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Abstract 

The electrification of war-ship power systems has become a very appealing 

alternative for the development of more efficient and environmentally friendly 

ships. Energy storage systems (ESS) will have a key role in such systems as they 

can lead to fuel consumption reduction and increase overall ship efficiency and 

reliability. In this paper the operation of a war-ship power system equipped with 

ESS is analysed from the economical point of view. Τhe analytic formulas for the 

estimation of the system marginal cost of ship electric systems have been 

developed in [1] leading to a Lagrange no-linear mathematical equation. The 

method proposed   in [1] could be a convenient tool for the technical-economical 

assessment of such systems. The obtained mathematical equations and the general 
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methodology adopted in [1] have been used for the purposes of this paper and are 

applied a Hellenic Navy MEKO type frigate. First, the method is briefly described 

and finally the respective results for the electric power system derived for the 

Hellenic Navy MEKO type frigate are presented and commented. 

 

Keywords: Economic dispatch, war-ship power system, energy storage system, 

system marginal cost 

 

 

1  Introduction  

Nowadays, the economic crisis and the environmental issues have been the 

reasons for turning all energy subsystems aboard (including power generation 

units) into more efficient ones. This policy involving green power technology in 

many cases is summarized in “take the best out of each unit but having resolved 

any technical problems emerged”. Ship power plant configurations involve 

combinations of diesel engines, gas turbines, steam power plants, fuel cells, 

energy storage systems (ESS) and possibly renewable resources. Especially, in 

military aspects reliability and viability are also critical parameters. Energy 

storage systems have limited implementation in ships with the exception of 

submarines. But during last years different energy appealing storage technologies 

(high power flywheels, super capacitors, SMES or high energy REDOX, flow 

batteries) with different operating characteristics are available [2-6]. Mainly, ESS 

lead to more economic operation of the electric power system, while they can also 

be used to support voltage and frequency, manage peak loads, improve power 

quality, defer upgrade investments and provide uninterruptible power for sensitive 

onboard loads.  

In this paper, the operation of a war-ship power system equipped with 

energy storage system is analysed from the economical point of view based on 
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Lagrange method. The proposed method is compared with the basic scenario of 

using only thermal units. The energy and power balances are taken into account 

for the under study time period of ship power system operation in order to derive 

the system marginal cost. Finally, it is applied to total load demand of Hellenic 

Navy MEKO type frigate indicatively and the obtained results are compared and 

discussed.  

 

 

2  Basic Theory on Ship Electric Power System Operation with 

Energy Storage System 

The optimum economic operation of electric power systems is known as 

economic dispatch. The optimum operation of the thermal and hydro-thermal 

continental power systems (with or without transmission losses) has been already 

thoroughly analyzed in the literature [7-8]. Here, the optimum operation of ship 

electric power system supported by energy storage system will be analyzed. 

 

 

2.1 The Chronological Load Curve 

The chronological load curve of the ship power system defines the 15-

minutes average power demand over a specific time horizon, T. The under study 

time period T is divided into M intervals, DTj, with j=1, 2,…, M. In each time 

interval DTj ship load demand PDj is considered constant and it is calculated by: 

( )
1

j

j

t

D Dj jt
p t dt P DT

−

⋅ = ⋅∫  [kWh]                                                         (1) 

As the time interval DTj tends to zero, the PDj will actually tend to the 

demand load demand pD(t), as it becomes apparent from Figure 1.  
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            Figure 1: Chronological load demand curve during period T and  

             its transformation in a chronological load curve of constant demand levels 

 

 

2.2 The Thermal System 

It is assumed that the thermal system consists of N thermal generating units 

connected to the same bus. Let the ith unit produces output active power PTHi,j 

during the jth time interval, bounded by the technically minimum active power, 

PminTHi, and the technically maximum active power PmaxTHi of the unit. The 

respective constraints are formulated as: 

min TH TH , max THi i j iP P P≤ ≤  [kW]                                                            (2) 

where i=1, 2,…, N  and j=1, 2,…, M. 

