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On Solving of Common Fixed Point Problems
for Nonexpansive Semigroups in Hilbert Spaces
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Abstract
This paper is concerned with a common fixed point problem of a non-
expansive semigroup in Hilbert spaces. The strong convergence theorem
for a nonexpansive semigroup is obtained by a novel general iterative
scheme based on the viscosity approximation method and applicability
of the results is shown to extend the results of many authors existing in

the current literature.
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1 Introduction

Thoughout this paper, we always assume that C' be a nonempty closed convex
subset of a real Hilbert space H with inner product and norm denoted by (-, )
and || - || respectively. Recall that P is the metric projection of H onto C;
that is, for each x € H there exists the unique point in Pox € C such that

— Pox|| = min ||z — y|.
lz — Pea|| = min ||z — y|
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A mapping T : C' — (' is called nonexpansive if
[Tz =Tyl < lz—yll, Vz,yed,

and the mapping f : C' — C is called a contraction if there exists a constant
a € (0,1) such that

f(z) = f(y)l <allz—y|, Ve,yel.

A point = € C'is a fized point of T provided Tx = x. We denote by F(T)
the set of fixed points of T that is, F(T) = {x € C : Te =z}. f C C H
is bounded, closed and convex and 7' is a nonexpansive mapping of C' into
itself, then F(T") is nonempty (see [1]). A family S = {T'(s) : 0 < s < oo} of
mappings of C' into itself is called a nonezrpansive semigroup on C' if it satisfies

the following conditions:
(i) T(0)x = z for all x € C;
(ii) T(s+t)=T(s) o T(t) for all s,t > 0;
(iti) |7 (s)r —T(s)y[l < [lz —yl| for all 2,y € C and s > 0;
(iv) for all z € C, s — T'(s)x is continuous.

We denote by F(S) the set of all common fixed points of S, that is,
FS)={z e C:T(s)x =z, 0 <s < oo}. It is known that if C C H
is bounded, closed and convex, then F'(S) is nonempty, closed and convex (see
[2]). Construction of fixed points of nonexpansive mappings (and of common
fixed points of nonexpansive semigroups) is an important subject in the theory
of nonexpansive mappings and finds application in number of applied areas,
in particular, in the minimization problem (see, e.g. [3, 4, 5, 6, 7] and the
references therein).

A typical problem is to minimize a quadratic function over the set of fixed
points of a nonexpansive mapping in a real Hilbert space H:

min {1 (Az,x) — <x,b>} ,
zeQ | 2
where A is a bounded linear operator on H, () is the fixed point set of a

nonexpansive mapping S on H and b is a given point in H. Recall that A
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be a strongly positive bounded linear operator on H if there exists a constant
7 > 0 such that
(Az,) > 7lle?, Vo€ H.

Shimizu and Takahashi [8] introduced an iterative scheme for finding a

common fixed points of a nonexpansive semigroup as the following theorem.

Theorem ST. Let C be a nonempty closed convex subset of a Hilbert space H.
Let S = {T(s) : s > 0} be a nonexpansive semigroup on C such that F(S) # (.
Suppose that v1 = u € C and {z,} is the sequence defined by

1 [
Tpr1 = apu+ (1 —ay)— / T(s)x, ds,
0

Sn

for alln € N, where {a,,} C (0,1) and {s,} C (0,00) satisfying the conditions
lim, o, =0, > 7 a, =00 and lim,,__. s, = 00. Then {z,} converges

strongly to Pp(syu.

