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Topological pressure for set-value map

Zhitao Xing' and Lijun Zhang?

Abstract

In this paper we introduce the topological pressure for set-value map.

We also study some properties of it.

Mathematics Subject Classification: 28D20; 37A35
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1 Introduction

In 1959, Kolmogorov and Sinai developed the metric entropy from Shannon’s
information theory into ergodic theory. Since then, the notion of entropy has
played a vital role in dynamical systems. The subject of topological entropy
was first introduced by Adler, Konheim and McAndrew [1] in 1965. They take
the topological entropy as an invariant of topological conjugacy and a numer-
ical measure for the complexity of a dynamical system. In 1971, Bowen [4]
provided an equivalent definition in the context of metric spaces. Topological
pressure is a generalization to topological entropy for a dynamical system. In
1973, Ruelle [20] first introduced the concept of topological pressure of additive
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2 Topological pressure for set-value map

potentials for expansive dynamical systems. Later in 1982, Walters [24] ex-
tended this concept to the compact space with the continuous transformation.
The topological pressure can be stated as follows: Let (X, d) be a compact
metric space and T : X — X be continuous map. Recall that C'(X,R) is the

Banach algebra of real-valued continuous functions of X equipped with the

supremum norm. For f € C(X,R) and n > 1, let (S,f)(z) = nz_:lf(T":c)

Define . =
P(T,f)= llin lim sup - log Q. (T, f,e),

n—oo

where

Qn(T, f,e) = inf { Ze(S"f)(Tix) : S is an (n, &)-spanning set }

zes
Walters also gave the conclusion that
1 1
lim lim sup — log Q.. (T, f, &) = lin% limsup — log P,(T, f, ¢),
e~V n—oo =0 oo N

where

P,(T, f,e) = inf { Ze(s”f)(TiI) : E is an (n,e)-separated set }.
z€E
Topological pressure was further developed by Pesin and Pitskel [17]. Further-
more, many nonlinear physical problems involve a complex discrete dynamical
system. Topological pressure contains information on the dynamics of the sys-
tem, and different energy functions decide different dynamics. Related studies
include [8, 9, 10, 11, 16, 18, 22, 21].

The study of the set-valued dynamical systems has been increasing along
these years following the success of the single-value case. For instance, Maschler
and Peleg [13] investigated the existence of endpoints for set-valued dynam-
ical systems through the notion of stable sets. In [2] the notion of invariant
measure for set-valued dynamical systems, generalizing the same concept in
the single-valued case was introduced. In 2015, Carrasco-Olivera, Alvan and
Rojas[5] introduced two kinds of entropies by using separated and spanning
sets for set-valued maps on metric spaces, which call separated topological en-
tropy hs.(f) and spanning topological entropy hs,(f). More specifically, let X

be a metric space and f a set-valued map of X. Define

Log sn.c log 71,c
hee(f) = lim limsup —2"% and hy,(f) = lim lim sup —2 "<
n

e—0 n—oo e—0 n—o00
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where s, . is the supremum cardinality of all (n,¢)-separated sets and r,, . is
the minimum cardinality of all (n, £)-spanning sets.

Further notions of invariant or coincidence measures are given in [14, 15, 23].
In 2015, Kelly and Tennant [12] study the dynamics of upper semi-continuous,
set-valued functions. By Bowen’s definition of topological entropy, they defined
the topological entropy of set-valued functions denoted by A(F'). It can be
stated as follows: Let X be a compact metric space, 2% the set of all non-
empty compact subsets of X and let F' : X — 2% be a set-valued mapping.
Define

1
h(F) = lim lim sup — log s,, .,

e=0 pnoe N

where s, . is the supremum cardinality of all (n, ¢)-separated sets. They also

gave the conclusion that

1 1
lim lim sup — log s,, . = lim lim sup —log r,, ¢,
n € n

e—=0 5500 -0 nooo

where 7, . is the minimum cardinality of all (n,)-spanning sets. Then they
demonstrate some well-known results extend naturally to the more general
setting while others do not.

