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Abstract

Second-order dual to a variational problem is formulated. This dual uses the Fritz
John type necessary optimality conditions instead of the Karush-Kuhn-Tucker
type necessary optimality conditions and thus, does not require a constraint
qualification. Weak, strong, Mangasarian type strict-converse, and Huard type
converse duality theorems between primal and dual problems are established
under appropriate generalized second-order invexity conditions. A pair of
second-order dual variational problems with natural boundary conditions is
constructed, and it is briefly indicated that duality results for this pair can be
validated analogously to those for the earlier models dealt with in this research.
Finally, it is pointed out that our results can be viewed as the dynamic
generalizations of those for nonlinear programming problems, already treated in

the literature.
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1 Introduction

Second-order duality in mathematical programming problem has been widely
investigated in the recent past. Mangasarian [1] formulated second-order dual to
nonlinear programming problem and gave duality result under assumptions that
are involved and rather difficult to verify, Subsequently Mond [2] established the
duality results for non-linear programming problem under simpler assumption.
Subsequently many researchers investigated second-order duality under invexity
and generalized invexity conditions. Duality for continuous programming problem
has been studied by a number of researcher researches. Mond and Hanson [3]
were the first to consider a class of constraint variational problems and study first
order-duality for such problem. Motivated with the results of [3], a number of
duality theorems appeared in the literature.

Chen [4] was the first to identify second-order dual formulated for a
constrained variational problem and established various duality results under an
involved invexity like assumptions. Recently, Husain et al [5] have presented
Mond-Weir type duality for the problem of [6] and by introducing
continuous-time version of second-order invexity and generalized second-order
invexity, validated various duality results. Earlier Weir and Mond studied duality
for nonlinear programming problem using Fritz John type optimality conditions
instead of Karush-Kuhn-Tucker optimality conditions and thus their duality results
do not require a constraint qualification.

In this research we study Fritz type second-order duality using Fritz John

type optimality conditions and validate various duality theorems under the
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assumption of second-order pseudoinvexity and second-order quasi-invexity. A
pair of Fritz John type second-order dual variational problems with natural
boundary condition by ignoring fixed point condition is formulated and a close
relationship between our duality results and those of Husain et al [7] is briefly

outlined.

2 Pre-Requisites

Let 1=[ab] be a real interval, ¢:1xR"xR"—>R and
v IxR"xR" — R"™ be twice continuously differentiable functions. In order to
consider ¢(t,x(t),>’<(t)),where x:1 - R" is differentiable with derivative x,
denoted by ¢, and ¢,, the first order of ¢ with respect to x(t) and x(t),

respectively, that is,

o ot e oo

(22 ] (2 o)

Denote by ¢, the Hessian matrix of ¢, and w, the mxn Jacobian matrix

82¢
ox'ox!

respectively, that is, with respect to x(t), that is ¢, =( J Lj=12,.,n,

v, the mxn Jacobian matrix

1 1 1

oy’ oyt oy
oxt ox* X"
oy’ oy’ oy’
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The symbols ¢, , ¢, , ¢, and y, have analogous representations.
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Designate by X, the space of piecewise smooth functions x:1 — R", with the

norm |x|=|x|, +|Dx] , where the differentiation operator D is given by

u:Dx<:>x(t):ju(s)ds,

a

Thus %:D except at discontinuities.

We incorporate the following definitions which are required in the subsequent
analysis.
Definition2.1 (Second-order Pseudoinvex) If the functional j¢(t,x,>‘<)dt

satisfies

[{n'g,+(Dn)" ¢, +n"GB(1)|dt >0

[8(txx)dt SI{¢(t,7,Y)—Eﬁ(t)T Gﬁ(t)}dt

n'¢,+(Dn)' ¢, +7'GA(t)}dt<0

2

then I¢(t,x,>‘<)dt is said to be second-order pseudoinvex with respect to 7.
|

Where G =4, -2Dg, +D’¢,, and BeC(I,R"), the space of n-dimensional

continuous vector functions.