Marino and Xu [9] introduced the following an iterative scheme for finding
a fixed point of nonexpansive mapping based on the viscosity approximation
method introduced by Moudafi [10]:

Tpy1 = Oén/}/f(xn) + (I - O‘nA)ana Vn € N, (1)

where x1 € H, A is a strongly positive bounded linear operator on H, f is
a contraction on H and S is a nonexpansive on H. They proved that under
some appropriate conditions imposed on the parameters, if F(S) # (), then
the sequence {z,} generated by (1) converges strongly to the unique solution

z = Pp(s)(I — A+~ f)z of the variational inequality
<(A—’)/f)Z,.CL’—Z>ZO, V.TEF(S),

which is the optimality condition for the minimization problem
in {2 (Az,2) — hiz)
min < = (Az,z) — h(x
zeF(S) | 2 ’ ’

where h is a potential function for vf (i.e., '(x) = vf(z) for x € H).
Futhermore, Plubtieng and Wangkeeree [11] introduced an iterative scheme

for finding a common fixed point of a nonexpansive semigroup as follows:

Sn

Tpi1 = ayf(zn) + (I — oznA)i/o ' T(s)x, ds, (2)
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for all n € N, where 1 € H and f is a contraction on H. They proved that
under some appropriate conditions imposed on the parameters, if F(S) # 0,
then the sequence {z,} generated by (2) converges strongly to the unique

solution z = Pp(s)(I — A+ vf)z of the variational inequality
(A=~f)z,x—2) >0, VzeF(S).
In the same way, Plubtieng and Punpaeng [12] introduced an iterative
scheme:

Tpi1 = Quf(zn) + Bpxn + (1 — B, — ozn)i /S” T(s)x, ds, (3)
0

n

for all n € N, where 1 € C, f is a contraction on C and § = {T'(s) :
0 < s < oo} is a nonexpansive semigroup on C. They proved that under
some appropriate conditions imposed on the parameters, if F(S) # 0, then
the sequence {z,} generated by (3) converges strongly to the unique solution

2 = Pp(s)f(2) of the variational inequality
(I—=f)z,x—2) >0, VxelF(S).

Very recently, Wangkeeree [13] introduced an iterative scheme:
1 [
Fuis = 1 () + G+ (1= T =) [ T s, (@
n Jo
for all n € N, where 1 € H and f is a contraction on H. We note that
their iteration is well defined if we let C' = H, and the appropriateness of the
control condition a, of their iteration should be {a,} C (0,1) (see Thoerem
3.11in [13]). He proved that under some appropriate conditions imposed on the
parameters, if F/(S) # 0, then the sequence {z,} generated by (4) converges
strongly to the unique solution z = Pp(s)({ — A+ vf)z.

In this paper, we introduce a novel general iterative scheme by the vis-
cosity approximation method to find a common fixed point of a nonexpansive
semigroup in Hilbert space as follows:

1 [
Tpt1 = an'yf(xn) + ﬁnBl‘n + ((1 - En)I - ﬁnB - anA)S_/ T(S)xn d37 (5)
n Jo
for all n € N, where x; € H, A and B are two mappings of the strongly
positive linear bounded self-adjoint operator mappings, and f : H — H be a
contraction mapping.

As special cases of the iterative scheme (5), we have the following.
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(i) £S={T(s):0<s < oo} =T, then (5) is reduced to iterative scheme:

Tp1 = QY f(Tn) + BnBxy + (1 —€,)] — 5,B — a, A)Tx,. (6)
(ii) If €, = 0 for all n € N, then (5) is reduced to iterative scheme:

Tpi1 = anYf(2n) + BnBxy, + (I — 5B — 04,114)i /Sn T(s)x, ds. (7)
0

Sn

(iii) If B =1, then (5) is reduced to iterative scheme:

Tna1 = QY f(20) + Brnxn+ (1 —€, —ﬁn)]—anA)i /Sn T(s)x, ds. (8)
0

Sn

(iv) If 8, =0 for all n € N, then (8) is reduced to iterative scheme:

s = oy f () + (1 — )T — apA)— /0 (Ve ds. (9)

Sn

(v) If €, = 0 for all n € N, then (8) is reduced to iterative scheme of Wang-
keeree [13]:

Tpa1 = QY f(2n) + Bpxn + (1= )T — oznA)i /Sn T(s)x, ds. (10)
0

Sn

(vi) Ife, = 0foralln € N, then (9) is reduced to iterative scheme of Plubtieng
and Wangkeeree [11]:

Tni1 = ap Yy f(2n) + (I — OznA)i /sn T(s)x, ds. (11)
0

Sn
(vii) If y =1 and A = I, then (10) is reduced to iterative scheme of Plubtieng
and Punpaeng [12]:

Tor1 = o f(zn) + Guxn + (1 — 6, — Ozn)i /Sn T(s)x, ds. (12)
0

Sn

(viii) If S ={T'(s) : 0 < s < oo} =T, then (11) is reduced to iterative scheme
of Marino and Xu [9]:

Tni1 = apYf(2n) + (I — 0 A) Ty, (13)
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(ix) If B, = 0 for all n € N and for v € C chosen arbitrarily, define the
mapping f : C — C by f(z) = u for all z € C then (12) is reduced to

iterative scheme of Shimizu and Takahashi [§]:

1 [
Tpr1 = apu+ (1 — an)—/ T(s)x, ds. (14)
0

Sn

We suggest and analyze the iterative scheme (5) above under some appro-
priate conditions imposed on the parameters, the strong convergence theorem
for a common fixed point of a nonexpansive semigroup is obtained and appli-
cability of the results is shown to extend the results of many authors existing
in the current literature.

2 Preliminary Notes

We collect the following definition and lemmas which be used in the proof for

the main results in the next section.

Definition 2.1. (see [14]) A space X is said to safisfy Opial’s condition if

for each sequence {x,} in X which converges weakly to point v € X, we have
liminf ||z, — 2| < liminf ||z, —y||, Vye X, y#ua.
Remark 2.2. [t is well known that Hilbert spaces satisfy Opial’s condition.

Lemma 2.3. Let C' be a nonempty closed convex subset of a Hilbert space
H. Then the following inequality holds:

(x — Pcx,Pcx —y) >0, VreH, yel.

Lemma 2.4. (see [9]) Let H be a Hilbert space, f : H — H be a contraction
with coefficient ) < a < 1, and A : H — H be a strongly positive linear bounded
operator with coefficient 5 > 0. Then,

(1) if 0 <y <7/a, then
(@—y, (A=yf)lz—(A=7f)y) > F— )|z —yl* , Yo,y € H;

(2) if 0 <p<|AI7", then |[I = pAl <1—p7.
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Lemma 2.5. (see [8]) Assume {a,} is a sequence of nonnegative real num-
bers such that
an+1 S (1 - T]n)an + 571; n Z 1a

where {n,} is a sequence in (0,1) and {6,} is a sequence in R such that
(1) lim,oon, =0 and Y 7 1, = 00;
(2) limsup,,__,(0,/1,) <0 or Y > 10,] < cc.

Then lim,,__.o a, = 0.

Lemma 2.6. (see [8]) Let C be a nonempty bounded closed convexr subset
of a Hilbert space H and let S = {T'(s) : 0 < s < oo} be a nonexpansive
semigroup on C. For x € C andt > 0. Then for any 0 < h < 0o, we have

lim sup H% /OtT(s)x ds — T(h)(% /Ot T(s)x ds)

t——00 zeC

‘:0.

3 Main Results

Theorem 3.1. Let H be a real Hilbert space. Let A,B : H — H be two
mappings of the strongly positive linear bounded self-adjoint operator mappings
with coefficients §, 3 € (0,1] such that 6 < ||A|| < 1 and || B|| = 3, respectively,
and let f : H — H be a contraction mapping with coefficient § € (0,1). Let
S ={T(s) : 0 < s < oo} be a nonexpansive semigroup on H. Assume that
F(S)# 0 and 0 < v < §/5. For xy = u € H, suppose that {x,} be generated
iteratively by

Tpr1 = QY f(xn) + BuBrn,+ (1 —€,) — 3,B — oznA)i /Sn T(s)x, ds, (15)
0

Sn

for all n € N, where {a,} C (0,1), {Bn},{en} C [0,1) such that €, < o, and
{sn} C (0,00) satisfying the following conditions:

(C1) lim, o, = lim,, o B, = lim,, o (€n/ctn) = 0
(C2) lim,— oo 5 = Y 00| 0y = 00.