Fuel cost function FTHi(PTHij) is usually a second or third order polynomial 

of PTHi,j. The transmission losses can be safely assumed negligible, as the onboard 

transmission network between generating units is not extended but limited in a 

few meters of three-phase cables or electric bus-bars. 
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2.3 The Energy Storage System 

Energy storage system (ESS) can greatly contribute to the optimal operation 

of the ship electric power system and increase operation safety and reliability. In 

the following analysis an appropriate ESS, such as a vanadium redox flow battery 

[5-6], which either can store the energy produced by the thermal system or supply 

energy to the load. The respective electric power system is shown in Figure 2. 

 

 
Figure 2: Ship electric power system with 4 generators 

connected at the same bus and ESS. 

 

The stored energy in ESS is lower limited by the minimum active stored 

energy EminESS defined by  reliability and reserve reasons and upper limited by the 

maximum active stored energy EmaxESS defined by technical ESS specification. In 

each time interval DTj the ESS energy level Ej (at the end of time interval) should 

satisfy the following inequalities. 

minESS ESS maxESSjE E E≤ ≤  [kWh]                                                         (3) 

where j=0, 1, 2,…, M. 

In each time interval DTj the ESS can operate with one of the following 

modes:  

     G1 
   ~3 
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i. Storage: ESS stores energy by absorbing power PESSℓ from the thermal system. 

The respective time intervals are represented by DTℓ and ESS power is limited 

by the technically maximum active power, PESS-storage, of the dc/ac converter: 

ESS ESS-storage0 P P≤ ≤


 [kW]                                                                (4) 

During time interval DTℓ the ESS energy variation is given by: 

ESS ESS( 1) ESS-storage ESSE E P DTη−− = ⋅ ⋅
   

 [kWh]                                                (5) 

Where, ηESS-storage is the performance coefficient of the ESS and dc/ac converter 

during storage mode of operation.  

ii. Supply: ESS supplies power PESSk to ship electric load. The respective time 

intervals are represented by DTk and ESS power is limited by the technically 

maximum active power,  PESS-supply, of the dc/ac converter:   

ESS ESS-supply0 kP P≤ ≤  [kW]                                                               (6) 

During time interval DTk the ESS energy variation is given by: 

ESS
ESS( 1) ESS

ESS-supply

k k
k k

P DTE E
η−

⋅
− =  [kWh]                                                      (7) 

Where ηESS-supply is the performance coefficient of ESS and dc/ac converter 

during supply mode of operation.  

iii. Out of operation: ESS does not operate. In mathematical point of view it can 

be considered either as storage mode or as supply mode with zero 

production/storage power. The energy losses in this mode of operation can be 

ignored as the air-condition system of a war-ship limits them significantly. 

 

 

3 Ship Electric Power System Optimal Operation 

Let define as Ftot,j the total hourly fuel cost of the power system for the jth 

time interval DTj. It is obtained as the sum of the fuel costs of the units: 

( )TH TH ,
1

,

N

i i j
i

tot j F PF
=

=∑  [€/h]                                                                (8) 
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where j=1, 2,…, M.  

The total fuel cost Ftot of the power system for the time period T, is 

calculated by: 

( )TH TH ,
1 1

1 M N

tot ji i j
j iT

F F P DT
= =

⋅= ⋅∑∑  [€/h]                                                        (9) 

In storage mode the active power balance constraint for each time interval 

DTℓ is given by: 

TH , D ESS
1

N

i
i

P P P
=

= +∑   

 [kW]                                                             (10) 

In supply mode the active power balance constraint for each time interval 

DTk is given by: 

TH , ESS D
1

N

i k k k
i

P P P
=

+ =∑  [kW]                                                             (11) 

The target is to determine the generating levels of the units subject to the 

active power balance constraint such that total fuel cost Ftot is minimized during 

time period, T. In this case, it is not correct to minimize separately the hourly fuel 

cost Ftot,j for the jth time interval DTj, as it happens in classical economic dispatch 

of thermal units [7-8]. This is a result of the ESS energy variation during storage 

or supply mode (eq. (5) and (7)). This problem can be solved with the well-known 

Lagrange method. Eq. (9) is studied for the storage and supply modes separately. 