Definition 2.2 (Strictly-pseudoinvex) If the functional .[¢(t, x,X)dt satisfies
|
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[{n'g,+(Dn)" g, +n"GB(1)|dt=0

= jqﬁ(t,x,x)dt >j{¢(t,xi)_%ﬂ(tf G,B(t)}dt,

then j¢(t, X, >'<)dt is said to be second-order strictly- pseudoinvex with respect to
|

n.

Definition2.3  (Semi-strictly ~ pseudoinvex)  If  (SGF.CD) and
g:IxR"xR" - R", ij (t) gdt will be semi-strictly pseudoinvex with respect
|
to n, |if JyT (t)gdt is strictly pseudoinvex for all y(t)>0,tel,
|

y(t)=0,tel.

Definition2.4. (Second- order Quasi-invex) If the functional [g(t,x,X)dt
satisfies |
Ij¢5(t,x,>‘<)dt slj{¢(t,7,?)—%ﬂ(t)T Gﬂ(t)}dt

:!{UT¢X+(D77)T ¢ +1"G (1) B(1)}dt <0,

Then J'¢(t, X, X)dt is said to be second-order quasi-invex with respect to 7.
|

Remark 2.1 If ¢ does not depend explicitly on t, then the above definitions

reduce to those given in [8] for static cases.
Consider the following class of nondifferentiable continuous programming

problem studied in [9]:
(CPo): Minimize [{f (t,x(t),x(t))}dt
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Subject to

x(2a)=0=x(b),
g(t.x(t),x(t))<0, tel
h(t,x(t),x(t))=0, tel

where, (i) f, g and h are twice differentiable functions from IxR"xR" into

R,R™ and R* respectively, and
(i) B(t) isa positive semi definite nxn matrix with B(-) continuouson I .

The following proposition gives the Fritz John type optimality conditions which

are derived in [9].

Proposition 2.1 (Fritz-John Conditions) If X is an optimal solution of (CR,)
and hx(.,x(.),X(.)) maps on the closed subspace of C(I,R"), then there exist
y:1 - R"™ such that

n (%)X (1)
(t))+ﬁ(t)T h, (t,i(t),?(t))} tel,

Lagrange multipliers r € R, and piecewise smooth

r (6 X (1), X (1) + V(1) g, (L% (1) %(t))+a(t)
=D| rf, (LX (1), X (1)) + Y (1) g, (L% (1), X

F( 9(LX(0.%(0)=0, te

(r,y)=0, tel

(r,y®)) 20, tel
If r=1then X is called a normal solution and the above conditions reduce to

Karush-Kuhn-Tucker conditions.

Ignoring the equality constraint in (CPF,), consider the following variational

problem:
(CP): Minimize [ f (t, x, X)dt
|
Subject to
x(a) =0=x(b) @

g(t,x,x)<0 (2)
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Chen [4] formulated the following Wolf type dual (CD,) to (CP):

(CD):  Maximize j{( f(t,u,u)+ y(t)g(t,u,u))—%ﬂ(t)Gﬂ(t)}dt

Subject to
u(@)=0,u(b)=0
f,(t,u,u)+y(t)" gu(t,u,u)—D(fu(t,u,u)+y(t)T gu(t,x,x))+G,B(t)=0,teI
y(t)>0,tel,
where
G = f,, (t,u,0) + y()" g, (t,u,0) - 2D f, (tu, 1)+ (V) g, (t.u,w), |
+D?((f,(t,u,u)+y(®)" g,),)-D*(f,(t,u,u)+y(®)'g, ), ,
and B(t)eR", tel
Using the invexity-like assumptions on the functions that constitute the

