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Blow up of solutions for the Cauchy problem of the
damped sixth-order Boussinesq equation

Erhan Piskin1

Abstract

This work studies the Cauchy problem of the sixth-order Boussinesq equation
with a damping term. By using generalized concavity method, it is proven blow up

of the solution.
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1 Introduction

In this work, we study the Cauchy problem of the sixth-order Boussinesq

equation with a damping term

u, —u, —u Upoe — KU, = F(U),, XER, t>0, (1)
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u(x,0)=u,(x), u(x,0)=u,(x), xeR, )
where u(x,t) denotes the unknown function, f(s) is the given nonlinear

function, u,(x) and u,(x) are the given initial value functions, k is a

constant.

Scott Russell's study [1] of solitary water waves motivated the development
of nonlinear partial differential equations for the modeling wave phenomena in
fluids, plasmas, elastic bodies, etc. It is well known that Boussinesq equation can

be written in two basic forms
utt - uxx + 6uxxxx = (uz)xx’ (3)
utt _uxx _uxxtt - (uz)xx' (4)

Equation (4) is an important model that approximately describes the
propagation of long waves on shallow water like the other Boussinesq equations

(with u instead of u,). In the case 6>0 Equation (3) is linearly stable

Y000
and governs small nonlinear transverse oscillations of an elastic beam (see [2] and
references therein). It is called the "good" Boussinesq equation, while this
equation with 6 <0 received the name of the "bad" Boussinesq equation since it
possesses the linear instability.

In the Boussinesq equations, the effects of small nonlinearity and dispersion
are taken into consideration, but in many real situations, damping effects are
compared in strength to the nonlinear and dispersive one. Therefore the damped

Boussinesq equations is considered as well
utt - 2buxxt = _auxxxx + uxx + ﬁ(uz)xﬂ (5)

where u . is the damping term and a,b = const >0, 3 = const € R (see [3] and

XXt
references therein).
Varlamov [2] investigated the long-time behavior of solutions to initial

value, spatially periodic, and initial-boundary value problems for equation (5) in
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two space dimensions. Polat et al. [4] established the blow up of the solutions for

the initial boundary value problem of the damped Boussinesq equation

u, —bu, +déu,., —ru, = f(u),,.

XXXX

The asymptotic behavior and the blow up of solution for a nonlinear

evolution equation of four order
Uy — Uy, — Uy — U = So(ux)x

were established in [5].
Polat and Kaya [6] studied the existence, both locally and globally in time,
the asymptotic behavior, and the blow up of solution for the class of nonlinear

wave equations with dissipative and dispersive terms
utt - uxx - uxxtt - )\uxxt +U= U(ux)x'

Wang and Chen [7] studied the existence and blow up of the solution for the

Cauchy problem of the generalized double dispersion equation
Uy — Uy — Uy +uxxxx —al, = g(u)xx' (6)

Polat and Ertas [3] extended the result of [7] to the multidimensional
version of the problem (6). Also, Polat and Piskin [8] studied asymptotic behavior
of the solution multidimensional version of the problem (6).

Recently, higher order Boussinesq equations have been investigated by
authors. Schneider and Eugene [9] considered a class of Boussinesq equation

which models the water wave problem with surface tension as follows
2
Uy — Uy — Upr — MU + Ut = (U )xx’ (7)

where peR and u(xt)eR. Daripa [10] derived the higher-order Boussinesq

equation

utt — Uy +au _gzauxxxxxx = OA(UZ)XX, (8)

XXXX
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for two-way propagation of shallow water waves. Various generalizations of
Equations (7) and (8) have been proposed and stuied from many aspects (see
[11-16]).

Throughout this work, we use the notation: ||uf, :||u||p(1§ p<oo). In
particular ||ul|. =u] -

Now, we state the local existence theorem (see [16] for the proof).

Theorem 1. Suppose that s>%, U €H®, u eH*? and feCFI™(R), then

the problem (1)-(2) admits a unique local solution u(x,t) defined on a maximal

time interval [0,T,) with u(x,t)eC([O,TO);Hs)ﬂcl([O,To);Hs‘z).

2 Blow up of solutions

In this section, we are going to consider the blow up of the solution for
problem (1)-(2) by the concavity method. For this purpose, we give the following

lemma [17] which is a generalization of Levine's result [18].

