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1 Introduction

Impulsive differential equations play a very important role in modern ap-
plied mathematics due to their deep physical background and broad applica-
tion. In this paper,we consider the existence of multiple positive solutions of
two-point boundary value problems for nonlinear second-order singular and

impulsive differential equations:

(

—Lu = h(z)g(z,u), xel,

— AU |gea, = Lu(u(zy)), k=1,2,--- m,
APU)|pg, = Tr(u(zy)), k=1,2,--- m, (1.1)
Ri(u) = au(0) — fu'(0) =

Ry(u) = yu(l) + du'(1) = 0,

\
here Lu = (p(z)u') + q(z)u is sturm-liouville operator, I = [0,1], I’ =
I\ {x1,29,  ,2p} and 0 < 27 < x93 < -+ < x,, < 1 are given, R™ =
[07 +OO), g€ O(IXRJr’RJr) Ik7-[k € O(RJF RJr) (pu )l:v Tk :p(xk>ul<x2_)_

plap) (@), Alpu)la=a, = plae)ulay) —plae)ulay) o' (@), u(zy) (v (=), ulzy))

denote the right limit (left limit) of «'(z) and u(x) at x = xy, respectively,h(z) €
C(I,R") and may be singular at z =0 or z = 1.

Throughout this paper, we always suppose that
(S1)  p(x) € CH[0,1], R), p(x) > 0, q(x) € C([0,1], R), ¢(z) <0, a, B,7,0 >
0,p=07+ay+ad > 0.

It is well known that there are abundant results about the existence of
positive solutions of boundary value problems for second order impulsive dif-
ferential equations. Some works can be found in [1,3,6 — 9] and references
therein. They,mainly investigated the case p(z) = 1 and ¢(x) = 0. In this pa-
per ,we will consider the case p(z) # l,and ¢(x) # 0. Here we also mention
that second order dynamic inclusions on time scales with impulses has been
studied in [2] .We obtain the existence results of positive solutions,by means
of the fixed point index theorem in cones under some conditions on g(z,u)
concerning the first eigenvalue corresponding to the relevant linear operator.

To conclude the introduction,we introduce the following notation:

go = liminf min 9(z, u)’ Iy(k) = lim inf Ik(u), Io(k) = liminf —Ik(u)

u—0t z€[a,b] u u—0t [ u—0t U

L(u) - 7
oo = timinf min 29 7 () = timing 207k = i 2L,
u—+00 x€la,b) u Uu——+00 u U—+-00 U
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Moreover,for the simplicity in the following discussion,we introduce the
following hypotheses.

(Hy) N
Uk (Lo(K)1 (k) + To(k) @) (z1))
0 — )\17
go ¥ 7 6 (@) h(z)de g
0 50 (To(k)61 () + Too (B)) (1)
Joo —+ k=1 R > )\1.
[ oz

here 0 = min{ m(‘f), ZES)} (see section 2) and ¢;(x) is the eigenfunction related

to the smallest eigenvalue A\; of the eigenvalue problem —L¢ = A\ph, Ry(¢) =
Ry(¢) = 0.
(Hy) :  Thereis a p > 0 such that 0 <u < pand 0 <z <1 implies

g(z,u) < np, I(u) < mp, L(w) < fep

here 1, 7k, 7k = 0,7+ Z(nk+77k) >0, 1 fy Gly, y)h(y)dy+ Z Gk, ) (e +
M) < 1 and G(x,y) is the Green’s function of boundary Value problem —Lu =
0, Ri(u) = Ry(u) =0 (see section 2).

(Hs):  0< [} Gly,9)h(y)dy < +o0

2 Preliminary Notes

In this paper, we shall consider the following space
PO(L R) = {U S C(]7R);u|(wk,1k+1) < C(xkv‘rk-i-l)v U(ZUE) = u<xk)7 3 u($—ki_)7
k=1,2,--- ,m} PC'(I,R) = {u € C(I,R);v|(wp2.1) € C(@r, Tpt1), W(x;) =

u'(zg), 3 W (af), k = 1,2,--- ,m} with the norm |jul|pc = s%pl] lu(z)],
ze|0,

|lul| pcr = max{||ul|pc, ||¢| pc}, Then PC(1, R),PC'(I, R) are Banach spaces.

