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Abstract

Taking advantage of martingale pricing method and insurance actuary pricing method,we
obtain the martingale pricing formula and the insurance actuary pricing formula of the
mortgage common insurance , when the real estate price is driven by general O-U process;
Furthermore, we prove that the two pricing results is different and the insurance actuary
pricing is essentially a arbitrage pricing.
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1 Introduction

Housing mortgage guarantee insurance refers to the insurance which credit bank requires
the housing buyers who lending money from the bank to cover, and who should paying a
certain amount of premium to insurance company when they lending money from the
bank . Insurance company as a guarantee to reimburse the bank for the loan of housing
buyers, the bank properly lending money to housing buyers and give a favor to borrowers
on the interest and loan deadline and so on.

If borrowers break the contract, within the loan deadline, who can’t reimburse on
time .Thus, the underwriter (the insurance company) should compensate the loss of the
bank. There are two types of housing mortgage guarantee insurance, the one is all secured
and the other is partially secured. Partially secured refers to the insurance company
guaranteed a certain amount of housing mortgage balance in order to reduce the liability
of credit risk [1-3].
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This article, on the basis of foreign insurance experience in mortgage insurance, conducts
some innovative design about the mortgage guarantee insurance. If the loss is within the
proportion of guarantee k; it is entirely borne by the insurance company; if it is beyond ki,
it will be allocated between the insurance companies and lending institutions in
accordance with the proportion k,, which can be called co-insurance. Suppose A, (loan

principal and interest) is the amount of the guarantee, M (T) is the unpaid amount for the
moment T,H(T)is the value of the property for the moment T and «is the housing

value ratio (constant) after realizing the mortgage, the income at the expiration of the joint
insurance policies hold by lending institutions can be expressed as:

)

T

max(M (T) —aH (T),0), max(M (T) —aH(T),0) <kA,
{kfwkz[M(T)—aH(T)—klAb], M(T)-aH(T) 2 kA,

2 The Construction of Mathematical Models

Given the financial market in continuous time, taking 0 as now and T as the due date;
Given a complete probability space (Q2, F, P), assume that the unpaid amount M (T) is
a constant at moment T (can be obtained by credit evaluation of risk and suppose
M(T)>k,A, ) , and the risk-free rate r(t) is the function of time t, property values
H(t) meet stochastic differential equation as follows:

dH (t ~

L= L -aln(H Ot + o O3B, H(O)=H @
Where, o(t) are continuous functions of the time t , o(t)>0,{B(t)},.; Iis
one-dimensional standard Brownian Motion of (€, F,P) , (F)yqs is the
corresponding natural information flow, F, = F .The role of the constant a(>0) is that

when prices rise to a certain height, it makes a downward trend in H(t), and the

expected rate of return in this model depends on the property values.
Lemma 2.1 Assume property values meet (2), then we have

H(t) = H* " exp{[ ; [u(s) - % o*(9)]eds +e* | ; e*o(s)dB(s)} @)

at

E[H ()] = H* " exp{] [u(s) - % o (s)]e-*ds + % [o*We*=ds} 4)

3 The Martingale Pricing of Housing Mortgage Common Insurance
Here,we assume the financial market is complete and no arbitrage.The traditional
martingale pricing methods is used to obtain the insurance pricing.

Let O(t) =420 0<t<T, be a process adapted to (F )y, . Define a new

probability P by:
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:_P_exp{ [} owdBw)-> j (6(u))*du},

and define a process {B(t)},..r by dB(t)[ &(t)dt +dB(t).

According to the Girsanov Theorem,the probability P and P are equivalent;Under
P the process B(t),0 <t <T,is a Brownian motion,and we have
dH (t)

— r(t)dt + o(t)dB (D).
H (t)
Thatis: H (t) = H exp{j;(r(s) —%az(s))ds + j; o(3)dB(s)}.
For convenience, assume that d)(x)z% “ e @245 represents normal
T Y

1, foeA .
0, ifogA’
with mean 0 and variance 1, E(-) represents mathematical expectation.

[, o(t)dB(t)
Let X =kt j o?(t)dt > then X ~N(0,1).

distribution function, 1,(®)= { N(O, 1) represents normal distribution

Let:A:{M(T)>aH(T),M(T) aH(T) <kA}, B={M(T)-aH(T)>kA}.

According to martingale pricing method,the value of housing mortgage loan co-insurance
satisfies :

V= £l MM —aH )10+ e P (A + (M —aH (T)— kAT, ]
j r(t)dt

[ et

=Me " E,]-a

[T [T~
+ (kA —kk, A +k,M)e *° E[lg]-ake ™ E"[H(T)Ig]

ETH(T)L] 5

To compute V, ,we first compute set A.
A={M(T)>aH(T),M(T)—-aH(T) <kA}
:{ |n(%) —IOT r(t)dt+%z< < jOT o(t)dB(t) < |n(aﬂH) —joT r(t)dt+%/(}

T
= {dljo 6(\;?8(0&2} = {dl < X< dz}

Similarly, B={M(T)-aH(T)>kA}I={X <d,}.
Then,we have: E-';[IA] =d(d,)-d(d,) (6)
EP[IB]=CD(d1)- (7)
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—J.Tr(t)dt 5 —jTr(t)dt jTr(t)—laz(odt = ITa(t)dB(t)
e’ E'[H(M)I,]=He " e’ 2 E'[e”

{d1<X<d2}]

1 ~

= He ZEP[e" "1y, ]= HIO(WK —d,) - Dk —d,)] (8)
T T T 1 2 T

—-| r(t)dt = —| r(t)d r(t)—-o°(Mdt % o(t)dB(t)
e Io t tEP[H(T)IB]:He J.o t teJ‘O t 2 t tEP[eIO t t {ngl}

1 <
=He 2 EP[e* I, ,]= HO(d, —Vx) 9)

Inserting (6),(7),(8),(9) into (5), we obtain the following theorem.

