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The orbit spaces of linearly ordered systems
on continuums

Peiyong Zhu', Jianjun Wang? and Tianxiu Lu?

Abstract

In this paper, the concept of an orbit space is generalized from a dis-
crete dynamical system (X, f) to a linearly ordered system { X, T ,T'},
and it is shown that a general orbit space is a continuum if each X, is a
continuum in a linearly ordered system { X, 7r§, I'}. As aspecial case, it
is obtained that the orbit space of any discrete dynamical system (X, f)

is a continuum if X is a continuum.
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1 Introduction

In recent years, the inverse limits has been widely used in Dynamical Systems,
a series of good results were obtained (cf. [1]-[6]). But the applications of
inverse limits in Dynamical Systems have been encountered many difficulties

because the direction of the chain maps of inverse limits is exactly the opposite
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to the tracks of the relative dynamical system. In this paper, we introduce the
concepts of the orbit spaces by reversing the direction of chain maps of inverse
limit space, and discuss to preserve the nature of continuums in their orbit
space.

Let { X4 }aer be a family of topological spaces, where I' is linearly ordered
set[7], we denote by Il,cr X, the product space of {X, }aer, and assume that
X, — Xp is a continuous mapping when o < 3 for any «,3 € I'. The
triples {X,, 77, T'} is called to be a linearly ordered system if the following two
conditions are satisfied:

(A1) Wgwg =) when a < § <~ for any o, 5,7 € I,

(A2) & =idy, for any a € T, where idy, is an identity mapping from X,
to X,.

Usually, the subspace { = (za)aer € IaerXo : m(z,) = 25,0 <
B(Va, B € T')} of the product space Il erX, is called to be the orbit space
of the linearly ordered system {X,,7% T'} and is denoted by O{X,,n? T},
where each point x € O{X,, 7 T} is called to be an orbit(or,a direct limit)
of {X,, 7% T}, each mapping 7 is called to be a link mapping of { X, 7% T'}.

Assume that f : X — X is a continuous mapping where X is a topological
space. In Dynamical Systems, we call that (X, f) is a discrete dynamical
system,and for every o € X, the sequence {xzo, f(x¢), f*(z0), ...} is called to
be an orbit of (X, f) and is denoted by O}“(:UO). The set of all orbits of (X, f)
is a subspace of the product space II?° (X, where each X,, = X, we call it an
orbit space of (X, f) and denote it by O (X).

As a special case of a linearly ordered system, when I' = Z* (the set of all
non-negative integers),let us put X,, = X and 7! = f for each n € ZT. It
is easy to see that the linearly ordered system {X, f™~" Z*} is the discrete
system (X, f) and O{X, f" ", Z+}=07(X).

As a discrete dynamical system (X, f), the following two questions should

be fundamental questions :
Question 1.1. Is O}F(X) a compact space if X is a compact space?
uestion 1.2. Is OF(X) a continuum space if X is continuum?
f

In this paper, we first study orbit spaces of a linearly ordered system
{X,, 72, T}, several topological properties are obtained. By using them, the

following theorem is proved:
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MAIN THEOREM Let {X,, 72, T'} be a linearly ordered system, if each link
map 72 is a continuous and onto map, the following two conclusions hold:
(B1) O{Xa,7

(B2) O{X,, 72, T} is a continuum if each X, is a continuum.

,m3 T} is a compact space if each X, is a compact space.

As a special case of these results, the above two questions will be given
certainly answer.

In this paper, X denotes a topological space, ¢ denotes empty set, Ny (z)
denotes the open neighborhood system of a point x in a subspace Y of X and
is denoted by N (z) when Y = X. A denotes the closure of a subset A of X.
Let X = O{X,, 7% T}, we denote by p, the mapping of the projection from
My er Xy onto X, and put 7, = palx : X — X, for each a € T.

Throughout this paper, all concepts and terminologies on topological spaces

are from [7] and all topological spaces are Hausdorff spaces.