In storage mode the respective part of Lagrange equation for each time interval 

DTℓ is obtained by integrating eq. (10) and (5) into eq. (8) with use of the 

Lagrange multipliers, i.e. λℓ for eq. (10) and wℓ for eq. (5): 

( )TH TH ,
1

ESS D TH ,
1

ESS ESS( 1)

ESS-storage ESS

1 N

i i
i

N

i
i

F P DT
T

DTL P P P
T

E E
w

P DT

λ

η

=

=

−






  + −  
 

      
 

⋅ ⋅

= + ⋅ ⋅

−
+ ⋅

− ⋅ ⋅

∑

∑



 



    

 

 

   [€/h]                                                (12) 
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Eq. (10) has been multiplied with the factor DTℓ/T, so as the first two terms 

of eq. (12) be similar to the respective terms of eq. (9). The use of this 

multiplication factor maintains the constraint of eq. (10) active and the property of 

Lagrange multiplier λℓ to represent system marginal cost during time interval DTℓ 

[7-8]. 

In supply mode of operation the respective part of Lagrange equation for 

each time interval DTk is obtained by integrating the eq. (11) and eq. (7) into eq. 

(8) with use of Lagrange multipliers, i.e. λk for eq. (11) and wk for eq. (7): 

( )TH TH ,
1

D TH , ESS
1

ESS
ESS ESS( 1)

ESS-supply

1 N

i i k k
i

N
k

k k k i k k
i

k k
k k k

F P DT
T

DTL P P P
T

P DTw E E

λ

η

=

=

−






 
  

 
      

 

⋅ ⋅

= + ⋅ − − ⋅

⋅
+ ⋅ − +

∑

∑ [€/h]                                              (13) 

Two more conditions should be added: the initial ESS energy should be 

equal to Ein and the final ESS energy should be equal to Efin.  

0 inE E=   [kWh]                                                                      (14) 

M finE E=   [kWh]                                                                      (15) 

Where, E0 is the initial stored energy at the beginning of time period T and EM is 

the final stored energy at the end of T. 

Eq. (14) can easily be taken into consideration, as an initial condition for 

EESS, while eq. (15) should be added as an equality constraint to the total Lagrange 

equation. 

The total Lagrange equation of eq. (9) with use of eq. (12) and (13) and 

integration of eq. (15) based on the respective Lagrange multiplier efin is 

formulated by: 

( )tot Mk fin fin
k

L L L e E E= + + ⋅ −∑ ∑



[€/h]                                                   (16) 
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The optimality conditions are obtained by setting the partial derivatives

TH ,

tot

i

L
P
∂
∂



,
TH ,

tot

i k

L
P
∂
∂

,
ESS

totL
P
∂
∂



, 
ESS

tot

k

L
P
∂
∂

, 
ESS

totL
E
∂
∂



, 
ESS

tot

k

L
E
∂
∂

 equal to 0. More specifically, the 

optimality conditions are:  

( )TH TH ,

TH , TH ,
0 0i itot

i i

dF P DT DTL
P dP T T

λ∂ = ⇒ ⋅ − ⋅ = ⇒
∂



 



 

 
( )TH TH ,

TH ,

i i

i

dF P
dP

λ = 





 [€/kWh] 

for each ℓ       (17) 

( )TH TH ,

TH , TH ,
0 0i i ktot k k

k
i k i k

dF P DT DTL
P dP T T

λ∂ = ⇒ ⋅ − ⋅ = ⇒
∂

( )TH TH ,

TH ,

i i k
k

i k

dF P
dP

λ = [€/kWh]   

for each k      (18) 