Theorem 3.1 Assume the financial market is complete and no arbitrage.Let M(T) ,a
constant ,be the unpaid amount . Let r(t) ,a function of t, be the risk-free rate. Let the
income of co-insurance policy satisfy equation (1), and property values H(t) meet

equation (2), then we obtain the martingale pricing formula of mortgage common
insurance as follows:

Vo= MO, + (A koA HM —M)D(d,)]
—aH[d)(«/_—dl)—d)(\/;—d )]- aHk,®(d, — V)

d KlAO) r(t)dt+ K d In(—) JO r(t)dt+ K T
where d, = e 44—— K= J.
normal distribution function.

o’ (t)dt , d(x) represents

4  Insurance Actuary Pricing of Housing Mortgage Common
Insurance

Theorem 4.1 Assume that the income of co-insurance policy can be expressed as (1),
M (T) is the unpaid amount, r(t) is the risk-free rate , property values H(t) meets

equation (2), then we obtain the insurance actuary pricing formula of housing mortgage
common insurance as follows:

V= ol r(t)dt[M D(d,) + (kA — kK, A +k,M—M)D(d,)]

01 C;

(10)
—aH e2 “[®(d, —c,) - D(d, —c,)]-aHk,e2" ~d(d,—c,)
-0 r(t)dt+ln%+%jgo—2(t)e’za‘dt -0 r(t)dt+|n klAO 1JT o (t)e 2t

d, [
e_aT\/jgaz(t)eza‘dt ! 4 aT\/J-(‘)r o2 (1)e2dt

¢, e [iTo?®eat,C, [ %IJ 2we 2, D(-) represents normal distribution function.

where d,
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Proof: For convenience,let:

.
e—jo Aty

coge P Mmyse M nmye P M) - aH(T)<e »" " A}

- Tﬂ(t)dt - Tr(t)dt 5 (L)
e J aH(T)>e I KA} e oty ¢ ENOY

S W

DO {e M-

;
The expected rate of return J'o A(t)dt meets:

-aT

" p(tydt
Glo?0%  EH() _ e

H

According to the method of insurance actuary pricing, the value of housing mortgage loan
co-insurance V, satisfies:

exp{] | [u(t) - % o2 (t)]e-dlt + % 7o ey,

—'[OTr(t)dt

. [ Trye (" gty
V' =Ele Joros - gpe

—jOT A(t)dt

aH(T))I.]+E[e (kA + KM —kik, Al ]

— ak,E[e HT)I,].

First compute set D,

_f T _ T M _kle

D={ jo AU)dt+InH(T) > jo r(dt+In =123

e[ overdB@y <[ r(t)dt+InM klA“ L j o2 (t)e dt}

f]oWe"dB) _—r0dts |n“”;|_k;”b+;fg02<t)e—zatdt

\/I ; (t)ezatdt e \/ [1o?(t)e*dt

Similarly,
o {—jg r(t)dt+ In%+%j§az(t)e’z‘“dt <JT (e dB(t) <[ r(t)dt+ Ina%+%jgoz(t)eza'dt}

P={&<d;}

JT o(t)e*dB(t)
<

<d, p={d, <&<d,},

\/ [1o*(t)e*dt
Sothat, E[I,]=ad(d,)—d(d,) (11)
E[l,]1=®(d,) (12)

On the other hand, let ¢, e ’ j OT o?(t)e*™dt,c, [ %LT o’ (t)e*™dt ,we have
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[ syt ) (5 -2
E[e J H(T)l.]=HE[e“ 1, . ,,]=H j . \/_ 2 dx
1 2—Cz 3
=He?' Ii :Vl_e Zdu H 82 *[o(d, - ¢,) - D(d, ~C,)] (13)
[ sy 5 (o)
E[e J H(T)I,]=HE[e® 1., ,]= Hj =€ 2 dx
ch—cz dy—¢ v 1 G
= He2 B 71_e 2du=He2" " @(d, —c,) (14)

In conclusion, the theorem is proved.

5 Conclusion

The traditional martingale pricing technique has often supposed that the financial market
is no arbitrage and complete. On the circumstances of martingale pricing technique, a
stock(or derivative securities) present price can be get from the discounted future
expected cash flow, and expected value discount can be carried out under the risk neutral.
If the market were arbitrage (such as the price of risky assets is driven by geometric
fractional Brown motion) and incomplete (such as the price of risky assets is driven by
levy process ), the equivalent martingale measure is not existed or existed but not unique
at this time, thus, using traditional martingale pricing technique is difficult. In 1998, Bladt
and Rydberg [4] were first put forward the option pricing of insurance actuary technique.
Insurance actuary technique is transfer option pricing issue to equivalent and fair
premium issue. Owing to no economic hypothesizes, so it was not only effect on
no-arbitrage, equivalent and complete market, but also effect on arbitrage, non-equivalent
and incomplete market.

Comparing theorem 3.1 to theorem 4.1, we can see that insurance actuary pricing and
traditional martingale pricing (aka no arbitrage pricing) have obvious different under the
same market model. When housing price is obey to the process of O-U index, the
insurance actuary pricing was related to the non-linear excursion of modulus a and the
rate of fluctuation o(t), no arbitrage pricing was only related to the rate of fluctuation

o(t). Due to the equivalent martingale measure is existed and unique, so the insurance

have unique no arbitrage pricing. So the insurance actuary pricing is essentially a
arbitrage pricing.

In short, when real estate price keep to some random processes, the guarantee insurance
pricing that have offered by insurance actuary pricing technique and no arbitrage pricing
that have offered by martingale pricing technique might be different.
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