Continuous time set-valued dynamical systems and its relationship with
economic models were defined and studied in [6]. The von Neumann model
[3] is an example of a set-valued process for which much is known about the
existence of equilibrium activity rays, but somewhat less is known about the
calculation of these rays. The equilibria for this model are proven to exist and,
they may even be calculated [7] under certain added restrictions upon the tech-
nology matrices. Models of bounded rationality utilize recursive. Optimiza-
tion, generating sets of possible time paths of uncertain dynamic properties
emanating from each starting point. Simulation studies [25] where recursive
mathematical programming is used are becoming more numerous, but without
an analytic stability theory that recognizes unstable sets, an unstable set of
equilibria may allow computer roundoff error to create gross inaccuracies in
the predicted time paths. Thus there are three areas in the realm of economic
inquiry for which set valued dynamical theory would prove useful.

Now, we will give a definition of topological pressure for set-valued maps
and study some properties of it. And prove some theorems of it, which are
right for single-valued functions.
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In this paper, let (X, F') be a topological dynamical system, X a compact
metric space, 2% the set of all non-empty compact subsets of X, and let F :

X — 2% be a set-valued mapping.

2 Definitions of topological pressure for set-

valued maps

In this section, we will give a definition of topological pressure for set-valued
maps and study some properties of it.

In [12] Kelly and Tennant defined the topological entropy of set-valued
maps as following: Let X be a compact metric space, 2% the set of all non-
empty compact subsets of X and let F' : X — 2% be a set-valued mapping.
We call (X, F') a topological dynamical system.

A forward orbit for the system (X, F') is a sequence (zg,x1,Ta,...) in X
such that for any ¢ > 0, 2,41 € F(x;). Fix n € N, an n-orbits for the system
(X, F) is a finite sequence (x, ..., Z,—1) in X such that for any i = 0,...,n — 2,
Ti1 € F(x;).

Given a set A C X, and n € N, we define the following orbit spaces:

Orb, (A, F) = {n—orbits (Z0y ey Tpo1) Ty € A},
—
Orb(A, F) = {forward orbits (zg,x1,...) : kg € A}.

Each of these is given the subspace topology inherited as a subset of the
respective product space. Let d be the metric on X, and suppose that the
diameter of X is equal to 1. For any n € N, we define a metric D on H;:Ol X
by

Dix,y) = jmax d(zy;).

If A €{Z,Z>0,7Z<o}, then we define a metric p on [[,., X by

X,y) = sup — :
pIXY) = sup

Also, for any set L C A, we define the projection map 7y : [[,c, X —
[Ticr X by 71 = (%:)icr-



Zhitao Xing and Lijun Zhang )

Definition 2.1. [12] We say that E C Orb, (X, F) is (n,c)-separated , if

for any

(Io, ) xnfl)v (y07 () ynfl) S E7

d(x;,y;) > € for at least one i € {0,...,n — 1}. Let s,(g) denote the supremum

cardinality of all (n,e)-separated sets .

Definition 2.2. [12] Let (X, F) be a topological dynamical system, and
let € > 0, n € N. An (n,¢)-separated set for F is an e-separated subset of
Orb, (X, F). Let s, (F) denote the supremum cardinality of all (n,€)-separated
sets of F.

Definition 2.3. [12] Let (X, F) be a topological dynamical system, F a
set-valued map. Given € > 0, the c-entropy of F is defined to be

1
h(F,e) = limsup —log s, ¢,
n

n—oo

and the topological entropy of F' is defined to be
h(F) = lin% h(F,¢),

where s, is defined in Definition 2.2.

Definition 2.4. [12] We say that S C Orb, (X, F) is (n,e)-spanning if
for any (zg,...,xn_1) € Orb, (X, F), there is a (Yo,-.-,Yn_1) € S such that
d(zi,y:) < e, foralli € {0,...,n—1}. Let r,(g) denote the minimum cardinality

of all (n,e)-spanning sets.

