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On Duality Principle in Exponentially Lévy Market
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Abstract

This paper describes the effect of duality principle in option pricing driven by
exponentially Lévy market model. This model is basically incomplete - that is;
perfect replications or hedging strategies do not exist for all relevant contingent
claims and we use the duality principle to show the coincidence of the associated
underlying asset price process with its corresponding dual process.

The condition for the ‘unboundedness’ of the underlying asset price process
and that of its dual is also established. The results are not only important in

Financial Engineering but also from mathematical point of view.
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1 Introduction

Ever since the seminal article of Fisher Black, Myron Scholes, and R. Merton
[4] on the analytical model that would determine the fair market value of options
paying no dividends, and their reformation in terms of martingale theory by
Harrison and Pliska [12], stochastic analysis has become indispensable in the
study of modern finance. Stochastic analysis and martingale theory appear to be
tailor made for their applications in mathematical finance; where the proceeds
from the investment in an asset can be represented as a stochastic integral, while
the rational price of an option on an asset equals its discounted expected payoff
under a martingale measure.

Initially, the applications relied mainly on the use of Brownian motion as the
driving process but empirical evidence showed that this assumption is too
restrictive. Hence, one of the remedies was to consider Lévy processes as the
driving force as pioneered be E. Eberlein, D. Madan and their co-workers in [6]
and [7], since for any time increment At, any infinitely divisible distribution
(i.d.d.) can be chosen as the increment distribution over periods of time At and
also, they can describe the observed reality of financial markets in a more accurate
way than models based on Brownian motions, since, in the real world, we
observed that asset price processes have jumps or spikes and risk managers need
to take them into consideration; these jumps are considered in Le vy processes.

Bachelier [2] proposed the exponential Brownian motion expB; as a stock
price model. Few years later, an exponential Levy process model with a
non-stable distribution was proposed by Press in [8].
For investors and option traders, the price of the option is not the only thing of
interest. The duality principle which establishes a call-put parity in option pricing
plays a vital role. The duality principle as noted by Papapantoleon [25] and EPS in
[7], demonstrates its full strength when considering exotic derivatives.

This paper is structured as follows: section 2 deals with preliminaries on

Lévy processes and exponentially Lévy market model, section 3 takes care of
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the duality principle with a corresponding theorem. In section 4, the applications
of the main results are presented, and a concluding remark is made in section 5.

With regard to our results, we can therefore say that the work is very
effective in the option pricing theory from the theoretical point of view.

2 Preliminaries

Definition 2.1 Let L = {L;:t = 0} be a Lévy processes defined on a filtered
probability space (u, B, 2, F(B)), that is, L is an adapted stochastic, right
continuous process starting from zero (0) with stationary and independent
increments.

Under the market measure PP, the Le vy process {L;}; = 0 is assumed to follow
the process given by:

Ly = put+ oWt+ YNt ¥n (2.1)
where [ is a mean rate of return, W; is a Brownian motion, o is a volatility
parameter, N, is a Poisson process and Y,, isa jump size variable.

Equation (2.1) shows the three components of a Lévy process: a purely

deterministic linear part, a Brownian motion and a pure-jump process.

2.1 Exponentially Lévy Processes

Let S; be the underlying asset price process and suppose that a filtered
probability space (1, B, 2, F(B)) is given and that the asset price process
S, = Spe™* Lt s defined on this space, where L, is a Lévy process, and r
is the interest rate on a non-risky asset, we therefore call such process S; an
exponential Le'vy process (henceforth ELP). It is remarked that any Lévy

process has a specific form of its characteristic function given by
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Lévy-Khintchine formula.