Definition 2.1. A functionu € PC'(I, R)NC*(I', R) is a solution of (1.1),
if it satisfies the differential equation

Lu+ h(zx)g(z,u) =0, xzel

and the function u satisfies conditions A(pu')|p—s, = —I(u(zk)), A(pu)|ses, =
I (u(zy)) and Ry(u) = Ro(u) = 0.
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LetQ:[XIandle{($ay)€Q|O§$§y§1}v QQZ{(xay) <
Q0 <y <z < 1}. Let G(z,y) is the Green’s function of the boundary value
problem

—Lu =0, Ry(u) = Ry(u) = 0.

Following from [4], G(z,y) can be written by

m@n®) - (z y) € Q,
G(z,y) = { M, (,y) € Qs. =y

w

Lemma 2.2. Suppose that (S1) holds, then the Green’s function G(x,y),
defined by (2.1), possesses the following properties:
(i): m(z) € C*(I, R) is increasing and m(x) > 0, = € (0,1].
(ii): n(x) € C*(I, R) is decreasing and n(z) > 0, x € [0,1).
(iii): (Lm)(z) =0, m(0) = B, m'(0) = a.
(iv): (Ln)(z) =0, n(1) =46, n'(1) = —.
(
(
(
(

V): w is a positive constant. Moreover, p(z)(m/(x)n(x) — m(x)n'(x)) = w.

vi): G(x,y) is continuous and symmetrical over Q).
vii): G(x,y) has continuously partial derivative over Q1, Qs.
viii): For each fixed y € I, G(x,y) satisfies LG(x,y) =0 for x # vy, z € I.
Moreover, R (G) = Ry(G) =0 fory € (0,1).
(viiii): G, has discontinuous point of the first kind at v =y and
1
Gy +0,9) = Gy = 0,y) = ———, y € (0, 1).
( ) ( ) o) (0,1)
Following from Lemma2.2, it is easy to see that:
G(r,y) < Gly,y) = M z,y € [0,1]
G(z,y) = 0G(y,y), x € [a,b],y € [0,1], (2.2)

where a € (0,141],0 € [tm,1),0< 0 = m@"{m(a)>ﬁgg} <1

Consider the linear Sturm-Liouvile problem

—(Lu)(x) = Mu(z)h(z), Ri(u)= Ra(u)=0.

By the Sturm-Liouvile theory of ordinary differential equations, we know that
there exists an eigenfunction ¢;(z) with respect to the first eigenvalue A\; > 0
such that ¢;(z) > 0 for z € (0, 1).
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Let E be a Banach space and K C E be a closed convex cone in E. For
r>0,let K, = {ue K :||lul| <r}and 0K, = {u € K : ||u|]| = r}. The

following two Lemmas are needed in our argument.

Lemma 2.3. Let & : K — K be a continuous and completely continuous
mapping and Pu # u for u € OK,. Thus the following conclusions hold:
(1) If ||ul| < ||®ul| for u € 0K, then i(P, K,, K) = 0;
(ii) If ||u]] > ||®u|| for u € OK,, then i(®, K,, K) = 1.

Lemma 2.4. Let & : K — K be a continuous and completely continuous
mapping. Suppose that the following two conditions are satisfied:

(i) uég}c(r ||Pul| > 0; (i) p®u # u for every u € 9K, and pu > 1.
Then, i(®, K,, K) = 0.

In applications below, we take E = C(I, R) and define
K={ueC(I,R):u(x) > ol|ul,z € [a,b]}.

One may readily verify that K is a cone in F.
Define an operator ® : K — K by

(@u)(z) = / Gl Ph(w)g(y, u@)dy+ S Gl wx)Te(ulwe)+ Tu(u(zy)), @ € T

O<zp<z

It follows form (Hj) that ¢ is well defined.

Lemma 2.5. If (H3) is satisfied,then ® : K — K is continuous and com-
pletely continuous, Moreover, ®(K) C K.