2 The fundamental proposition of orbit spaces

Proposition 2.1. The orbit space of a linearly order system { X, 72, T} is
a closed set of the product space [],.r Xa

PROOF. Let X = O{X,, 7% T'}. For any o, € I satisfying a < 3, let’s
pick
Mﬂ = {$ = (-Ta)ael“ € HaEFX (a:a) - .Qﬁg}

Because 2w, (1) = m8(x,) = x5 = m5(z),ie.,

M.s ={x = (2a)aer € HperXo: 7 Pral(z) = mg(x)},

then M,z is a closed subset of the product space I1,er X, by[7, Theorem 1.5.4].
Thus,
X =) Mag

asp

is closed in Iyer X, .

It is known that a closed subset of a compact space is compact. There-
fore, the following corollary holds trivially by Tychonoff Theorem ([7,Theorem
3.2.4]),
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Corollary 2.2. Let {X,, 72 T'} be a linearly ordered system, then O{X,, w2, T'}
15 a nonempty compact subset of the product space I er X, if X s a compact
space and X, # ¢ for every a € T,

PROPOSITION 2.3 Assume that X is the orbit space of a linearly ordered
system { X, 75, T}, then the following family of open subsets of X:

B={n'(U,): U, is an open subset of X, € T'}

1 a base of X.

PROOF Let X = O{X,, 72, T}. For any x € X and for any U € Nx(z),
there exists an open subset V' of the product space lyer X, such that U =
X NV. Thus, there are Wy,, W,,, ..., W,, which are respectively open subsets
of Xoy, -y Xa, such that

where k is a nature number. Put o = min{a; : 1 < ¢ < k}, then a <
a; and (7%)~Y(W;) is an open subset of X, for i = 1,2,...k, then U, =
ﬂle(ﬁgi)_l(Wi) is an open subset of X,. We can readily check that x €
o (Un) = (O (r) (W) =Ny (i (r2 )~ (W) = X (WO (o (W) ©
XNV =U.

Thus, B is a topological base of X.

Proposition 2.3. Let X = O{X,, 75 T}, AC X and A, = 7.(A) for ev-
eryw € T. If 78 = 78|51 when o < B for any pair o, € T, then {A,,75,T'}
is a linearly ordered system and O{A,, 75, T} = A, where A and A, are re-
spectively closures of A and A, in X.

PROOF. For any a, 8 € I satisfying a < (3, it is easy to check that

Ta(Aa) = T2(ma(A)) C Fama(A) = m5(A) = Ap,

«

then 7% : A, — Ag is a well continuous map. Thus {A,, 77, '} is a linearly
ordered system.
Let us put Y = O{A,, 7, T'}, we assert first that Y is a closed set of X.
For any 2 = (24 )aecr € X —Y, there exists o € I such that zy € Xo, — Aa,,
Le., Tyl (Xag — Aay) € N () and 7, (Xoy — Aa) Y = ¢. In fact, if there is
some y € T, (Xay — Aag) Y, L., y € T} (Xap — Aap) and y € Y C TgerAa,
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then 7oy (Y) = Yoy € (Xay — Aag) [ Aay = ¢. This is a contradiction. So, Y is
a closed set of X.

Moreover, we show that A =Y.

In fact, for any = € Y and for any V € Ny(z), there exist « € T' and
U, € Nx,(x,) such that = € 7} (U,) (Y C V since By (z) = {m ' (U,) Y :
U, € N(z,),a € T'} is a neighborhood base of a point = in Y, then 7,(x) =
To € UyN7a(Y) C Uy () Aa. Therefore,

VA (. (U)(Y)A = (7. (U) (A # &,

ie.,z € A. Thus Y C A. On the other hand, it is obvious that ACY =Y C
X holds because A C Y. Thus, Y = A. The proof is completed.

3 The proof of main theorems

Theorem 3.1. Let {X,, 72, T} be a linearly ordered system, if each link
map 72 is an onto map, then O{X,, 7%, T'} is a continuum if and only if each

X, 18 a continuum.