Thus, for xeL; ,t = 0, the characteristic form of L = {L;:t = 0} is:
@, (0) = E(e'®)) = exp (tV* (8)) (2.2)
V*(0) = i(b,0) — %(a@; 0) + frale®? —1— i(6;x). 1yepea]o(dx)  (2.3)
where beR% , a=a(dxd) is a positive definite symmetric matrix, and
v=v(dx) is a Lévy measure on R¢ such that v(0) =0 , 1gxp<1 denotes
an indicator function and
Jra (x[*ADv(dx) < oo
It is noteworthy to point out that <px(e) is specified by three characteristic

triples a,b and v. For instance: if X~N(m,c?), then, b = m and a = o°

with v = 0 implies that

0,(0) = E(expifs, X)) = exp(tli(m, 6) —(6,00%)])
which is the characteristics function of a Gaussian random variable X;.
If X isarandom variable having a Poisson distribution with parameter A, then
v(dx) = Alyp<1(dx) is a measure concentrated at the point x =1, b = 4,

hence,

0, (0) = expAlexp(i0) — 1] = e?l"~1]

3 Duality Principle

The duality principle plays a significant role in option pricing theory. This
was carefully analyzed in [7] in terms of several assets whose price processes are
driven by general semi-martingales.

The duality principle states that the calculation of a call option for a model
with price process S = exp(H) with respect to the measure P is equivalent to

the calculation of the price of a put option for a suitable dual model with price
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process S* =exp (H*) with respect to a dual measure P*, where H in
particular isa Lévy process.

In what follows, we shall assume that S is also a martingale on [0,T]; thus,
the mathematical expectation of S at maturity is one (1), that is E(S;) = 1, this
allows us to define on (4, B, 2, F(B)) a new probability measure P*
with

dp*

aP = ST (31)
Since S is a martingale  and 0 <t <T,then (3.1) gives:
dP*|Pe
dplre St
and forS> 0 (p.a.s),wehave that P < P* and % = Si
T
Introducing the process:
» -1
St = (3.2)
and denoting H* the dual of H with H* = —H gives:
S* = exp (H") (3.3)

Remark 3.1 The following reveal the call-put duality in option pricing depending

on the nature of option(s) that are involved.

Definition 3.1 European call and put options In the case of a standard a call
and a put option, the payoff function on them is defined and denoted as:
f= { (S; — K)*, for call options (3.4)
r (K —S;)*, for put options (3.5)
where K > 0 is the strike price, and the associated option prices are given by the
formulae:
E[fr] _ {CT(S; K) = E[(St — K)++], for call optifJns (3.6)
Pr(K; S) = E[(K —St)T], for put options (3.7)

for [E the expectation operator with respect to the martingale measure IP.
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Using S = exp(H) in equation (3.6) with E[(St)]* =1,KK* =1, and
SrS* ¢ =1 gives the below relation:

1 1
E[f7) = Cr(S; K) = E[Gr ~ K)* = ELKS, (p — 5 )

= KE[(Sr (§ — &))" 1= KIE' (K = 97 ]

= KP*p(K*, S (3.8)
Similarly, using (3.7) yields the following relation:
E[f;] = Pr(K;S) = E[(K —Sr)*]= KC'r(S™;K") (3.9)

Remark 3.2 Comparing (3.6) with (3.8) and (3.7) with (3.9) gives the following

results:

Theorem 3 For standardized call and put options, the option prices satisfy the

following duality relations
1
KCT (S;K) =P (K", S%)
and
1
where P* (K", S*) and C*(S*;K*) are the corresponding prices for put and
call options respectively, with  S* as the price process computed with respect to

the dual measure P*.

The proof of Theorem 3 is immediate from Remark 3.1 above.

4 Applications of Results

4.1 Options Parity

Suppose S is the price process of an underlying asset and P is the associated
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probability measure, then the call and put prices in markets (S; P) and (S*; P¥)

satisfying the duality relations are connected by the following:

o Call-call parity:
Cr(S;K) =KC* +(S;K) +1-K (4.1)
and
e Put - put parity:
Pr(K;S) = KP*p(K*;S) 4+ K —1 (4.2)
Recall from (3.4) and (3.5) that
fr =max(Sy =K, 0) = (S — K)*,
hence, the following identity holds:
St —K* =K-Sp)* + S¢-K (4.3)
Taking mathematical expectation of (4.3) with respect to the measure P gives:
E(Sr — K)* = E(K —Sr)™ + E(Sp) — E(K)
>  Cp(S;K)=P(K;S) +1—K (4.4)
Applying Theorem 3 and (4.1) on (4.4) gives:
Cr(S; K)= KC"¢(S*";K)+1-K (call - call parity)
Similarly, for put-put parity:
fr =max(K— Sy, 0) = (K- S;)", (4.5)
We recall from (4.3) and (4.4) that:
Cr(S; K) = Pp(K;S) +1—K and Cp(S;K) = KP* (K% S*)
(From Theorem 3)
Hence, relating (4.5) and Theorem 3 with (4.4) gives:
Cr(S; K)= Pr(K;S) +1—-K
KP* +(K*,S$*) = Pp(K; S) +1—K (4.6)
Showing that:
Pr(K; S) = KP*¢(K",S*)+K—-1 (put - put parity)
Whence, the markets (S; P) and (S*; P*) satisfied the duality relation and are
connected via the call - call parity and put - put parity Q.E.D.



166 On Duality Principle In Exponentially Lévy Market

4.2 The dual dynamics
Consider the stock price process of a risky asset defined by
S, = Spe’t +lt (4.7)
For a Lévy process L and r the interest rate, letting L, = (A -1 — ”72) t+ oW,
in (4.7) gives:

2
(A—o’?)tﬁ‘ O'Wt

(4.8)

where A is the drift parameter (rate of return), o is the volatility rate and

St = Soe

W = {W;:teR,} is a standard Brownian motion. Therefore, the associated
dynamics of the process is:
dS, = S,(Adt + odW,) (4.9)
Suppose the (financial) market is purely volatile such that:
S = exp(H)eM(IP)
i.e. Sisa P-martingale, such that (4.8) and (4.9) become:
S; = exp {aWt — %Zt} (4.10)
and
dS, = aS,dW, (4.11)
respectively, where H = {aWt— %Zt} , then, the dual price process S* =

efl” = e~H ynder the dual measure P* has stochastic differential
dst* S _O-St*(th - O-dt), With SO S 1
Proof:
o2 .
St = exp {aWt — ?t} , with S, = 1 shows that:
0.2
S; = exp(H*) , H=exp{oc W, — 7t}
Sy = exp(H") = exp(—H)
= exp (%Zt — aWt) (4.12)

Applying one-dimensional version of 1t6 formula on (4.12), with X = §* =W
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implies that:
dSt* = th, fOI’

g=0, f=0,and u(t,S*) =exp (%Zt - aSt*)

hence,
ou _ 0'2 * u _ * azu _ 2 *
Tzt oy T TOSt. G5r T OS
But
% d 0 1 02 d
du(t,s) = (3 + g2 + 2228 Var + f 2 aw,
* a? * 1 2 * *
= O-ZSt*dt - O—St* th
4.3 Remark

() Considering (4.10) and (4.11) above, where the market model is purely
volatile, if the volatility rate is so small; (i.e. ¢ — 0), then the associated price
process S, = exp(H,) and its dual process S,” = epx(H,") = epx(— H,)
become a constant say (S,). That is;

Se= S = So
with dynamics process dS,” = dW, = 0, where E(St) = E(S,) = 1.
This shows the coincidence of the associated underlying asset price process with
its corresponding dual process.
(i) In (4.8), if the volatility rate is again so small (i.e. ¢ = 0), then the asset
price process becomes S; = Syexp(At) and the corresponding dynamics of the
price process is purely deterministic. In this case, the asset process grows without
bound, where dS; = AS.dt.
Showing that the underlying asset is virtually riskless. At this time, the payoff of a

European call option with this underlying asset is:
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fT = (ST - K" = (SoeM_K)Jr :

5 Concluding Remarks

The previous sections with regard to the corresponding remarks reveal the

strength of the duality principle from the theoretical point of view and its

usefulness in Mathematical finance. The models are quite powerful candidates for

an incomplete market. Our next target is to verify the immense usefulness of this

work in the actual world in terms of computational analysis.
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