ESS
0totL

P
∂ = ⇒
∂



ESS-storage 0DT w DT
T

λ η⋅ − ⋅ ⋅ = ⇒

  

ESS-storage
w

T
λ

η
=

⋅




 [€/kWh/h]  

for each ℓ      (19) 

ESS
0tot

k

L
P
∂ = ⇒
∂ ESS-supply

0k k
k k

DT DTw
T

λ
η

− ⋅ + ⋅ = ⇒ ESS-supply k
kw

T
η λ

=
⋅

 [€/kWh/h]   

for each k      (20) 

ESS ESS
0 & 0tot tot

k

L L
E E
∂ ∂= = ⇒
∂ ∂



  
ESS

0tot

j

L
E
∂ =
∂

 for j= 1,2,…, M                  (21) 

Because in eq. (12) and (13) there is no discrimination for EESSℓ and EESSk, 

eq. (21) becomes:   

ESS
0tot

j

L
E
∂ = ⇒
∂

 ( )( )ESS ESS( 1)
ESS

... ... 0j j j
jj

w E E
E −
∂ + ⋅ − + = ⇒

∂ ∑  

1 0j jw w +− = ⇒ 1 jjw w+ = for j=1,2,…, (M-1)                                                (22) 

0M finw e+ = ⇒ Mfine w= − for j=1,2,…, (M-1)                                               (23) 

From eq. (22) and (23) it stands that:  

1 2 1.... MM finw w w w e w−= = = = = − 
                                                    (24) 
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According to eq. (17) and (18) the load should be dispatched to the units so as the 

respective incremental costs at each time interval DTj are equal to λj. The 

Lagrange coefficient λj is known as system marginal cost and it varies over the 

time period T together with ship electric load. From eq. (19), (20) and (24) it 

stands that:  

ESS-supply

ESS-storage

kw
T T

η λλ
η

⋅
= =

⋅
  for each k, ℓ 

⇒ For storage mode: storage1 2 ....λ λ λ= =
 

                                                  (25) 

⇒ For supply mode:  1 2 supply....k kλ λ λ= = 
                                                 (26) 

⇒  storage ESS-supply supply

ESS-storage
w

T T
η λλ

η
⋅

= =
⋅

                                                    (27) 

⇒   storage ESS-storage ESS-supply supplyλ η η λ= ⋅ ⋅                                                     (28) 

According to eq. (25) and (26) system marginal cost λj should be equal to 

λstorage during the storage mode and supplyλ  during supply mode in order to 

minimize Ftot. Theoretically, each generating unit should operate at the same 

generating level during each ESS mode of operation while load variations should 

be covered by the ESS.   

The Lagrange coefficient w, as obtained in eq. (27), is the equivalent 

marginal cost of the stored energy per hour, which should be also constant for all 

time intervals. If the no-operation mode is approached by the equivalent term of 

the storage mode, the coefficient ESS-storageη should be equal to 1.0, as the ESS 

does not operate, and the respective marginal cost is equal to no-operationλ . 

Similarly, if the no-operation mode is approached by the equivalent term of the 

supply mode, the coefficient ηESS-supply should be equal to 1.0 and the respective 

marginal cost is equal to no-operationλ . So eq. (27) is modified as: 

                no-operation storage ESS-supply supply

ESS-storage
w

T T T
λ η λλ

η
⋅

= = =
⋅

                            (29) 
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This means that the equivalent marginal cost of the stored energy per hour w 

is equal to: 

(1) system marginal cost, no-operationλ , during the out of operation mode of ESS 

divided by the time period T,  

(2) system marginal cost, storageλ , during ESS storage mode of operation divided 

by the time period T and the respective performance coefficient ESS-storageη ,  

(3) system marginal cost, supplyλ , during ESS supply mode of operation 

multiplied by the respective performance coefficient ESS-supplyη  and divided by the 

time period T .  