Definition 2.5. [12] Let (X, F') be a topological dynamical system, and
let ¢ > 0, n € N. An (n,e)-spanning set for F is an e-spanning subset of
Orb, (X, F). Let 1, .(F) denote the minimum cardinality of all (n, €)-spanning
sets of F.
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It was shown in [19] that

1 1
lim lim sup — log s, - (F') = lim lim sup — log r,, . (F'),

e=0 poo N =0 pooo M

where 7, . is defined in Definition 2.5. Let C'(X,R) denote the Banach algebra

of real-valued continuous functions of X equipped with the supremum norm.
Then we give the definition of topological pressure of set-valued functions
by using spanning sets or separated sets. For f € C(X,R) and n > 1, let

(Suf)(x) = z F().

Definition 2.6. For f € C(X,R), n>1 and ¢ > 0 put
Qn(F, f,e) = inf { Z Snf)@ 2 S s an (n,€)-spanning set for F}
€S
Put
Q(F, f,2) = lmsup — log Qu(F, /. ).

Define
P(F, f) = lim Q(F, ).
Definition 2.7. The map P(F,-) : C(X,R) — RU {oco} defined above is
called the topological pressure of F.

Next we shall give an equivalent definition of pressure with separated sets.

Definition 2.8. For f € C(X,R), n>1 and e > 0 put

P,(F, f,e) =sup { Ze(s"f)(w) : E is an (n,e)-separated set for F'},

zeE

1
P(F7f7€) :hmsup—logpn(F,f,e),
n

We call P'(F, f) = lim P(F, f,¢).

Proposition 2.9. For f € C(X,R),n>1 and e > 0,

P(F, f) = hr%hmsup loan(F f,e)

n—oo

= lim lim sup log P.(F, f,¢e).

e=0 pooco



Zhitao Xing and Lijun Zhang 7

Proof. Let n € N and € > 0. First, we show that

QTL(F7f7€) Spn(Fﬂf76)‘

Let E C Orb, (X, F) be an (n, €)-separated set for F' of maximal cardinality.
Then for any x € Orb, (X, F), there exists y € F, such that D(x,y) < ¢, i.e.,

oJnax d(zi,y:) < e.

So d(z;,y;) <e, forany i =0,...,n — 1.
Then E be an (n,e)-spanning set for F. By definition of topological pres-

sure,
Qn(F7 f? E) S Pn(F7 f’ 8)'
It follows that

lim lim sup log Qn(F, f,e) < hm lim sup—logP (F, f,e).

=V n—ooco n—00

Next, we show the opposite inequality.

Let n € N and ¢ > 0. Since f € C(X,R), so, if 6 > 0 is such that
d(z,y) < §, implies |f(z) — f(y)| < 6. Then €™ Q,(F, f,5) > P,(F, f,¢).

To see thls, let E be an (n, €)-separated set of F, S be an (n, §)-spanning set
of F. Define ¢ : E — S by choosing, for each x € E, some point y = p(x) € S
with D(x,y) < 5.

Then ¢ is injective, so

Z e(Sn ) > e(Sn )
yes yvep(E
— Ze nf)(p(x nf) (%) o(Sn f)(*)
xeFE
> (Snf)(p(x)—=(Snf)(x) (Snf)(x
> mige D
xek
Z f(‘ﬂ mz —f(z))
= i= e(Onf)(x
xeFE

> e* ZZ |f (@) —f ()] Z e(Snf)(X)

xeFE

> 0§ oS

xelk
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Since E, S are arbitrary, it follows that €™ Q,,(F, f, 5) = Pu(F, f,e).
So 1 1
lim sup — log Q,,(F, f, %) + 9 > limsup —log P, (F, f,¢).
n n

n—oo n—oo

60— 0ase—0,so

1 1
lim lim sup — log Q.. (F, f, %) > lim limsup — log P, (F, f,¢).
n e n

=~V n—oo —Y n—ooco

To sum up,

1
P(F, f) = limlimsup — log Q,,(F, f,¢)
e— n

n—oo

1
= lim limsup — log P, (F, f,¢).
n

e=0 pooo

2.1 Properties
Now we study the properties of P(F,-): C(X,R) — RU {oc}.

Theorem 2.10. Let (X, F) be a topological dynamical system. If f,g €

C(X,R), € >0 and ¢ € R then the following are true.

