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Computation the Exponential Functions of Matrices
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Abstract

In this thesis we apply some methods of the similarity to compute the matrix exponential
functions. Finally, new results of computation of the matrix exponential by using the
similarity are obtained.
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1 Introduction

The exponential function of matrices is a very important subclass of functions of matrices
that has been studied extensively in the last 50 years.
The matrix exponential is a function on square matrices analogous to the ordinary

exponential ~ function. Let AEMn, The exponential of A denoted by

e“or exp(A), is the N X N matrix given by the power series
< A K
et =) —
o K1
The above series always converges, so the exponential of A is well-defined. Note that

if A is 1x1 matrix, the matrix exponential of A corresponds with the ordinary

exponential of A thought of as a number.
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The numerical evaluation of the exponential of a matrix is of some importance because of
its occurrence in many physical, engineering, and economics applications.

In this paper we obtained new results of computation of the matrix exponential by using
the similarity.

2 New Results
Theorem 2.1

Let A,B €M and B =Q AQ , where Q =diag (r,,...,I,) st

I R™ Vi = 1, ..., 1 . And the exponential function of Ais given by Hamilton

method as follows

n—1 n—1
et :ZozkAk.Then e ZZOszk.
k=0 k=0

Proof :

Let A :[aij ] ceM ar Vi, ] =1..,n.Anditisgiven that B :Q_lAQ,

where Q =diag (r;,...,r,) st I, e R™ Vi =1..,n

Lo
I a, ... a,|(rn ... O
B=Q'AQ=|: . i i . i .o
0 i a, - a. o -.. r
rn
r.
B=|-"a
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Its clear that B is similarto A , so the eigenvalues of B are the same eigenvalues of

A Say )\1,)\2,...,)\n

Since the matrix exponential is a simply one case of an analytic function as described in

the Cayley-Hamilton method to determine the analytic functions of a matrix ,then
n—1
e’ = Zozk BY .
k=0

Where ¢; ‘s are described from the equation gives by the eigenvalues of B .

n—1
et :Zozk/\ik
K=0
1
Example Let A= , Q = (Tl ) Tz) st =
-2 -3
Vi =12
Find €' st B :Q_lAQ.
Solution :
1o
B _ I, 0 1\ O
0 1{\-2 -3J{0
r-2
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0 h
B = "
—2r, 3

r2

The characteristic equation is S ?4+35+2=0 , and the eigenvalues are

N=—1, % =—2.

e® =a,l +o,B

Soo Ay =—land \, =—2

-t
e =, —0

e -2t

=a, — 20

ora,=(22"—e ™) andoy =" —e ). Then

eBt — (Ze—t _e—2t)| _|_(e—t _e—Zt)B

r I
%t _p 2 2a7t_ 252
eBt h n 5)
—2 r1 —t 2 r1 -2t —t x|
e +—e —£ 12
r2 If2

Corollary Ifwelet , =1, r, =1. With applying equation (5) , then
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Bt
And hence, €~ =
[ ot +e—2t et 2e 2

2t e 2t_2% ]

Corollary Ifwelet I, =TI, =  With applying equation (4.2.1) , then

B—[O

. % _e—2t e—l _e—2t
And hence, € = ot

— 22t 42" et 42
Theorem 2.2

Lt AeM o diagonalizable matrix and f analytic function on a domain that contains

the eigenvalues of A . Then

f (A)=Xf (B)X *Where A =XBX ~"and f isdefined by the Newton‘s

divided difference interpolations

Proof : We have

(A =X 1)=(XBX 71—)\j|):X (B —A;1)X -
Hence, f (A):Zn_:f (Ao A )H(A —Al)
:if (Ai,...,)\i)lli[(XBX 71—)\1- 1)

:Zn:f ot )ﬁx (B—XA1)X ™

— X (ijf Oyrees A )'H(B A D)X
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f (A)=Xf (B)X .

5 1 4 0 1 1
Example .Let A = B = X = and
-2 2 0 3 -1 -2

f (x)=e* Finde".
Solution ;

since A = XBX ™, we can find € * by above theorem . The eigenvalues of B are
4,3

f (4)=e"and f (3) =e°’.

et (A, F (\)=(4e*)and (\,T () =(3e’)

Then by definition of the Newton‘s divided difference interpolations

wehave, f (B)=f (A )1 +f (\,\)(B —\1)
RO = M AN S
e = -+ — —
0 e*] 3—-4 |0 3] |0 4 0 e
e =XeBX

A P

_[ 2t _g3 et _gd

—2e* 123 et 423



Theorem 2.3
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If A,B €M suchthat A = XBX ~1 where X is a nonsingular matrix , then

e =XeBX

: A ~
Proof : We know that 8" = lim(l —I——)n and A = XBX 1,Where X isa

n—oo n
nonsingular matrix .
So, we have
Al XBX .,
(I +F) =(14+——)"=X {1+
Hence,

XBX

i@l 42" = lim@1 Xy =

n—oo n

=X (lim(1 +%)“)x .

E)n x -1
n

limX (1 +2)"x
n—oo n

cef =XeBX

We can evaluate the previous example by using the definition of € A Which defined as a

limit of power

e — lim(l + 2y

n—oo

as the following example .

n
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Example
5 1 4 0 1 1 .
Let A = B = X = and f (X)=¢e
-2 2 0 3 -1 -2
Find € * |
Solution:

since A = XBX ™, we can find € " by above theorem .

The eigenvalues of B are 4,3

4 0
Hence, B =
o3
4t
B L+-—)" 0
t n n
0 L+-)"
n
Iim(1+4—t)n 0
i Bt,, [n—x n
Then lim(l +—)" = "
" 0 lim (142"
n—oo n

So, e* =XePx !
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eA[l 1]e4 0 [2 1
-1 -2Jlo ¢e°J|-1 -1

[ 2et—€’ et —e’

C|—2et 23 —e* 4 2e°
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