Then the sequence {x,} converges strongly to w € F(S) where w = Pps)(I —

A+ ~f)w is a unique solution of the variational inequality

(A=~ f)w,y—w) >0, Vye F(S).
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Proof. From ||B|| = 3 € (0,1], {B,} € [0,1), €, < a, for all n € N, (C1), we
have o, — 0, ¢, — 0 and 3, — 0 as n — oo. Thus, we may assume
without loss of generality that a,, < (1 — €, — B,||B|))||A||"* for all n € N.
Since A and B are two mappings of the linear bounded self-adjoint operators,

we have

[A[l = sup{| {(Az, z) | - € H, [lz] = 1}

and
| B|| = sup{| (Bz,z) | : v € H, ||z| = 1}.

Observe that
(1—=e) —03,B—a,A)z,z) = (1—¢€,) (x,x)—0,(Bx,x)— «a, (Ax,x)

> 1= e — Bl Bl — anl| 4]
0.

V

Therefore, we obtain (1 — €,)I — 3,B — «, A is positive. Thus, by the strong
positively of A and B, we get
(1 =€) — 3,B — a, Al

= sup{(((1 —e,)I — BB — a,A)x,x) :x € H, ||z = 1}
= sup{(l —€,) (z,x) — B, (Bzx,x) — o, (Ax,x) : v € H,||z|| = 1}

S 1_€n_ﬁnﬁ_an5
1 — 3.8 — and. (16)

IN

Define the sequence of mappings {P, : H — H} as follows:

n

P.x = a,yf(x) + B.Bx+ (1 —e,)] — 3,B — oznA)i/ ’ T(s)x ds, Yz € H,
0

for all n € N. Firstly, we prove that P, has a unique fixed point in H. Note
that for all x,y € H, by (16), the contraction of f, the nonexpansiveness of
T(s), and the linearity of A and B, we have

IR = Pyl < allf@) — f@) + Gall BllIz — yl
#10 = €)l = B — Al [T} = Tl ds
< @z =yl + BBl — yll + (1= 5T — ond)z — ol
= (1= G -8z -yl
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Hence, P, is a contraction with coefficient 1 — (§ — v6)a,, € (0,1). Therefore,
by Banach contraction principle guarantees that P, has a unique fixed point
in H, and so the iteration (15) is well defined.

Next, we prove that {z,,} is bounded. Pick p € F/(S) =(,5, F(T(s)) and

setting y, = é J T(s)zy ds. By the nonexpansiveness of T'(s), we have

1 [ 1 [
—/ T(s)x, ds — —/ T(s)p ds||
0 Sn Jo

Iy =2l = |-
o
< o |76 = i)l ds
n Jo
< e =l (17)

By (16), (17), the contraction of f, and the linearity of A and B, we have

= llan(f(zn) — Ap) + BnB(xn — p)
+ ((1 - En)I - 5nB - Oan)(yn - p) - Ean

< ol f(@n) — Apll + Bull Blll|zn — pl]

+ 11 =€) I = B, B — anAllllyn — pll + eallpll
< allf(zn) = FO + anllvf(p) = Apll + BubBlln — pll
+ (1= BB — and)lzn — pll + anllpll
< (1= =70)an)llzn = pll + an(ll7f(p) = Apll + llpll)

