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On indexed product summability

of an infinite series
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Abstract

A theorem on indexed product summability of an infinite series has been
established.
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1 Introduction

Let Zan be an infinite series with the sequence of partial sums {s, }. Let

{pn} be a sequence of positive real constants such that
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P=p +p+-+p, >
asn—ow, P,=p,=0.

The sequence-to-sequence transformation

1 &
1:n _E ; PnS,

n

defines (R, p,) transform of {s, | generated by {p, }.

The series Zan is said to be summable |R, pn|k , k>1, if [2]

ke k
>, -t <o,
n=1

Similarly, the sequence-to-sequence transforms

n

Tn = F)L Z pn—v Sv

n v=0

defines the (N, p,) transform of {s, } generated by {p, .

The series Zan 1s said to be summable |(N,qn ) (N, p, )|k, k>1,if

o0
> e, -z [ <o
Ty = Tog 5

n=1

where {r,} defines the sequence of (N,q, ) transform of the (N, p,) transform of

{Sn }, generated by the sequence {qn} and {pn }, respectively.

Let {an} be any sequence of positive numbers. The series Zan is said to

be summable |(N,qn) (N, p, ),an

k=1,

o0
2 fn - g <o
an Tn Tn—l s

n=1

where {r,} defines the sequence of (N,q,) transform of the (N, p,) transform

f
of {Sn }, generated by the sequence {qn} and {pn }, respectively.
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Let {@, } be any sequence of positive numbers. The series Zan is said to

be summable |(N,qn) (N,p,)e,;0

Lk>1,if

iaf“kfl 7, = 7,4[ < o0,
n=1
where {r,} defines the sequence of (N,q, ) transform of the (N, p,) transform of

{s,}, generated by the sequence {q, } and {p, }, respectively.

Let f be a function of «,, if
> {f (@) (@) e = 7 <o0,
n=1

then the series )_a, is said to be ‘(N,qn) (N, p,),a,; f

o k >1, summable .
Clearly for f(e,)= and , 020,

(N.g,) (N.p,).,; f

=|(N.a,) (N, p,). 6],

and for 6 =0

[(N.a, ) (N. p, ).y Fl, =[(N.q,) (N. p, Lz, , -
We may assume throughout this paper that Q, =q,+ -+, > as

n

n—oand P, = p,+---+ p, >0 on N—>o.

2. Known Results

In 2008, Sulaiman [4] has proved the following theorem.

Theorem 2.1 [4] Let k >1and (4, ) be a sequence of constants.

Define

R=Z%,E=Zmﬂ

Let p,Q, = O(P

n

) such that
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© nk lqk (Vq k*l)
n :O v
2 oq, g

Then sufficient conditions for the implication Zan is summable

R,r,|, =Y a, 4, is summable |(R,q,) (R, p, ), are
4| F, =0@Q),
4] = 0@y,
P, R J4]=0Q).
P, 0 R |A[=0Q Q. 1),
P, G, R[4 = O(R,Q, 1),

v 1|Aﬂ“v| v+l T O(Qv rv)’

and

R |A4|=0@Q,r,)

Subsequently Paikray [1] generalize the above theorem by replacing the
(R, P, ) summability by A-summability. He proved:

Theorem 2.2 [1] Let k >1, {ln} be a sequence of constants. Let us define

fv:iqrarv’ l:v:ifr'

Then the sufficient conditions for the implication Zan is summable

R,rn|k :>Z:an A, summable |(R,qn)(A)|k are

k-1 k
m+1 1

n-q : L Sk k-1
- =0(—), g =0(q, a, =0V,
29, %% 2 @). 2,8, =00

Q. /?’n Ann
— =00, —=00),

R, =O(r,), g— 5
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(Aq—ﬂ”)k =0V Ajv =0O(l), and ﬂkvkl =O(V*").

In this paper we proved the following theorem

151

the

‘(N,qn) (N, p, ), f‘k, k>1, summability of the infinite series » a,1,. We

prove:

3 Main Theorem

For the sequences of real constants {pn} and {qn}and the sequence of

positive numbers {er, }, we define

fvzi% and szifi

Theorem 3.1 Let
Q, =0(q, P,)

and

@ {f (@)} (@) o (v a)"”
=0 v
n:zv+1 Qn anl ( Qv

), a3 M—> o,

(3.1)

(3.2)

(3.3)

Then for any sequences {r} and {4}, the sufficient conditions for the

n

implication ) a, is summable
k>1, summable, are
4| F, =0@Q),
Iﬂnl =0@),
Flal=0@Qr,

|k :Zan/ln is ‘ N qn)(N’ pn)7 n

(3.4)
(3.5)

(3.6)
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q,R,F, |4, = 0(Q, Q.. 1), (3.7)
R FulA4]=0@Qpr). (3.8)
R.|A%]=0@Q,r, (3.9)
Gy Ry [4,|=0(Q, Q.1 1) » (3.10)
in“ It = o, (3.11)
and _
ni;, (F ()} (@) "t = 0, (3.12)

where R, =+, +---+ 1, .