Proof By the property of continuous of g(z,u), Ix(x), Ir(x), it is easy to see
that ® : K — K is continuous and completely continuous. Thus we only need
to show ®(K) C K. In fact, for u € K, by using inequalities (2.2) and (H3),

we have that

| ull S/O Gy, »)h(y)gy uly))dy+ Y Glag, i) (Ie(ulei))+Ix(u(zr)) < +oo

O<zp<z
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On the other hand ,for any z € [a, b],by (2.2) we obtain

O<zp<x

(Pu)(z) = /OG(x,y)h(y)g(y,U(y))der Y Gla,a)(I(ulay) + Ti(u(zy))

> / Gl h®)g(y, uw)dy+ 3 Gl m) Tu(u(wn)) + Te(u(z)))

b O<zj <z

> a(/l Gy, hW)g(y, u@)dy + Y Glaw, xx)(Te(ula)) + Te(u(zr)))

O<zp<z
= o Pul

Thus, ®(K) C K.

Lemma 2.6. If u is a fived point of the operator ®, then u is a solution of
problem (1.1).

3 Main Results

Lemma 3.1. If (H,) is satisfied, then i(®, K, ,K) = 1.

Proof Let u € K with [|u]| = p. It follows from (Hj) that

[Pul < /0G(y,y)h(y)g(y,U(y))derZG(xk,xk)(Ik(U(wk))+7k(U(ﬂfk)))

k=1

1 m
< pln / Gy )y + 3 Glag a) o + 7)) < p = |l
0 k=1
Thus
|Pul| < [|ull, ¥V ueIK,.

It is obvious that ®u # u for u € JK,,. Therefore, i(®, K,, K) = 1, here we

use Lemma?2.3.

Theorem 3.2. Assume that (Hy) — (H3) are satisfied. Then problem (1.1)

has at least two positive solutions uy and us with

0 <]l <p <|luzll

)
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Proof According to Lemma 3.1, we have that
i(®,K,,K)=1 (3.1)

Since (H;) holds, then there exists 0 < € < 1 such that

o i (Io(k)p1 (k) + To(k) ¢ (1))

]. — & 0 = b /\1,
et Fohd
0 32 (Lo (k)1 (1) + Too (R, (1))
1 —&)[gu + —=2 - AL 3.2
(1— 2)[go + RETEr | > (3.2)

By the definitions of gy, Iy, one can find 0 < ry < p such that
g(x,u) > go(1—e)u, I(u) > Io(k)(1—e)u, Tp(u) > Io(k)(1—e)uVx € [a,b], 0 < u < 7o.
Let r € (0,79), then for u € 0K,, we have

u(z) > ollul| =or >0. x € [a,b]

2

0<xk<%

@0z) = [ GG+ 3 GG Tkum) + Tuu(n)

> [ GG )iy + Y Glm) Gelu(e) + Tululan))
b 1 ’ 1
> gu(1-9) [ GGGy + -2 3 Gl mhk)ulm)

0<z<i

+ (-0 Y G aTo(kyu(m)

. 2
0<£Bk<§

> (1-<)or <go JECTICIESS G<§7xk><fo<k>+fo<k>>) >0

2 1
0<£Ek<§

from which we see that iralf{ ||®u|| > 0, namely, hypothesis (i) of Lemma 2.4
ue r
holds. Next we show that u®u # u for any u € 0K, and p > 1.
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If this is not true, then there exist ug € 0K, and py > 1 such that po®ug

ug. Note that ug(x) satisfies

;

Multiple Positive solutions of Sturm-Liouville problems...

Lug + poh(x)g(z, ug(x)) =0,  zel,
_A(pu6>|x:mk = polp(uo(xy)), k=1,2,---,m,
A(puo)|eme, = tolp(uo(zr)), k=1,2,--- m, (3.3)
aug(0) — Buy(0) =
| Yuo(1) 4 dug(1) = 0.