primal problem, Chen [4] derived second-order, strong and converse duality

results for the above pair of problem (CP)as(CD,). Recently in order to relax

invexity requirement on the function, further, Husain et al [5] formulated the

following Mond-Weir type second-order dual to (CP)which is given below and

established various duality theorems:
(M -WCD):  Maximize j(f (t,u,U)—%,B(t)T F B(t)) dt
Subject to
u(@=0,u(b)=0
f, (t,u,u) + ()" g, (t,u,u)— D( f,(t,u,0)+y() g, (t,u,u))
+(F+H)B1)=0, tel
I[y0" su -3 501 500 0

yt)>0,tel

where
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F=f,(tu,u)-2Df, (t,u,u)+ D*f,, (t,u,u)—D*f, (t,u,u),tel
and
H =y(t)" g,,(t,u,u)-2D(y(t)" g,,(t,u,u))
+D?(y(t)" g, t,u,u)) —D*(y®'g,),
Husain et al [5] establish weak duality theorem under the assumption that

jf(t,.,.)dt is second-order pseudoinvex and jy(t)Tg(t,.,.)dt is second-order
| |

quasi-invex with respect to 7. They proved strong duality for the pair of

Mond-weir type dual continuous programming problem, using the
Karush-Kuhn-Tucker type necessary conditions at the optimal for the primal

(CP) and hence regularity condition was needed at the optimal point of the
problem (CP).
In this research a second-order dual and a generalized dual to (CP) are

proposed and establish duality theorems using Fritz John necessary conditions at

the optimal point for the primal (CP). Thus the requirement for a constraint

qualification or regularity conditions is eliminated.

3 Fritz John Type second-order duality

We formulate the following Fritz John type second-order dual to problem
(CP):

(SFCD):  Maximize I{f(t,u,u)—%ﬂ(t)TF(t)/i'(t)}dt
Subject to

u(@)=0 =u(b)
rf,+yt)g,-D(rf,+yt)' g,)+(F+H)B()=0, tel (3)



I. Husain and Santosh K. Shrivastav 73

[ g.u,u) - AOT HAW) ot >0 4)

(r,y(t)) >0, tel

(r,y(t)) #0, tel (5)

Theorem 3.1 (Weak Duality) Let xe X Dbe feasible to (CP) and

(r,u(t),y(t), A(t)) be feasible to (SF,.CD) . If jfdt be second-order
|

pseudoinvex andjy(t)T gdt is second-order semi-strictly pseudoinvex with
|

respect to the same 7.
Then
inf(CP) > Sup(SF,CD)

Proof: Let x be feasible for (CP) and (r,u(t), y(t), A(t)) of (SF,.CD).
. N 1 T
Then, suppose _[f(t,x,x)dt<J.(f(t,u,u)—Eﬂ(t) FA(t))dt.
| |
This, because of second-order pseudoinvexity of j f(t,.,.)dt with respect to 7
|

yields,
[4n" 1, +©@n)" f,+7"F )}t <0

This gives
[t f,+(On) 1, +7"F A1)}t <0 (6)

|
with strict inequality in (6) if r >0.
From the constraint of (CP)and(SF,CD), we have

Iy(t)Tg(t,x,X)dtsj(y(t)Tg(t,u,U)—%ﬂ(t)T H A(t))dt.

This, because of second-order semi-strict pseudoinvexity of J.y(t)T g(t, x,x) dt,
|
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with respect to 7 implies,

[4" (y®©" 9,)+ (D7) (y(1)g,)" +7"H A1)}t <0 (7)

with strict inequality in (7) if some y‘(t) >0, tel, 1€{1,2,3,4,...,m}.
Combining (6) and (7), we obtain

0> [[ 1" (rf, + y(®)" g,) + (Dn)" (rf, + y(1)g, )+ 1" (rF +H)A(t) ]dt,

0> [5"[(rf, +y(®)" g,)~D(rf, +y(t)g, )+ (rF + H) A(t) ]dt

t=b

+77T (rfu + y(t)T gu) )
t=a

(by integrating by parts)
= [n[(rf, +y(®" g,) = D(rf, + y(®)g, ) +(rF + H) At) ]dt,

(Using n=0,t=aand t=h)
That is,

Ij 7' I(rf, + ()7 9,) - D(rf, + y(1)g, ) +(rF + H) D]dt <0,
contradicting the equality constraint (3) of (SF,.CD).
Hence ij(t,x, X)dtzlj(f(t,u,u)—%ﬁ(tf FA(t))dt,
giving

inf (CP) >Sup (SF.CD).