< max {Hxn . )~ Apl + ) } |
0 — o

It follows from induction that

A
ol I f(p) — Apl| + [Ipl } |

Tyl — < max-\ ||x; —
fones =l < s { -~

for all n € N. Hence, {z,} is bounded, and so are {y,} and {f(z,)}.
Put z; = Pp(s)z; and set
[ (z1) = Azl + |zl

D={z€eH:|z—xzn|<|z:— 2|+ = }.
0 — 0

Then D is a nonempty bounded closed convex subset of H which is T'(s)-
invariant for each s € [0,00) and {z,}, {y.} C D. Without loss of generality,
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we may assume that S = {T'(s) : 0 < s < 0o} is a nonexpansive semigroup on
D. By (C2) and Lemma 2.6, we get

for every h € [0,00). For all z,y € H, by Lemma 2.4(2), the nonexpansiveness

of Pp(s), the contraction of f and the linearity of A, we have
| Pres)({ — A+ f)x — Pris)(I — A+ )yl
< 0 =A+yfle =T = A+7f)yll
< Af@) = fWI+ I = Allllz — vl
< Yolle =yl + (1 =)z —yl
(1= (0 =9))lx -yl

Therefore, Pr(s)(I—A-+7f) is a contraction with coefficient 1—(5—~d) € (0, 1),
by Banach contraction principle guarantees that Pps)(I — A+ f) has a unique

fixed point, say w € H, that is, w = Pps)(I — A+~ f)w. Hence, by Lemma
2.3, we obtain
(A=7flw,y —w) =0, Vvye F(S). (19)
Next, we claim that
limsup (vf(w) — Aw,y, —w) < 0.
To show this inequality, we choose a subsequence {y,,} of {y,} such that
limsup (v£(w) = Aw,y, —w) = I (vf(w) = Aw,g, —w).  (20)
Since {yn,} C D is bounded, there exists a subsequence {ynj} of {yn,} which
converges weakly to w. Without loss of generality, we can assume that y,,, = w
as ¢ — 00.
Next, we prove that w € F(S) = (1,5, F(T(s)). Suppose that w ¢ F(S),
that is, T'(h)w # w for some h € [0,00). Since ||yn, — T(h)yn,|| — 0 as
i — oo by (18), therefore, by the nonexpansiveness of 7'(h) and the Opial’s

condition, we have

liminf ||y,, — T'(h)w||

1——00

liminf ||y,, — @] <
< hm mf (Ilyn, — T(h)yn,
<

—00

+T(h)yn, — T(h)w])

hm 1nf | yn; — ]|

1—00
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This is a contradiction. So, we obtain w € F(S). Therefore, from (19) and
(20), we obtain

limsup (yf(w) — Aw,y —w) = lim (7f(w) — Aw, yn, —w)
= {(vf—Aw,w —w) <0. (21)

Next, we prove that z,, — w as n — oo. Since w € F(S), the same as

in (17), we have
[y = w]| < flzn = wl][. (22)

Therefore, by (16), (22), the contraction of f, and the linearity of A and B,

we have

Hxn-l-l - w”2 = Han’)/f(xn) + B, Bx, + ((1 - en)l — BB — anA)yn - wH2
= |lan(vf(zn) — Aw) + B, B(x, — w)
+ ((1 - en)l - ﬂnB - anA> (yn - w) - eanQ

< (llan(rf () = Aw) + 8, B(a, — w)
(L= e = 0B — 0, A) gy~ )] + el )
+((1 =€) — BB — anA)(yn — w)”2 + M?’(Ll)
= [|BuB(zn —w) + (1 — )] — B, B — anA)(yn — w)H2
+ 200, (1 =€) — BB — @A) (yn, — w), v f(x,) — Aw)
+ MY + M
2
< (BullBlllwn = wll + (1 = )T = 5,8 = anAlllyn — ]|