Multiply equation (3.3) by ¢1(z) and integrate from a to b, note that

)"+ a(@)uo(z dl'_/ ¢1(z

/asl

[(p(z)up(2))" + q(a)uo(x)]dx

S / " 1 (@) (@) (@)) + ae)uo(@)de
o
s [ o) + )
= Gl - 0) - [ " )y (@) (x)dx + / " (@) (2)d
¥ Z_[qsl(:ckH)p(m)ug(m ~0) — u(a)pl)u a +0)

k=1

/ﬂck-o-l Z’k+1
x)dx +
Tk Tk

&1 () (T )ug(Tm + 0) — / p(x

m
k=1
Also note that

/ p(2)8), ()i () d

+

/a N () () duo (x
| :p<x>¢a<x>duo<x>

b

- Z Alp(wr)uo(w4)) 8 () —

m

_ZA

b
(zx)uo(zy)) P (zk) +/ ug(z)q(x)dr(x

x)dz]

=

uo()(p(z)¢) (z))'dx
)q(x)¢

)
)

) + / 4(w)uo () n () da
A (pl iy (1)) () — / p() ), ()t ()l + / 4(2) 1 (o ()

-1

x)dug(z)

/‘wk+1
Tk

dx + )\1/ h(x)or(x)up(z)dx
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b m

o1(@)[(p(x)up(2)) + g(x)uo(2)lde = = Alp(ar)up(a))ér ()

—~—

NE

b
3 Alp(auo(e)d, (2n) — M / h(z) 1 () (x)d

b
Il

1

b
po(Ik(uo(zx)) @1 (2x) + Ti(uo ()1 (2)) —/\1/ uo(x)h(z)d1(x)dx

[
NE

b
Il

1

So we obtain

Al/UO(iv)h(iv)%(x)dx = Zuo([k(%(xk))aﬁl(wk)+7k(uO(ivk))¢’1(fﬁk))

+M0/¢13€ g(z, uo(z))dx

2 (1—5)2 o(zr) (Lo(k) 1 () + Lo(k)d) (k)

(1-<)go / 61 (2)uo()h(x)d

Since ug(z) > o||ug|| = or, we have fab o1(z)ug(x)h(z)dx > 0 andi uo(zr) (Lo(k) b1 (zr)+

k=1
To(k)@#' (1)) > 0. So from the above inequality we see that A\; > (1 — )go.

Thus

= -l [ @@ > (- i D)1 () + Tolk)oh (1) uoln)
> (1-c)o Z( S(E)61 (o) + To(R)64 ).

Since [ uo(x)h(x) 1 (z)de < 7 [ ¢ (x)h(x)dz, we have

= (-l [ o> 1—aak2i D) + Tolk)oh (1),

which contradicts (3.2) again. Hence ® satisfies the hypotheses of Lemma 2.4
in K,. Thus
(P, K,, K)=0. (3.4)
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On the other hand, from (H;), there exists H > p such that for any = €
la,b], w> H.

(2, u) > goo(1 — &)u, In(u) > Io(k)(1 —)u, Ir(u) > Io(k)(1 —e)u, (3.5)

Let
¢ = max max |g(z,u) — goo(l — e)ul + ,2102% (i (u) = Loo (k) (L — €)ul +

m

S max [Tx(u) — Ioo(k)(1 —€)ul. It is clear that for any z € [a,b], u > 0.
= 0<u<H

g(x,u) > goo(1—8)u—C, I(u) > Io(k)(1—e)u—C, I(u) > I(k)(1—&)u—C,

(3.6)
Choose R > Ry := max{Z,p} and let u € K. Since u(z) > olu|| = oR >
H for z € [a,b], from (3.5) we see that

g(x,u(x)) > goo(l —e)u(x) > 0goo(1 — €)R, ¥V x € [a, b].
I(u(xg) > ol (k) (1 —e)R, In(u(zy) > ol (k)(1 —¢)R.
Essentially the same reasoning as above yields ig}f{ ||®u|| > 0. Next we show
ue R

that if R is large enough, then p®u # u for any u € 0Kg and p > 1. In fact,
if there exist ug € Kg and o > 1 such that puo®Pug = g, then ug(x) satisfies
equation (3.3) .