If the variable system marginal cost λTH-j of the power system based on the 

thermal units only [7-8] in each time period DTj is known then ESS mode of 

operation is determined as: 

 (1) Storage if  λTH-j≤ λstorage,  

 (2) Out of operation if  λstorage≤λTH-j≤ λsupply,  

 (3) Supply if  λsupply≤λTH-j. 

After the determination of λj, the generating levels of the units PTHi,j (M·N 

unknown variables) and the power levels of the energy storage system PESSj (M 

unknown variables) are calculated by eq. (17)-(18) and eq. (10)-(11) respectively. 

Afterwards, the M·N inequalities from the units technical constraints and M 

inequalities related to the ESS technical constraints should be checked over the 

time period T. If violation of one inequality exists, i.e. PTH2,j < PminTH2, then the 

output active power should be set to equal to the violated limit, i.e. PTH2,j = 

PminTH2. Next, the load demand PDj should be reset to P/
Dj= PDj-PTH2,j and the 

optimization process is repeated for the rest of the units, i.e. without considering 

unit 2.  
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4 Computational Algorithms for System Marginal Cost 

4.1 General 

Next, it is assumed that the fuel cost of the ith generating unit, FTHi(PTHij), is 

a polynomial of third order of PTHj.  

              ( ) 2 3
TH TH , TH , TH , TH ,i i i ii i j i j i j i jF P a b P c P d P= + ⋅ + ⋅ + ⋅                               (30) 

Where ai, bi, ci, di are the proper economic coefficients and next they are 

considered known. 

The derivative of FTHi(PTHij) with respect to PTHi,j is calculated as:  

                  2
TH , ,2 3j i i ii j THi jb c P d Pλ = + ⋅ ⋅ + ⋅ ⋅  for 1,...,i N=                            (31) 

From eq. (31) the generating level of the ith unit can be calculated as a function 

of the respective system marginal cost λj: 

              

( )2

TH ,

3
, 0

3

, 0
2

i i i j i
i

ii j

j i
i

i

c c d b
d

dP
b

d
c

λ

λ









− + + ⋅ ⋅ −
≠

⋅=
−

=
⋅

                                  (32) 

 

 

4.2 Classical Economic Dispatch of Thermal Power System 

Using Gauss-Seidel classic technique the determination of λTH,j is achieved 

as following: 

1) For jth time period λTH,j
(0)  and λTH,j

(1) are initialized. The number of the 

operating generators for each time interval is chosen as to satisfy spinning 

reserve requirement.   

2) Determination of the generating levels of the units PTHi,j based on eq. (32). 

3) Calculation of the active power imbalance ε(k): 

( ) ( )
TH , ,

1

N
k k

i j D j
j

P Pε
=

= −∑                                                                (33) 
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4) Step to next iteration: 

1k k= +                                                                             (34) 

5) If k=1, step 2 is executed else continue with step 6. 

6) Convergence check: if |ε(k)|≤ convergence limit then step 8 is executed else we 

continue with step 7. 

7) Determination of λTH,j
(k): Based on Newton-Raphson method the λTH,j

(k) is 

determined as: 

( ) ( )
( ) ( )

( ) ( )
( )1

TH, TH,

1 2
1TH, TH,

1 2
k k

j j

k k
kj j

k k

λ λ
λ λ ε

ε ε
−

− −
−

− −

−
= − ⋅

−
                                                     (35) 

Afterwards, step 2 is executed. 

8) After the determination of λTH,j and the generating levels of the units, PTHi,j, the 

N inequalities from the technical constraints should be checked. 

 

 

4.3 Economic Dispatch of Thermal Power System with ESS 

The determination w and λj is obtained in a similar in a way similar to that of 

paragraph 4.2 with some necessary modifications due to ESS presence.  

