+.6] =— = 1.1

U+v

Thus,
sy (W, 0) = 5 Turp[0 () A ()],
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The following example illustarates that, in a highly irregular fuzzy graph, even if

> ww vy =3 > 0w Ao),

U#v U#v

G need not be self u — complementary.

Example 4.13
G: (o, W) G : (o, pt)
u(.9) 3 v{.7) u{.9) 4 v(.7)
7 1 1 6
6 2 3 5
x{1) ¢ » wi_8) x{1) ¢ b wi.8)
Figure 10

Here G and G* are highly irregular fuzzy graphs, but G is not self u —

complement.

Definition 4.14 [8] A fuzzy graph G:(o,u) is said to be a self weak u—

complementary fuzzy graph if G is weak isomorphic with G*.

Example 4.15
G: (o, 1) G": {5, u¥)
u(.7)® v(.8) uf.7)ye 5 v(.8)
x(.5) # * w(.9) x{.5) * w(.9)

Figure 11
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Here G and G* are highly irregular fuzzy graphs and also G is weak

isomorphic with G#. Thus, G is a self weak u — complementary fuzzy graph.

Theorem 4.16 Let G be highly irregular and self weak ¢ — complementary fuzzy

graph, then .., (1, v) < 5 Tusy () A (0).
Proof: Using the definition of self weak u — complementary fuzzy graph, the

proof is similar to Theorem 4.11.

5 Isomorphic properties of busy nodes and free nodes in

highly irregular fuzzy graph

Definition 5.1[4] A node “u" in a fuzzy graph is said to be a busy node if
o(u) < d(u). Otherwise it is called as a free node.

Theorem 5.2 If G:(o,u) and G": (¢',u’) are two isomorphic highly irregular
fuzzy graphs, then the busy nodes and free nodes are preserved under
isomorphism.

Proof: Let G:(o,u) and G" (a',u’) be two highly irregular fuzzy graphs and let
h: G — G' be an isomorphism between the highly irregular fuzzy graphs G and
G’ with the underlying sets V and V' respectively.

Then o(u) =o'(h(w)) forallueV and wu(u,v)=p'(h(uw), h(v)) for all
u,vev.

By theorem 3.22 [6], the bijective mapping h preserves the degree of the vertex u.

(i.e) d(u) = d(h(w)).

If uisabusynodein G, then o(u) < d(u) = o' (h(u)) < d(h(w)).

Thus h(u) is a busy node in G'.

If visafree nodein G, then o(v) > d(v) = o'(h(v)) > d(h(v)).

Hence h(v) is a free node in G'.
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Theorem 5.3 Let G: (o,u) and G": (o', ") be two highly irregular fuzzy graphs
and let G be co-weak isomorphic with G'. Then the image of a free node in

G is also a free node in G'.

Proof: Let ubeafreenodein G = a(u) > d(u) (5.1
Leth: G —» G’ be aco- weak isomorphism between G and G'.

Theno(u) < a’(h(u)) Vu eV’ (5.2)
and u(u,v) = y’(h(u),h(v)) Yuv eV (5.3)

From (5.1) and (5.2), ¢’ (h(w)) = o(u) > d(u)
Hence o' (h(w)) > d(1) = Tuzv (U, v) = Tuzp ' (R(W), R(V)) = d(h(w))
Therefore, o’ (h(w)) > d(h(w)) = h(w) is a free node in G'.

Remark 5.4 Let G: (o, 1) and G": (o', 1’ ) be two highly irregular fuzzy graphs. If
G is co-weak isomorphic with G’, then the image of a busy node in G need not be a
busy node in G'.

The following example illustrates the above result.

Example 5.5
Gi (o, p) G': (o', p')
5 5
u{.6) v(.9) u'(1) v'(.8)
4 8 4 6
x{.5) 5 w(.8) x'(1) G w(.8)
Figure 12

G is co-weak isomorphic with G'. The busy nodes u & x in G are not busy in G'.

Theorem 5.6 Let G: (o,u) and G": (6,1’ ) be two highly irregular fuzzy graphs
and let G be weak isomorphic with G'. Then the image of a busy node in G is a

busy node in G'.
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Proof: Leth: G — G’ be aweak isomorphism between G and G'.

Then o(u) = a’(h(u)) Yu eV (5.4)
and

u(u,v) < u’(h(u),h(v)) Yuv €V (5.5)
Letu € V beabusynodein G. (i.€) o(u) < d(u) (5.6)

From (5.4) and (5.6)
o' (h(w)) = o(w) < d(w) = Z u(w ) < Z i (h(w), h(v)) = d(h(u))

U#v U#v

Hence o' (h(u)) < d(h(w)) = h(w) is a busy node in G'.

Remark 5.7 Under weak isomorphism the image of a free node in G need not be a

free node in G'.

This is illustrated in the following example.

Example 5.8
G: (o, 1) G (¢, 1)
4 5
u(.6) v(.7) u'(.6) v'(.7)
6 4 7 5
x{1) n w{.9) x'(1) 3 w'(.9)
Figure 13

In this example, though w is a free node in G, w' is a busy node in G,

because o' (w') < d(w").
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6 Conclusion

It is proved that G' is weak isomorphic with G, when G is weak

isomorphic with G’. Also, existence of homomorphism between G and G’ is
established, when G is co-weak isomorphic with G'. Similarly, it is proved that u-
complement of G and G’ need not be co-weak isomorphic , however there is a
homomorphism between u-complement of G and G’ .Some results on self
complementary and self weak complementary are discussed. Finally, some
properties of isomorphism with respect to busy nodes and free nodes in highly

irregular fuzzy graphs are established.
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