(1) P(F,0) = h(F).

(2) [ < g implies P(F, f) < P(F,g). In particular h(F)+inf f < P(F, f) <
h(F) +sup f.

(3) P(F,-) is either finite valued or constantly oo.

(4) |P(F, f,e) = P(F,g,e)l < |l = gll, and so if P(F,-) < oo, |P(F, f) —
P(F,g) < |If =gl

(5) P(F,-,¢) is convez, and so if P(F,-) < oo then P(F,-) is conve.

(6) P(F,f+¢)=P(F, f) +c.

(1) P(F, f +9) < P(F, f) + P(F,g).

(8) P(F,cf) <cP(F,f)ifc>1and P(F,cf) > cP(F, f) ifc < 1.

(9) |P(F, )] < P(F, | ])

Proof. (1) By Definition 2.8

P.(F, f,e) =sup { Ze(s”f)(x) : E' is an (n, ¢)-separated set }

xek
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Then
P,(F,0,¢) = Spc(F).

It follows that

P(F,0) = hmhmsup logSnE( ) = h(F).

n—oo n
(2) As f < g, by Definition 2.6, we have Q,,(F, f,e) < Qn.(F, g,¢).
Thus, P(F, f) < P(F,g).
Moreover,

Qn(F, f,e) = inf { Z (Sn)X) . G is an (n,e) -spanning set }

x€ES

< inf { Z "/ . S is an (n, ) -spanning set }
x€eS
= e"supfrnvg(F).

So
P(F, f) = lln(l)llmsup L log Q. (F, f,¢)

n—oo

< hr% sup f + hr% lim sup 7, «(F)
=sup f + h(F),

i.e., P(F, f) <sup f+ h(F).
Similarly, we have

h(F) +inf f < P(F, f).
From the above
h(F)+inf f < P(F, f) < h(F) +sup f.
(3) From (2) and (1) we have
h(F) +inf f < P(F, f) < h(F) + sup f,
so P(F, f) = oo if, and only if h(F) = co.

(4)Before the proof, we have % < sup ().

J
Since

P(F, f,e)— P(F,g, )—hmsup—logP(ng)—hmsup log P,(F,g,¢)

n—oo n—oo

= limsup — log —n(F’ 1.€) ,
nooo M P.(F,g,¢)
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and
ZZLE; ; 8; < sup { Lxcr zgixi FE is an (n,e) -separated set }
e(Snf)(X)
< sup max 55y - E is an (n, ) -separated set |
< onlli—l,
So
P(F, f.e) = P(F,g,¢) <|If — gl
Similarly,
Pu(F,9:€) _ nlfgl
Po(F, f.e) 7

it follows that
P(F,g,%:)—P(F,f,&) S ||f_g||

Then we have

|P(F,f,€)—P(F,g,€)| < ”f_gH

It clearly that if P(F,-) < oo, then

(5)By Holder’s inequality, if ¢ € [0, 1] and E be a finite subset of Orb, (X, F),
we have

3 S NS00 < (§7 o500) 1§ o(Sr0)) 7

xeE x€EFR xelR

Therefore

Po(F,qf + (1 —q)g,e) < Po(F, f,€)"Pu(F, g,6)" 1

and (5) follows.
(6) By definition of topological pressure,

P,(F, f +¢,e) =sup { Ze(s”f)(x)”w : E is an (n,e)-separated set }.
xXER

So

P(F,f+¢)= hmhmsup—logP (F, f +c,e)

n—oo

=P(F,f)+c
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(7) Let E' is a (n,e)-separated set of F. Since

supZe Snf)(x)+ ) < supZeSf x) supZe n)(

xeFE xelR xelR

So
Po(F, [+ g,6) < Pu(F, f,e)Pu(F, g, €).
Thus

P(F,f+g) < P(F, f)+ P(F,g).