Theorem 3.2 (Strong duality) If X is optimal to (CP), then there exist T eR
and piecewise smooth y:l1 —R™ such that (,X,y) is feasible for (SF.CD)

and the corresponding values of (CP) and (SF,CD) are equal. If also,
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ff(t,..,) dt is second-order pseudoinvex and jy(t)Tg(t,.,.)dt is semi-strictly

pseudoinvex. Then X and (T,X,Y),are optimal solution of (CP) and (SF,CD),

respectively.

Proof: Since X is optimal to (CP) by Proposition 2.1, there exist T eR and

piecewise smooth y:1 — R™ such that

(F f,+¥()"9,)-D(F f, +¥(1)" g,) =0, tel

y(t) g(t,x,x)=0,tel

(F,y(t)>0,tel

(r,y(t)=0, tel
This implies that (X,T,y,5(t)=0), tel is feasible for (SF,.CD). Equality of
objective functionals is obvious. In view of second-order pseudoinvexity of

If(t,.,.)dt and second-order semi-strict pseudoinvexity of Iy(t)T g(t,...)dt
|

with respect to 77, optimality follows by Theorem 3.1.

4  Generalized Second-order Fritz John Duality

In this section, we generalized the dual (SF,CD).
Let M={12,3,..m}, |I,cM,a=0123.. k with I,Nl,=¢, (a=p)

k
and | JI,=M. Let K={0,1,23,..k} and NcK.

a=0

The following is the generalized second-order Fritz John dual to (CP):

(SGF,CD): Minimize [ f (t,u,u)dt
|

Subject to
u(a)=0=u(b) (8)



76 On Second-Order Fritz John Type Duality for Variational Problems

(r f+y("g,)-D(r f, +y(t) g,)+(rF+H)A1) =0, tel @
> [y®gtu,udt>0, a=0123,...k (10)
(r,y) =0, (r,y'(t),iel,,aeN)=0, tel. 1)

Theorem 4.1 (Weak duality) If '[ f (t,u,u)dt is pseudoinvex

ij t,. , dt o € N second-order semi-strictly pseudoinvex,

icla |

Z_[y‘(t)g‘(t,..,..)dt, a € K\ N second-order quasi-invex with respect to the

iel, |

same 7. Then
inf (CP) > sup(SGF,CD)

Proof: Let x be feasible to (CP) and (u,r, ¥, 53) be feasible for(SGF,CD).

Suppose
[ f(txx)dt<[(f (t,u,u)—%ﬂ(t)T FA(t)dt.

This, by second-order pseudoinvexity of '[ f (t,u,u)dt,

[€7 1, + (D) 1, +77 F B(t))dt <O

Thus
[r{n" £, +(On) 1, +7" F A}t <0 (12)

with strict inequality in (12) if r>0,
zjy(t)g (t.x, x)dt<zjy(t)g (tuuydt, aecN

iel, iel,

By second-order semi-strict pseudoinvexity of ZJ' y'(t)g'dt, @ €N,

iel, |
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Zj{ (Y' g, )+(On) (v'g,)+n"H' A1)} dt<0, aeN, (13)

iel,

where
H'=(y'(Mg;) -2D(y'®a}),-D*(y'®) g; ), - D*(¥' (V) 9;),

with strict inequality in (5), if y'(t)>0, tel, iel
Also

aeN.

a!