+ 2007 (Yo — w, f(@0) = f(w)) + MY + MP) + M
— _ _ 2
< (BBllan = wll+ (1 = BB = and) v — wl])
+ 20,70 |2 — w||* + MY + M@ + M
= (1=2(0 = 70)an) |20 — w]]* + a28" ||z, — w]?
+ MO+ MP + M
< (T—m)llon, — w”2 + On,
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where
MY = 2¢, ||l (vf(x,) — Aw) 4 B.B(2, — w)
+ (1= )] = BB — cnA) (yn — w)|[|lw] + e [Jw]]?,
MP = alllyf(zn) — Aw|* + 2008, (Bl — w), v f (2n) — Aw)
M® = 20, (y, —w,vf(w) — Aw)
—2an ((€n] + BnB + anA)(yn — w),7f (2n) — Aw),
M = (0 —70)ay € (0,1),
On = 20w — wl* + MY + MP + MO,

By (C1), (C2), lim,,_. €, = 0 and (21), we can found that lim, ., 7, = 0,
Yo Mp = oo and limsup, . (0,/7,) < 0. Therefore, by Lemma 2.5, we

obtain {z,} converges strongly to w. This completes the proof. O

Remark 3.2. The iteration (15) is the difference with many others as the
following.

1. Two mappings A and B of the strongly positive linear bounded self-
adjoint operator mappings are used in the iteration of {x,}, which be

used only one mapping A by many others.

2. Three parameters oy, B, and €, are used in the iteration of {x,}, which

be used only two parameters o, and 3, by many others.

4 Applications

Theorem 4.1. Let H be a real Hilbert space. Let A,B : H — H be two
mappings of the strongly positive linear bounded self-adjoint operator mappings
with coefficients §, B € (0,1] such that § < ||A|| <1 and || B|| = 3, respectively,
and let f : H — H be a contraction mapping with coefficient 6 € (0,1).
Let T : H — H be a nonexpansive mapping. Assume that F(T) # 0 and
0<~vy<6/5. Forxzy =uc H, suppose that {x,} be generated iteratively by

Tpi1 = oV f(Tn) + BuBrn + (1 — €)1 — 3, B — ayA) Ty,

for all n € N, where {a,,} C (0,1) and {B,},{e.} C [0,1) such that €, < a,

satisfying the following conditions:
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(C1) lim,, oo = limy, o0 By = limy, oo (€n /) = 0;
(C2) 3 niy an = 0,

Then the sequence {x,} converges strongly to w € F(T') where w = Pp(I —

A+ ~yf)w is a unique solution of the variational inequality
(A=~f)w,y—w) >0, VyeF(T).

Proof. 1t is concluded from Theorem 3.1 immediately, by putting S = {T(s) :
0<s<oo}=T. (]

Theorem 4.2. Let H be a real Hilbert space. Let A, B : H — H be two
mappings of the strongly positive linear bounded self-adjoint operator mappings
with coefficients &, B € (0,1] such that & < ||A|| < 1 and | B|| = (3, respectively,
and let f : H — H be a contraction mapping with coefficient 6 € (0,1). Let
S ={T(s) : 0 < s < oo} be a nonexpansive semigroup on H. Assume that
F(S)# 0 and 0 <y < /5. For vy = u € H, suppose that {x,} be generated
iteratively by

1 [
Tpy1 = Oén’Yf(xn) + ﬁann + (I - 6718 - O57114)_/‘ T(S)mn dS,
0

Sn

for all n € N, where {a,,} C (0,1), {8,} C[0,1) and {s,} C (0,00) satisfying
the following conditions:

(C1) lim,, . v, =lim, .o 3, =0;
(C2) limy, oo Sy = D 0o |ty = 00.

Then the sequence {x,} converges strongly to w € F(S) where w = Pps)(I —

A+ yf)w is a unique solution of the variational inequality
(A=vflw,y —w) >0, Vy € F(S).