Proof. Let {t’} be the (R, r,) transform of the seriesZan . Then

an
Then
_ 3! ’ I n
t =t -t 3 RM; R, &,

Let {s,} be the sequence of partial sums of the series Zan/in and {r,} the

sequence of (N, ) (N, p, ) -transform of the series Y a4, . Then

:_anr Zprv v:_zszqn‘;:)prvz_zfvsv'

|
nI’O nVO r=v r QnV=0

Hence
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T, =7,—-7,_
:LG:fvv nlfvsV O Zn:fvsv+f"s“
Qn v=0 Qn 1 v=0 Qn Q -1 v=0 Qn,1
q n r n
= f,
Q0. Z:;‘ ar Qi Z:;‘
_ N Gl < A
TR0 &V RRL A PQm;”aVRH
(2 R.a) A( =
2620 Z »
e {Z(ZRHaVJA(i) + —”ZRHaV}
n 1 v=l Rv Rn 1 v=l
R
= ( thv + V71 fv tv v (A v+l v _nﬂ“n I:ntn
Q Qn 1 {Vzl: 2“/ rv ﬂ\’ ( X‘V) I‘-n }
n-1 R R
b A, +rLl(A/%)tv) £
n <Xn-1 v=l v n

In order to prove the theorem, using Minkowski’s inequality, it is

sufficient to show that

n,i

S (@)} (@) T

fori=12,3,4,5,6,7,...

Now, on applying Holder’s inequality, we have
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> @)@
| k
=2 {f (@)} ()" 0. Q Z%
m+1 ) o K |: t n-1 Kl
sz {f(a)} (a,) quin VZ,|M L | [ Q. Z:l: j
" {f ()} ()"
=01 F t
O3 g Al R 3 e
=0(1)i q:l “It, | M , using (3.3)
_on) sz . (Iﬂvl Fj
Q
=0(1) ivk-l t, “, using (3.4)
=0(l),as m—> 0.
Next,
> @) I
_ m+1 n-1 R k
— f k k-1 N1 t
é{ ()} (a,) QQ P 2pe f At
m+1 . n-1 RII: k -1
SZ {f(an)}k(an)k Q Q 1V:l q\'/< l|ﬂk\/| [ nl Vzl:qvj

Fk k t m+1 k-1 k
O(D;Rv qyl”'k' J Z {f(a, c)g} cgow

m K F k
=0(1) Zv“ It,| (—Vr éW]

:O(l)ivk‘l |tv|k , using (3.6)
v=1

=0(1),as m— 0.
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Further,

m+1

Z{f(a ) (@) T

m+1 | k

-3 @) @) S Ra et

I

n n1Vl v

Sm+1 ¢ ) - rI: n-1 A | )
nZ:Z:{ (a”)} (a”) Q: Qn] VZI: vk q\i/(1| //{V| " | | ( nl VZI:qVJ

m m+l o f k klk
SR E R RUCHHCARL eSS

R, F

k
=0() Y v It,[f (_V-l : v(; |Mv|j
v=l Y \

:0(1)ivk-1 t,[ . using 3.8)
v=l

=0(l),as m—> .

Again,
m+1

z{f(a ()T

n,4

$ et | R”*;f“t“‘
n=2 n~n-1 n

ot R,F, 4]
<2, @) (@) o] (—q55”|r”|)

ml ) i k[ 4dR,F, |/1n|]k
Y £ [¢| 2ot ol %l
() ) ( o

m+1

—O(I)Z{f(a Wo(e, )“|t| , using (3.7)

=0(),as m—> .

Next,
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m+1

> (@)} (@)

n=2

T k

n,5

m+l

St (R

I:)n Qn—l v=l

<00 {1 (@) @) o= 2 |§V| LI (Ql_ qj

t m+1 k k-1
_ o Z IAL It Z {f(oé”k)}q(ofn)

oa)z| | Itl 3 {f(an()g}k (gnw b using (32)

K k
m K A
=0 Y vt [%J

v

= O(I)Z:Vk |tv “ , using (3.7)
v=l

=0(),as m—> .

Again,

m+1

> (@) @)

n6

m+1 “

- {f(amk(an)“' Py St

_1 v=1 v
1

m+1 n-

k-1 ‘ ‘ 1
<0(1)Z{f(a ) (a,) Q. = rvk - 7 AL (in y

—_

n—

n-1
y

RE AL L[ 2 £ (@) (e
_ O 1 n n
( )Z vk q\l,( : n:zw-l I:>nk Qn—l

k
m K . A
- 0(1)ka*1 It,| (—r |sz|j

=0(1) Zm: VeI [
v=1

,using 3.9) R, |A4]=0(Q, 1)

=0(),as m—> .
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Finally,
m+1 k
> ()} (e) [T, |
" m+1 k
S (@ (@) | Pide Rt
PQ. I |

m+1 K Rn Z’n k
=0(1) X, {f (e} (@) [t [PQ#L]

m+1 K R 2 k
=0() Z {F )} (@) |t (%}

m+1

=0 {f(a)} (@) '|t,[ . using (3.10)

|k
=0(l), as m—> .

This completes the proof of the Theorem. 0
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