Lemma 2 [17]. Suppose that a positive, twice differentiable function F(t)
satisfieson t>0 the inequality

2

F(O)F (1)~ (1+2)(F (1) = ~2MF (1) F () =M, (F ()",

where »>0 and M,, M, >0 are constants.
(i If M;=M,=0, F(0)>0 and F'(0)>0 thenthereisa

F(0)

EE ()

suchthat F(t)—oo as t—t,.
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(i) If M;+M, >0, F(0)>0 and F'(0)>—v,v 'F(0), then there is a

t,<t, such that F(t)—oco as t—t, where v,=-M,£{M’+vM,}

and

1 In 7,F (0)-+vF'(0)

t =
2 2\/M12—1—1/M2 %F(O)—i—uF'(O)

Theorem 3. Assume that k>0, f(u)eC(R), u,eH? uel', and
Ay, Ay, € L, F(u):fou f (s)ds, F(u,)€ L, and there exists a constant
a>0 such that

uf (u)§(2+a+k)F(u)+%u2, VueR. )

Then the solution u(x,t) of problem (1)-(2) blows up in finite time if one of the
following conditions is valid:

(i) E(0)<0,

(i) E(0)=0 and (A 'up,A'u,)+(u,u,)>0,

(i) E(0)>0 and

(A*luO,A*1u1> + (g, Uy ) > \/ZMj—y E (0)(||A1u0||2 +||u0||2).

Proof. Suppose that the maximal time of existence of the solution for problem
(1)-(2) is infinite. A contradiction will be obtained by Lemma 2. Multiplying both
sides of (1) by A*u,, integrating over R, we arrive at

d
—E(t)=0, t>0,

where
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E(t)=[A [ +ulf +uf +fun ] +2k fo o dr +2 fR F (u)dx = E(0).
Let
F(t)=[a ] +[uf +8(t+r) (10)

where 3 and 7 are nonnegative constants to be specified later. Obviously we

have

F(t)=2[(A"u, A )+ (u,u)+ B(t+7)|. (11)
Using the Schwartz inequality and the inequality

(a +ah, +..+ab,) <(a’+a,°+..+2a°)(b’ +b’ +..+b?),
where a,b >0, i=12,..,n, wehave
(F () <a]aulf +ulf + 8+ | ]auf +Juf + 8]

—4F (1) A [+ Jul + 5] (12)
We get from equation (1)
Fr(t)=2[A uf +2]u)f +2(A A7) +2(u,u,)+ 28

=2a - 2ful + 20+ 2uu, A )

=4M%W+wWﬂe@4@u+%wwv+w»

_2||A u || +2|u [ +26—2|u]* —2|u, || — 2k (u,u,) 2f uf (u)dx. (23)
By the aid of the Cauchy inequality and energy equality E(t), we have

2 u1,) < k] + Ju

_ klE(O)—”Alut”Z ol 2k [ o) dr—2 [ F(u)dx|

From (10)-(14) we obtain that

(14)
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(0%

FOF (0~ [1+5|(F 0 > FO RO @) P +ul +5
> F(Ofkc—a=2)|a uf +(-a-2)juf

2

dr

uT

2 2 t
+(k=2)ugf +(-a—2)8+2K’ [
2
+fR<2kF (u)—2uf (u)—2u )dx—kE(O)}. (15)
From energy equality E(t), we have

(k=a=2)a u[ +(a=2)fuf +(c-2)u, |
> (~a=2)(|auf )
> (a4 2) o + 2 [ o [ o +2 [ F(u)ex-E (o))
Thus, from the above inequality and inequalities (15) and (9), we get
F ()R -[1+ 2| (F ()

>F(t)[~(a+2)8—(2+a+k)E(0)

2

+(2K(2+0)+2k?) [u. [ dr
+fR(2(2+a+k)F(u)+au2 — 2uf (u))dx]
>—[(24a)B+(2+a+k)E(0)]F(t). (16)

(2+a+k)
2+«

F(t)F "(t)—[l-i—%](F ) >0

We may now choose 7 so large that F'(0)>0. From Lemma 2 we know that

(1) If E(0)<0, taking 8= E(0)>0, then

F(t) becomes infinite atatime T, at mostequal to
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4F (0)
TZ:aF'<0)<oo.

(2) If E(0)=0, taking 3=0, then we get from (16) that

F(t)F "(t)—[l-i—%](F ) >0,
Also F'(0)>0 by assumption (ii). Thus, we obtain from Lemma 2 that F (t)

becomes infinite at a time T, at most equal to

_4F(0)
2 aF'(O)

(3)If E(0)>0, thentaking 3=0, inequality (16) becomes

F(t)F"(t)—[l-l—%](F'(t))z2—(2+a+k)E(O)F(t). an
Define J(t)=(F(t)) ", where 1/:%. Then
1()=—v(F1) (),

<v(2+a+a)EO)(F(t) " (18)

where inequality (17) is used. Assumption (iii) implies J (0) <0. Let
t=sup{t:J'(r)<0,7€(0,t)}. (19)
By the continuity of J'(t), t" is positive. Multiplying (18) by 2J'(t) yields
()] 22 (2 +a+-an)EQO)(F (1) F (o)