Proof. Tt is concluded from Theorem 3.1 immediately, by putting ¢, = 0 for
all n € N. O

Theorem 4.3. Let H be a real Hilbert space. Let A: H — H be a strongly
positive linear bounded self-adjoint operator mapping with coefficient 6 € (0, 1]
such that § < ||A|| < 1, and let f : H — H be a contraction mapping with
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coefficient § € (0,1). Let S = {T'(s) : 0 < s < oo} be a nonexpansive
semigroup on H. Assume that F(S) # 0 and 0 < v < §/5. Forx; =u € H,
suppose that {x,} be generated iteratively by

Tnt1 = Y f(T0) + Bpxn + (1 — €, — Bn)] — A )i /Osn T(s)x, ds,

Sn

for all n € N, where {a,} C (0,1), {B.},{e.} C [0,1) such that €, < o, and
{sn} C (0,00) satisfying the following conditions:

(C1) lim, .o a, = lim,, . B, = lim,, . (€,/cv,) = 0;
(C2) lim, oo Sy = Y o0ty = 00.

Then the sequence {x,} converges strongly to w € F(S) where w = Pps)(I —

A+ yf)w is a unique solution of the variational inequality
(A=yflw,y—w) >0, Vye F(S)
Proof. Tt is concluded from Theorem 3.1 immediately, by putting B=1. O

Theorem 4.4. Let H be a real Hilbert space. Let A: H — H be a strongly
positive linear bounded self-adjoint operator mapping with coefficient 6 € (0, 1]
such that § < ||A|| < 1, and let f : H — H be a contraction mapping with
coefficient § € (0,1). Let S = {T(s) : 0 < s < oo} be a nonexpansive
semigroup on H. Assume that F(S) # 0 and 0 < v < §/5. Forx; =u € H,
suppose that {x,} be generated iteratively by

1
Tpt1 = QY f(2n) + (1 — €)1 3_/ T(s)x, ds,
0

for all n € N, where {a,} C (0,1), {€,} C [0,1) such that €, < «, and
{sn} C (0,00) satisfying the following conditions:

(C1) lim,, .o, = lim,, o (€,/cv,) = 0;
(C2) lim,, oo Sy = Y o0ty = 0.

Then the sequence {x,} converges strongly to w € F(S) where w = Pps)(I —

A+ ~yf)w is a unique solution of the variational inequality

(A=~ f)w,y—w) >0, Vye F(S).
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Proof. 1t is concluded from Theorem 4.3 immediately, by putting 5, = 0 for
all n e N. O

Theorem 4.5. (Wangkeeree [13]) Let H be a real Hilbert space. Let A :
H — H be a strongly positive linear bounded self-adjoint operator mapping
with coefficient & € (0,1] such that § < ||A|| < 1, and let f : H — H be a
contraction mapping with coefficient § € (0,1). Let S = {T'(s) : 0 < s < o0}
be a nonexpansive semigroup on H. Assume that F(S) # 0 and 0 < v < 6/6.
For x1 =u € H, suppose that {x,} be generated iteratively by

Pt =y ) + B+ (1= 5T — ) - | " sy, ds,
0

Sn

for alln € N, where {a,,} C (0,1), {£,} C[0,1) and {s,} C (0,00) satisfying
the following conditions:

(C1) lim, o oy = lim,, oo B, = 0;
(C2) lim,— oo 5 = Y 00|ty = 00.

Then the sequence {x,} converges strongly to w € F(S) where w = Pps)(I —

A+~ f)w is a unique solution of the variational inequality
(A=~vflw,y—w) >0, Vye F(S).