ij(t)g (t,... ,)dt<zjy(t)g (t,u,u)dt, @ e K\N

iel, iel,

By second-order quasi-invexity condition ZIy‘ Mg'(t,.,..,.)dt, e K\N, this

iel, |

implies that

> [ ©g)+On) (Y ©)g)+n H'A®)}dt <0, aeK\N (14)

iel, |

Combining (12), (13) and (14) we have
J{ff (r f, +y(@®"9,)+(Dn)" (r f,+y()" g,)+7n" (FF +H)A()}dt<0

This, as earlier, yields

[ (r f,+y®"9,)-D(r fy +y@®) g, )+(rF +H) BO)}dt<0,

This contradicts the dual constraint of (SGF,CD). Hence the conclusion follows.

Theorem 4.2 (Strong duality) If X is an optimal solution of (CP) then there

exist TeR and piecewise smooth y:1 —R" such that (7,X,7,8(t)=0) is

feasible for (SGF,CD) and the corresponding value of functions of (CP) and

(SGF,CD) are equal. If, also, I f(t,.,.)dt is second-order pseudoinvex,
|

ZIy ()g'dt, «e N is second-order semi-strictly  pseudo-invex and

iel,

ZI y'(t)g'dt,a € K\ N is second-order quasi-invex with respect to the same 7,

iel, |

then X and (F,X,V, /), are optimal solution of (CD) and (SFCD) respectively.
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Proof: Since X is an optimal solution of (CP), by Proposition 2.1, there exist
T R and piecewise smooth y:1 — R™ such that

rf+y t)g,)-DFf,+y(t)g,)=0, tel

y ()g(t,x,X)=0, tel

(r,yt)=0,tel

(r,y(t))=0, tel

yO 9t xx) =2 y'®g't.xX)+ 2, ¥'(1)g'(tx %) =0,

icl, iel,
aeN aeK/N

implies

> [y ®g'txX)dt=0a=012,...k

iel,

3 Vg (txX)=0,aeK\N.

icl,

aeK/N
This implies that (X,7,¥,8(t) =0) is feasible for (SGF.CD). Equality follows
since the objective functionals are the same in the formulations.
Optimality of (X,F,y,A(t)=0) for (SGF,CD)follows by Theorem 4.1. The

following is the Mangasarian type [10] strict converse duality.

Theorem 4.3 (Strict Converse Duality) Assume that

(i)j f (t,x,%)dt is second-order strict pseudo-invex, ij‘(t)g‘dt, aeN are
|

icl,

second-order semi-strictly pseudoinvex and ij‘(t)g‘dt, aeK\N are

iel,

second-order quasi-invex with respect to the same 7.
(ii) (CP) has an optimal solution Xx. If (U,T, V,,H(t)) is an optimal solution of
(SGF,.CD),

Then U=X i.e, U isanoptimal solution of (CP).
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Proof: We assume that u(t)=x(t) and exhibit a contradiction. Since X is

optimal to (CP), by Theorem 3.5 there exists (F,y) with piecewise TR and

piecewise smooth y:1 — R™ such that (F,X,V,(t)) is optimal to(SGF.CD).

Since (T,7,V,5) isan optimal solution of (SGF,CD), it implies that

[ f(tx%)dt = [ f(t0,0)dt

This, by the second-order strict pseudoinvexity of j f (.)dt , gives

I(UT f,+(Dn)" f,+7 Fﬂ(t))dt <0.

Multiplying this by T, we have
[T (" f,+©@n)" f,+7 FB(0))dt<0 (15)

with strict inequality (15) in the above with T >0.