Multiply equation (3.3) by ¢1(x) and integrate from a to b, using integra-
tion by parts in the left side to obtain

Al/ uo(@)h(x)d (w)d =Y po(L(uo())d1 () + T (uo(a) ) (21))

+ oo / 61 (2)h()g(x, wo(x))dx

> (1= 9) Y (Talbor(on) + TR0 ) uolen) + (1 = ) [ ua(a)on(a)h(a)d
k=1 a

- (Zwlm)m 9) / 1 (x >a:>.

k=1
If goo < Ay, then we have

(A1 — (1 = €)gsc] / uo(2)h(z)¢1(z)dx + C (Z(%(%) + ¢ (zx)) / ¢1(z

k=1

> (1=2) ) (Iao(k)d1(wn) + Too (k) ) (1) o ().
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thus

ol = (1 = <)g] / h(x)@(x)dxw(Z<¢1<xk>+¢a<xk>>+ / ¢1<x>h<x>da:)

k=1

> (1—¢) O’”UOHZ k)o1(wr) + Too(R)B) (21)).

and
C (fﬁ (61 (1) + & () + [ <z§1(a:)h(:c)d:c)
ol < = SR :
(1= )0 3 (o(k)1(2) + Too (R} () = [\ = (1 =€) J[ 01 ()
= R. (3.74)

If goo > A1, we can choose € > 0 such that (1 — €)go > A1, then we have

b
(Zwl(mwl 1)) / o1()h(z)d ) > (1= )ge — Al / 6 (2)up () h(z) da

b
> (1= )geo — Mool / b (2) () dz

Thus

0 (& (ontan) + 61(0)) + [}t >dx) .

k=1

[1 goo_/\ f¢1

[[uoll < (3.75)

Let R > max{p, R}, then for any v € 0Kp and u > 1, we have udu # u.
Hence hypothesis (ii) of Lemma 2.4 is satisfied and

i(®, Ky, K) = 0. (3.8)
In view of (3.1), (3.4) and (3.8), we obtain
i(®,Kp\ K,,K)=—1, i(®, K, \ K,, K) = 1.

Then & has fixed points u; and uy in K, \ K, and Kg\ K,, respectively, which
means u;(z) and ug(x) are positive solution of the problem (1.1) and 0 <

lusll < p < usll
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Corollary 3.3. The conclusion of Theorem 3.2 is valid if (Hy) is replaced

by
(H7) =00 or Zfo )p1(zx) =00 or ijo(k)ﬁbﬁ(l‘k):
k=1
and
=00 or Z[ k)pr (k) zm: k)¢ (x1,) = oc.
Example 3.4.

Lu + %(u% +ud)=0, ze€T,

—Apu) o=z, = cru(y), o >0,

A(pu)|pes, = dru(zg), dp >0, (3.9)
Ry (u) = au(0) — Bu'(0) =

Ry(u) = vyu(l) 4+ 6u'(1) = 0,

\

here Lu = (p(z)u') + q(x)u. Assume that (S1) is satisfied. Then problem (3.9)

has at least two positive solutions uy and us with
0 < [lu]] <1 < [fugl|

provided

1< é (1 — ZG(xk,xk)(ck + dk)> , d= /0 G(y,y)dy. (3.10)

Proof To see this we will apply Theorem 3.2 (or Corollary 3.3).
By (3.10), n > 0 is chosen such that

1 m
1<n <7 E G(wy, zp) (cx + dy,)).
k=1

Set
Note

o (Hy) (or (H7)) holds.
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and

Let n, = ¢k, Mx = di, then n, ny, 7 satisfy

1 m
n/ Gy, y)dy + > Glwg, o) (s + 1) < 1.
0 k=1

Let p =1, then for 0 < u < p, we have

1 1 1
g(ﬂé’,u):§(u%+us) < §+§ <np=mn,

Ly(u) = cpu = mpu < mp, Ii(u) = dyu = T < yp

thus (Hj) holds. The result now follows from Theorem 3.2 (or Corollary3.3).
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