Proof. Tt is concluded from Theorem 4.3 immediately, by putting ¢, = 0 for
all n € N. O

Theorem 4.6. (Plubtieng and Wangkeeree [11]) Let H be a real Hilbert
space. Let A : H — H be a strongly positive linear bounded self-adjoint
operator mapping with coefficient 5 € (0,1] such that 6 < ||A|| < 1, and
let f: H — H be a contraction mapping with coefficient § € (0,1). Let
S ={T(s) : 0 < s < o0} be a nonexpansive semigroup on H. Assume that
F(S)#0 and 0 <~ < 6/6. For x; =u € H, suppose that {x,} be generated
iteratively by

1 Sn
ot = anyfan) + (I — an )= / T(s)an ds,
0

Sn

for all n € N, where {a,} C (0,1) and {s,} C (0,00) satisfying the following

conditions:
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(C1) lim,, . o, = 0;

(C2) lim, oo Sy = Y oty = 00.

Then the sequence {x,} converges strongly to w € F(S) where w = Pps)(I —

A+ yf)w is a unique solution of the variational inequality
(A=vf)lw,y —w) =20, Vye F(S).

Proof. 1t is concluded from Theorem 4.4 immediately, by putting €, = 0 for
all n € N. O

Theorem 4.7. (Plubtieng and Punpaeng [12]) Let C' be a nonempty closed
convex of a real Hilbert space H. Let f : C' — C be a contraction mapping
with coefficient 6 € (0,1) and let S = {T(s) : 0 < s < 0o} be a nonexpansive
semigroup on C. Assume that F(S) # 0. For x1 = u € C, suppose that {x,}
be generated iteratively by

1 [
Tpt+1 = Oénf(xn) + 6n$n + (1 - ﬁn - Oén)s_ / T(S)xn dS,
n Jo
for all n € N, where {a,,} C (0,1), {#,} C[0,1) and {s,} C (0,00) satisfying

the following conditions:
(C1) lim, o oy = lim,, oo B, = 0;

(C2) lim,, oo Sy = Y 00|ty = 00.
Then the sequence {x,} converges strongly to w € F(S) where w = Pps) f(w)
s a unique solution of the variational inequality

(I = fHlw,y—w) >0, VyeF(S).
Proof. It is concluded from Theorem 4.5 immediately, by putting v = § = 1
and A=1. O

Theorem 4.8. (Marino and Xu [9]) Let H be a real Hilbert space. Let
A : H — H be a strongly positive linear bounded self-adjoint operator mapping
with coefficient § € (0,1] such that § < ||A|| <1, and let f : H — H be a con-
traction mapping with coefficient 6 € (0,1). Let T : H — H be a nonexpansive
mapping. Assume that F(T) # 0 and 0 < v < /5. For x1 = u € H, suppose
that {x,} be generated iteratively by

Tni1 = v f(2n) + (I — ATy,

for all n € N, where {c,} C (0,1) satisfying the following conditions:
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(C1) lim,, . a, = 0;

(C2) > | ay, = 0.

Then the sequence {x,} converges strongly to w € F(T) where w = Ppry(I —

A+ ~f)w is a unique solution of the variational inequality
(A=~flw,y —w) >0, Vye F(T).

Proof. Tt is concluded from Theorem 4.6 immediately, by putting S = {T'(s) :
0<s<oo}=T. O

Theorem 4.9. (Shimizu and Takahashi [8]) Let C' be a nonempty closed
convex of a real Hilbert space H. Let S = {T'(s) : 0 < s < 0o} be a nonexpan-
sive semigroup on C. Assume that F(S) # 0. For x1 = u € C, suppose that
{z,} be generated iteratively by

Sn

1 Sn
Tpi1 = apu+ (1 — an)—/ T(s)x, ds,
0

for all n € N, where {a,} C (0,1) and {s,} C (0,00) satisfying the following

conditions:
(C1) lim,, . o, =0;
(C2) lim, oo Sy = Y o0ty = 00.

Then the sequence {x,} converges strongly to w € F(S) where w = Ppsyu is

a unique solution of the variational inequality
(w—uy—w) >0, VyeF(S).

Proof. Tt is concluded from Theorem 4.7 immediately, by putting 3, = 0 for
all n € N and define the mapping f : C' — C by f(z) =u for all z € C. O
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