Also iji(t)gi(t,xx*)dtsij‘(t)g‘(t,a,ﬁ)dt, a=0,123,..,k.

iel, iel,

This, because of second-order semi-strict pseudoinvexity of

> [V ®g't....)dt, aeN.

iel, |

We have
7" (V' (g, (6.0.0)+(On)" (V' ()9, (¢.0.0))

i1+ H () A1)
with strict inequality in the above if ¥'(t)>0,iel,, aeN.

dt<0, «=0,12,....k  (16)

Combining (15) and (16) together with
I{UT (Ff,+y(®) 9,)+(On)" (F f,+y(®)"g,)+n" (FF+H)At)}dt <0

which, as earlier analysis, gives,

[ [, +y() 9,)-D( f,+y() 9,)+7n" (T F+H)A(t) |dt <0

contradicting the feasibility of (r,u,y, g(t)) of (SF.CD). Hence X=0.
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5 Converse Duality

In this section, we shall establish Huard type [10] converse duality for the

pair of dual problems (CP) and (SF.CD) considered in earlier section.

Theorem 5.1 (Converse Duality) Let (r,X,y,f) be an optimal solution of
(SFCD). Ifforeach tel,

(A)the vectors {F,,H,, i=12,3,..,n} are linearly independent where F, and
H, are the i" row of the matrices Fand H respectively, and

(A) y(t) g,-Dy(t) g, +H B(t)%0, tel

A) @) [AOT(H+(y®'g,),)At)dt>0 and [BE)(y(t) g, )dt=>0

or

(b) [A(H+(y()g,),) ABdt<0 and [ AO (YO g,)dt<0.

Then X(t) is feasible for (CP) and the two objective functional have the same

value. Also, if, Theorem 3.1 holds for all feasible solutions of (CP) and
(SF.CD), then X is an optimal solution of (CP).

Proof: Since (x,r, y,ﬂ) is an optimal solution of (SF.CD), by Proposition 2.1,

there exist,7eR, weR, £ R, piecewise smooth #:1 -R™ and 7n:l > R"
such that

T(fx—Dfx)—%(ﬁ() p(1) +2D(p0) FA(0)).
1

At
—;DZ(ﬁ() FA(1)), +5D X

45D (B FA() -S04 (B FA())..
~ Di +(y ) D(y(t)T gx)X—D(rfm(y(t)Tgx)J
+0(t) |+ ((rF+H) B(1)), -D((rFF+H)B(1)), +
+D?(rF+H)B(t),-D ((rF+H)ﬂ(t)).x,+D4((rF+H),B(t))-;(--
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y (v 8)-D(¥(t) )~ Hp (1) +5D(AO) HA)), .
—%Dz(ﬂ(t)T Hﬂ(t))x+%D3(ﬂ() HA(t ))X %D"’(ﬁ(t)T H,B(t)).;(..
00) (9, + 9. A1)+ 0fg (A1) 9.AOP +n()=0, tel 18)
(ro-zB)F+(0(t)-wp(t))H=0, tel (19)
o(t) (f,-Df +FB)+£=0, tel (20)
ofy0'g 2 (BOTHAOR =0, te! (21)
n(t) y(t) =0, tel (22)
gr=0, (23)
(7.&,0,n(t))>0,tel (24)
(7,£,0(t),0,7(t))=0, tel (25)
By the hypothesis(A ), (19) yields
ro(t)-zp(t)=0,tel (26)
O(t)-wp(t)=0, tel (27)

Using equality constraint of (SF,CD) along with (26), (27) in (17), we have

(r-ro)[yt) g,~Dy®" g, +HA(1)]

1

cref-2 () FA(V) + D(A() FA() - 205 FA(),
1

D% (B() FA()), -5 D (B Fﬁ(t))i}
+r0(t) {((rF +H)B(t)) —D((rF+H)A(t)). +D2(r|:+H)ﬁ(t)X
—D3( rF+H)A(1)). +D4( rF+H)A(t)).}

ot (4T HA(0) +30(4T 1A) 307 (5] W10,
1 1

+=D’ (ﬁ(t) Hﬂ(t))Y—ED“(ﬂ(t) HA(t)).}=0 (28)