PROOF Take X = O{X,, 72 T}, it has been shown that X is compact if
each X, is compact in Corollary 2.2.

Now we assert that X is a connected space.

Assume that there exist two closed subsets A;, Ay of X such that X =
A;|J Az and A; () A2 = ¢, now we show that it is inevitable that either A; = ¢
or Ay = ¢.

For every a € T, let us pick A;, = mo(4;) for i = 1,2 and let B, =
A1) A2, where 7, is the projection mapping from X to X,. Then three
subsets A1, Aoy, B, of X, are compact and connected, i.e., they are subcon-
tinuums of X,,.

Let’s put 72 = 7P|p, for any pair a, 3 € T satisfying o < 3, it is
obvious that 77 is well defined as a map from B, to Bg since 77(B,) =
m3(Ba) = (AN A2a) C (A1) N7 A2) = mima(A) N Toma(As) =
ma(A) N ms(Az) = Ajs(A2s = Bs. So, {Ba, 77, T} be a linearly ordered
system.

Similarly, it is easily seen that each {A;q, Wf ,I'} is also a linearly ordered

e

system when we put each 7, = 70| 4., since 70 (Aj) = T07ma(X;) = 75(4;) =
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A;p for i = 1,2. By using Proposition 2.3, we have O{Am,ﬂ'iﬁa,r} = A; for
i=1,2.

Let B = O{B,, 7%, T}, it is obvious that B C O{A,,, 70 T} = A; since
each B, C Aj, and 72 = 7P|, = (x?
B = ¢ because A; () Az = ¢. Moreover, there exists oy € I' such that B,, =
Atag [N A24p = ¢ since each ﬂg : Xo — Xp is an onto mapping for a < 3.

A0 )| Ba = TriﬁalBa for i = 1,2. So,

Since m,,(X) is a normal subspace of X,,, there exist two open subsets
Ulags Usag Of Tay(X) such that

(1) Atay C Ungs Asay C Usny and Usg, () Uzay = ¢-

For any o € T, we put Z, = X, — (Uro J Usa) where Uy, = (790) 7 (Usy,)
when a < ap and i = 1,2, and let Z, = X, when a > «y. Then

(2) {Z,, 72, T} is a linearly order system, where 72 = 78|, for any o € T..

In fact, for any pair a, 3 € T satisfying a < 3, if 3 < ag, then 7(Z,) =
ﬁg[Xa_(ﬂ—gO)il(Alao U Aza)] = ﬁg(ﬂgwil[){ao_(fllao U Aza,)] = fg(ﬂ-goﬂg)il[*xoco_
(Atag U Aseg)] =73(58)(787) " [Xay — (Arag U Asay)] € X5 — (Us5UUg) =
Zs. If ap < B, then 72(Z,) C 2 (X, C X5 = Zs. Le., (2) is true.

Put Z = O{Z,, 72, T}, since Z C X and 7oy (X) = Tap (A1) UTae (A2) =
Aty U Asay C Utny U Usay, then mo (X)) () Zay = ¢. If Z # ¢, we can put x =
(Za)aer € Z C lperZa, then x4, = 7oy () € Tay(X) () Zay- This contradicts
t0 Moy (X)) Zay = ¢- So, we have Z = ¢.

Then, there exists some a* € I' such that Z,« = ¢. It holds obviously that
o* < ap, since Z, = X, # ¢ for every a > ap. Then

To* (X) = Ala* UAQOc* C Ula* U U2a* C Ty (X)’

i.e., o (X) = Urar | Usar, therefore it is true that either Uy« = ¢ or Ugy = ¢
holds because m,+(X) is connected, and
Ut NU2ar = (732) " (U1ao) N(752) ™ (Uza,)
= (773’9)_1((]1&* N UVaa) = ¢
By (1), it is true that either Aj,+ = ¢ or Age = ¢ holds. So, A; = ¢ or
Ay = ¢.
This proof is completed.

Corollary 3.2. Let X be continuum, f : X — X is a continuous map from
X onto self, then OF (X) is a continuum.
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