k k
(8) If ay, ..., ay are positive numbers with > a; = 1 then > af < 1ifc>1,
i=1 =1

k
and Y af > 11if ¢ < 1. Then, if F is a finite subset of Orb, (X, F') we have
i=1

Z e(Snf)(x Z eSn NN 4t ¢ > 1,

xEFR xcF
and
Ze(s"f > Ze(s"f “ife <.
xel xeFR
So
Py(F,cf,e) < (Pu(F, f,e)) ifc > 1,
and
P,(F,cf,e) > (Pn(F, f,a))c if c <1.
Therefore
P(F,cf) <cP(F, f)if ¢ > 1,
and

P(F,cf) > cP(F, f)if ¢ < 1.
(9) Since —|f| < f < |f], by (2), we have

P(Fv_‘f‘v‘E)SP(F7f7€)§P<F7|f|78)'

From (8) we have
_P(F>|f|) SP(Fv_|f|)>

SO

|P(F, )l < P(E|f1)-
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3 Topological pressure of iterates

In this section, we will demonstrate the relationship between the topological
pressure of a set-valued map and the topological pressure of its iterates. Before
that, we show the following well-known result for continuous functions on

compact metric space.

Theorem 3.1. Let X be a compact metric space, T : X — X be continuous,
and let f € C(X,R). Then, if k > 0,

P(T*, Spf) = kP(T, f).

The result does not hold for set-valued map. However, in Theorem 3.4,
we show that for any topological dynamical system (X, F) and any k €
N, P(F, f) < P(F* S.f) < kP(F, f). First, we give the following lemma.

Lemma 3.2. Let (X, F) be a topological dynamical system, f € C(X,R),
n € N,e >0, and E be an (n,e)-separated set for F. Let k,m € N, such that
(m—1)k <n <mk, and let L =n — (m — 1)k.
Let
Ai={iyi+k,i+2k, . i+ (m—1)k},

foranyi=0,..,L —1,
and let
= {i,i+k,i+2k, ...i+ (m—2)k},
foranyi=1L,.. k—1.
If, for each i = 0,....,k — 1, take E; is the largest 5-separated subset of
7, (E) , then

Z (Snf)(@) < H Z Sy @) - where

zeE i=0 xzeE;
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Proof. Define I' C X™ is the set
k—1
I'=()m(E).
i=0

Then

k—1
zkmmmSH(ZkWMMLWMm
=0

xel XGEZ'

m, i=0,..L—1,
m-—1, +=0L,....k—1.

We next show that > e/ < $™ o5/ by demonstrating that

xeFE xel

3 N0 < § oSN,

x€E\TD xeT\E

Suppose x € E\I'. For each j = 0, ...,k — 1, consider the point 7m4,(x), and
define

Dj(x) = {y € By : Dy, ma,(x)) < 5 }.

Then there exists some 0 < j < k — 1 such that m4,(x) ¢ Ej, since x is
not in I'. Hence m4,(x) ¢ I';(x). Since Ej is the largest §-separated subset of
ma,(E), then we have I'j(x) # () for each 0 < j <k — 1.

Now define

) = (Vs 060

Then for any z € I'(x), D(x,z) < 5. Hence, since I is (n,¢)-separated,
and x € E, z ¢ E. Because this is right for all z € I'(x), it follows that
I'(x)E = 0. Moreover, as for each 0 < j < k — 1,|I';(x)| > 1, we have
IT'(x)| > 1. Hence, there exists at least one point z € I'(x)\E C I'\ E, for any
point x € E\T.

Next we show that, if x,y € E\I', then I'(x) I'(y) = 0. This is due
to the fact that if there existed a sequence z in I'(x) (I'(y), then D(x,y) <
D(x,z) + D(y,z) < € which contradicted with E being a (n, €)-separated set.

Define a map ¢ : E\I' — I'\E such that for each x € F\I', there is
z = p(x) € I'\E with D(x,z) < 5. Then ¢ is injective.