In this case initial w is obtained as weighted mean value λTH,j  the system 

marginal costs λstorage and λsupply during the storage mode and the supply ESS mode 

of operation should be estimated in order to determine ESS mode during each 

interval. Stop criterion used is in this case study is system energy imbalance over 

the time period T. Finally the violation of technical constraints as in step 8 of 

paragraph 4.2 is checked.  
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5 Case Study 

5.1 Thermal Power System 

The developed methodology is applied to the total load demand of the 

Hellenic Navy MEKO type frigate, which is equipped with 4 generators of 

nominal active power of 750 kW with 0.8 inductive power factor. The total active 

energy produced  by the ship electric generators was registered by the control and 

monitoring system “NAUTOS” every 15 minutes for a period of 20 days (8-31 

January 1998) with the ship at berth. In this case there is no electric power 

provided by the shore, consequently the total electric power produced by the 

ship’s generators equals to the total load demand. The maximum load demand in 

anchor for the period under study was approximately 1200 kW and the average 

load demand 500 kW, approximately. During the 8.2% of the examined period the 

load demand has been larger than the nominal active power of one generator (750 

kW). The equivalent load curve is given in Figure 3. 

A simple thermal electric power system without transmission losses is 

assumed, consisting of four thermal units with the following fuel cost functions 

and technical constraints: 

( ) 5 2
TH,1 TH,1 TH,1 TH,118,1 0,058 4 10F P P P−+= + ⋅ ⋅ ⋅       

( ) 5 2
TH,2 TH,2 TH,2 TH,218,0 0,0585 4 10F P P P−+= + ⋅ ⋅ ⋅  

( ) 5 2
TH,3 TH,3 TH,3 TH,317,9 0,059 4 10F P P P−+= + ⋅ ⋅ ⋅      

( ) 5 2
TH,4 TH,1 TH,4 TH,418,1 0,058 4 10F P P P−+= + ⋅ ⋅ ⋅  

TH,1 TH,4,...,75 750 kWP P   ≤ ≤  

Where, the measurement unit of the fuel cost functions is the monetary unit (m.u.) 

per hour, while PTHi is measured in kW. 
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       Figure 3: Total load demand duration curve for a period of 20 days 

 (8-31 January 1998) with the ship at “shore” condition. 

 

 

As the load demand is between 750 and 1500 kW, three generators should  

operate (1st, 2nd, 3rd). If the load demand is smaller than 750kW, two generators 

should operate (1st, 2nd), so as always one generator is used for spinning reserve 

reasons.  

 

 
Figure 4: System marginal cost based on thermal power system of the warship 
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The execution of the classical economic dispatch algorithm (section 4.1) 

converged after 3 iterations. The results for system marginal cost and thermal 

units power dispatch are presented in Figures 4 and 5. The total operation cost is 

1741.2 m.u. per day, while the total electric energy consumption is 12214 kWh. 

 

 
                  Figure 5: Thermal units power production and 

                               load demand based on thermal power system of the warship 
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From Figure 6 it is obvious that the respective system marginal cost with 

ESS is smoother than the respective one without ESS. The values of SMC are 

bigger in Fig. 6 than the respective ones in Fig. 4, which means that the increase 

of load demand by one kWh is more expensive in the second case.  

In Figure 7 the thermal power unit no.1 operates between 420 and 688 kW, 

which corresponds to the load demand covered by thermal power system. The 

“new” load demand is significant smoother than the “initial” load demand. ESS 

supplies power system with active power until 512 kW during peak load periods, 

while ESS absorbs active power until 245 kW during base load period. 

 

 
                      Figure 6: System marginal cost based on thermal 

        power system with ESS of the warship 
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Figure 7: Thermal unit power production, ESS power supply (“-”: storage) and  

                 load demand based on thermal power system with ESS of the warship 
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decreases by 19%, approximately. This means that this kind of solution should be 

investigated more thoroughly taking into consideration other parameters, such as 

load demand for different ship operation modes, ESS installation cost, ESS 

annuity depreciation, power system reliability aspects, effects on ship electric 

system stability, etc.   
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