ZZVZQZS—::"V)E(O)[(F@))Z“], vtelot). (20)
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Integrating (20) with respect to t over [0,t) gives

(J '(t))z > (J '(0))2 +20° %E(O)(F (t))*Zufl

E(0)(F(0) "

,(2+a+4v)
2v+1

—2v

> (0(0) -2 e o) 0)

By assumption (iii)

(9:(0) -2 2L

E(0)(F(0) " >0.
Hence by continuity of J'(t), we obtain

1

coF0) e

2+a+41/)

J'(t)g—(J'(O))z—ZVZ( 1

for 0<t<t". By the definition of t", it follows that inequality (21) holds for

all t>0. Therefore,

2+a+4y)E 0

J@ng%%T@W‘bA 2041

So, J(T,)=0 forsome T, and

0<T,<T,= 10)

Thus, F(t) becomes infinite atatime T,.

Therefore, F(t) becomes infinite at a time T, under either assumptions (i),

(i), or (iii). We have a contradiction with the fact that the maximal time of
existence is infinite. Hence the maximal time of existence is finite. This completes
the proof. ]



70

Blow up of solutions for the Cauchy problem...

References

[1]
[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

J. Scott Russell, Report on water waves, British Assoc. Report, 1844.
V.V.Varlamov, Eigenfunction expansion method and the long-time
asymptotics fort he damped Boussinesq equation, Discrete Contin. Dyn. Syst.,
7(4), (2001), 675-702.

N. Polat and A. Ertas, Existence and Blow up of Solution of Cauchy problem
for the generalized damped multidimensional Boussinesq equation, J. Math.
Anal. Appl., 349, (2009), 10-20.

N. Polat, D. Kaya and H.I. Tutalar, Blow-up of solutions for the damped
Boussinesq equation, Z. Naturforsch, 60a, (2005), 473-476.

X. Chen and G. Chen, Asymptotic behavior and blow-up of solutions to a
nonlinear evolution equation of fourth order, Nonlinear Anal., 68, (2008),
892-904.

N. Polat and D. Kaya, Existence, Asymptotic Behaviour, and Blow up of
Solution for a class of Nonlinear Wave Equations with Dissipative and
Dispersive Term, Z. Naturforsch, 64a, (2009), 1-12.

S. Wang and G. Chen, Cauchy problem of the generalized double dispersion
equation, Nonlinear Anal., 64, (2006), 159-173.

N. Polat and E. Piskin, Asymptotic behavior of a solution of the Cauchy
problem for the generalized damped multidimensional Boussinesq equation,
Appl. Math. Lett., 25, (2012), 1871-1874.

G. Schneider and C.W. Eugene, Kawahara dynamics in dispersive media,
Physica D: Nonlinear Phenomena, 152-153, (2001), 384-394.

[10] P. Daripa, Higher-order Boussinesq equations for two-way propagation of

shallow water waves, Eur. J. Mech. B-Fluid, 25, (2006), 1008-1021.

[11] Y. Wang and C. Mu, Global existence and blow-up of the solutions for the

multidimensional generalized Boussinesq equation, Math. Meth. Appl. Sci.,
30, (2007), 1403-1417.



Erhan Piskin 71

[12] Y. Wang, B. Guo, Blow-up solution for a generalized Boussinesq equation,
Appl. Math. Mech-Engl., 28 (11), (2007), 1437-1443.

[13] N. Duruk, A. Erkip and H.A. Erbay, A higher-order Boussinesq equation in
locally non-linear theory of one-dimensional non-local elasticity, IMA
Journal of App. Math., 74, (2009), 97-106.

[14] A. Esfahani, L.G. Farah and H. Wang, Global existence and blow-up for the
generalized sixth-order Boussinesq equation, Nonlinear Anal., 75, (2012),
4325-4338.

[15] A. Esfahani, L. G. Farah, Local well-posedness for the sixth-order
Boussinesq equation, J. Math. Anal. Appl., 385, (2012), 230-242.

[16] N. Polat and E. Piskin, Existence and asymptotic behavior of solution of
Cauchy problem for the damped sixth-order Boussinesq equation, Acta. Math.
Appl. Sin-E, (doi:10.1007/s10255-012-0174-2).

[17] V.K. Kalantarov and O.A. Ladyzhenskaya, The occurrence of collapse for
quasilinear equations of parabolic and hyperbolic type, J. Soviet Math., 10,
(1978), 53-70.

[18] H.A. Levine, Instability and nonexistence of global solutions of nonlinear

wave equations of the form pu, = Au+F(u), Trans. Amer. Math. Soc,.

192, (1974), 1-21.