14 Topological pressure for set-value map

Let € > 0, there exists § > 0 with that d(z,y) < § implies |f(x) — f(y)| <
S, f € (C,R).
Thus,

T el = S oSS+ o()
x€E\ x€E\T
= T eSS o500

x€E\T

n—1
S Z eigo ‘f(xl)_f(w(x’))le(Snf)(cp(x))
x€E\T

< Z e a(Snf)(2)
zel\E

= 3 s,

zel\E

Since ¢ is arbitrary,

T e < § e,

x€E\T 2€D\E
So
Z e(Snf)(x) S Z e(snf)(x)
xelk xel’
k—1
< H ( Z e(ss(i)f)(x)),
=0 x€eF;
1.€.,

k-1
Z e(Sn ) < H ( Z NG where
i=0

xeE xeE;
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Lemma 3.3. Let (X, F) be a topological dynamical system, and let f €
C(X,R), k € N. Then for alln € N and € > 0, if m € N is chosen such that
(m—1)k <n <mk, Then

Pu(F, f,€) < (Pu(F*, Skf,e))".

Proof. Let n € Nand € > 0, and fix m € Nsuch that (m—1)k <n < mk,let E
is an (n, )-separated set for F' of maximal cardinality, and let L = n—(m—1)k.
Let
Ay ={ii+k,i+2k, .. i+ (m—1)k},

forany 1 =0,...,L — 1,
and let
Ai={ii+ki+2k, .. i+ (m—2)k},

forany i =L,....k— 1. If, for each i =0, ..., k — 1, E; is taken to be the largest
5-separated subset of 74, (£). By Lemma 3.2,

k—1
Z e(snf)(x) S H ( Z 6(39(i)f)(x))7 where
1=0

x€eE xeE;

m, 1=0,..,L—1,

m—1, i=1L,. k-1

Moreover, E; is an (m, §)-separated set of F*, for i =0,...,L —1, and E; is
an (m—1, §)-separated set of F% fori = L,...,k—1. Without loss of generality,

(Smf)(x) — (Sg(i)f)(x) < i< -
ot xezEje OSHilgalgil{ ;Eie }’ forany 0 <j<k—1

Therefore,

3 SN0 < (37 oSNk,

xeFR XGE]'
It follows that
Pn(Fv f7 {—:) < (Pm(Fka Skf7 8)>k
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Theorem 3.4. Let (X, F) be a topological dynamical system, and let f €
C(X,R), k € N. Then

Proof. First, we show that

Let n € N, and E is an (n, ¢)-separated set of F* with the largest cardinality.
For each (zg,...,2,_1) € E, take (Yo, ..., Ynk—1) € Orb,, (X, F) such that for
each i = 0,...,n — 1, yi = i, let E' = {(Yo, .., Ynk—1) € Orbuu(X, F) : yy =
i1 =0,...,n— 1}.

Then for every y,y € E', D(y,y') = | nax l(yi,y;) > . So E' be an

(nk,e)-separated set of F.
By Definition 2.8, P,(F*, Sy f,e) < Pu(F, f,€). So

1 k
lim sup — log P, (F*, Si.f, e) < lim sup — log P(F, f,¢).
n—oo n—oo N

Then P(F*,S.f) < kP(F, f).

Next we show that P(F, f) < P(F*, Sif).

By Lemma 3.3 , if n € N, and m € N is chosen such that (m — 1)k < n <
mk, then

Pu(F, f,€) < (Pu(F", Sf,2))".

So

mk

log Pm(Fk7 Skf7 6)'

1 1
—lOan<F,f,€)§ -
n n -m

Since m — oo as n — 00, we have

1 k1
limsup — log P, (F, f,e) < limsup m——long(Fk,Skf, £)
n n m

n—oo m—0o0

= lim sup s log P,,(F* S;f,¢)
m—oo M

where § = mTk
As (m — 1)k < n < mk, it follows that 5 — 1 as n — oco. Then, P(F, f) <

O
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