82 On Second-Order Fritz John Type Duality for Variational Problems

In view of (Az),the equality constraint of the problem (SF,CD), implies that

r+0. Hence r>0.
Let w=0,(27) implies&(t)=0,t I and from (26) implies L p=0,ie, tf=0,
r

for r > 0.
Consequently from (28), we have
[yt g, -Dy®) g, +HA(1)]=0, tel,
which because of hypothesis (A,), yields 7=0. From (20), we have £ =0. Hence
(7,0(t),&,n(t),@)=0, tel, ensuing a contradiction to Fritz John condition to

(25), thus @ >0.
Multiplying (18) by y (t), then (26), (27) and (21) along with » >0, we get

[£2B@)" ()" 9,)+ BO)T (H +(yg,),) 1)}t =0
[{BOT(H +(y9,),)80)} dt ==2[ BE) (y(t)" g,)dt <0
But [A®)" (H+(y®'g,),)At)dt>0.

Hence p(t)=0,tel.From equation (27), 6(t)=0,te 1 and from equation (18)

_n®)
12

g= <0, tel, implying the feasibility of x for (CP) and the objective

functions of (CP) and (SF.CD) are equal there. Under the stated second-order
generalized invexity condition, by Theorem 4.1, X is an optimal solution for
(CP).

6 Natural Boundary Values

In this section, we formulate a pair of dual variational problems with natural

boundary values rather than fixed end points.
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(CR)  Minimize [ f(t,xX)dt

Subject to
g(t,x,x)<0,  tel.

(SF.CD,) Maximize  [{f(tu,u) —% BO)F () A(D}dt

Subject to
Tf+yt)'g,-D(f,+yt) g,)+(TF+H)B()=0, tel

[ 9t.u.0) -2 40 TH A0, te
(r,y() =0, tel
(r,y()) =0, tel

rf,(tuu)+y(t) g,(tuu) =0,tel

t=a

rf, (tuu)+y(t) g, (tu,u)

=0,tel
b

t=

83

(29)

(30)
31)

(32)
(33)

(34)

(35)

We shall not repeat the proofs of Theorems 3.1-5.1, as these follow exactly

on the lines of the analysis of the preceding section with slight modifications.

7 Nonlinear Programming Problems

If all functions in the problems (CPp) and (SF.CDy) are independent of t

and b—a=1, then these problems will reduce to following pair of Fritz John dual

nonlinear programming problems, studied by Husain et.al [7].
(NP): Minimize f(x)
Subject to
g(x)<0.
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(SF.D,) Maximize f(u)—% BFB
Subject to
rf+y'g,+(rF+H)B=0
V'g-—p"H f0
(r,y)=0,(r,y) =0,

where

F=f, (u)=v*f(u),and H=(y()"g,) =V*(y'g).
(SGF.CD,): Maximize (f(u)—%ﬁ”ﬁﬂj

Subject to
rf, (u)+y' g, (U) -V (rf (u)+y'g(u)) 5 =0

Z(y‘g‘(u)—%ﬂﬁ‘ﬁjzo, @=012,..k

e,
(r,y‘)ZO
(r,yi,iela,aeN);ﬁO.
It is pointed out that the duality results between (CPF,) and (SF,D,), and
between (CPR,)and (SGF,CD,) are immediate consequences of the preceding
extensive analysis of this research. If g =0, the dual problems (SF.CD) and

(SGF,CD) reduce to the problem to the following nonlinear programming

problems whose duality is extensively discussed by Weir and Mond [11]:
(NP): Minimize  f (x)
Subject to
g(x)<0.
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(SF.D) Maximize  f(u)
Subject to
rf,+y'g, =0,
y'g>0,
(r,y)=0,
(r,y)=0.
(SGF,CD): Maximize (f(u))
Subject to
rf, (u)+y'g,(u)=0,

Y (y'e'W)=0, =012k

iel,

(r.y')z0,
(r,yi,ie |, ae N)¢O.
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