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On Submanifolds of an Almost r-Paracontact
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Abstract

We define a quarter symmetric metric connection in an almost r — paracontact
Riemannian manifold and we consider submanifolds of an almost r — paracontact
Riemannian manifold endowed with a quarter symmetric metric connection. We
also obtain Gauss and Codazzi equations, Weingarten equation and curvature
tensor for submanifolds of an almost r— paracontact Riemannian manifold

endowed with a quarter symmetric metric connection.
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1 Introduction

In [1], R. S. Mishra studied almost complex and almost contact submanifolds.
In [2], S. Ali and R. Nivas considered submanifolds of a Riemannian manifold
with quarter symmetric connection. Some properties of submanifolds of a
Riemannian manifold with quarter symmetric semi-metric connection were
studied in [3] by L. S. Das. Moreover, in [4], I. Mihai and K. Matsumoto studied
submanifolds of an almost r — paracontact Riemannian manifold of P — Sasakian
type.
Let V be a linear connection in an n—dimensional differentiable manifold
M. The torsion tensor T and the curvature tensor R of V are given
respectively by
T(X,Y)=V,Y -V, X-[X,Y],
R(X,Y)Z=V,V,Z-V,V,Z-V,Z.

The connection V is symmetric if its torsion tensor T vanishes, otherwise
it is non-symmetric. The connection V is metric connection if there is a
Riemannian metric g in M such that Vg =0, otherwise it is non-metric. It is
well known that a linear connection is symmetric and metric if it is the Levi-Civita
connection.

In [5], S. Golab introduced the idea of a quarter-symmetric linear connection
if its torsion tensor T is of the form

T(X,Y)=u(Y)gX —u(X)gY,

where u is a 1-form and ¢ is a tensor field of the type (1,1). In [6], R. S.
Mishra and S. N. Pandey considered a quarter symmetric metic connection and
studied some of its properties. In [7], [8], [9], [10] and [11], some kinds of quarter
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symmetric metric connections were studied.
Let M be an n-dimensional Riemannian manifold with a positive

definite metric g. If there exist a tensor field ¢ of type (1, 1), r vector fields

&5, 8 E(n>T1), 1 1-forms n',n%n°,..,n" such that

(1.1) n“(£,) =255, a,fe(r)={1,23,..,1}
(1.2) #°(X)=X=n"(X)&,,

(1.3) n"(X)=9(X,&,), ae(n)

(1.4) g(pX,¢Y) = g(X,Y)—;n“(X)n“(Y),

where X and Y are vector fields on M, then the structure
Z:(¢,§a,n“,g)ae(r) is said to be an almost r— paracontact Riemannian

structure and M is an almost r — paracontact Riemannian manifold [7].
From (1.1) through (1.4), we have

(L5) HE)=0,  ae(r)
(1.6) n“o¢=0, ae(r)
(L.7) HOXY) = GK.Y) = GOX, V),

An almost r— paracontact Riemannian manifold M  with structure

Z=(¢, $,iM%19) 4 1S sald to be s-—paracontact type if

w(X.Y)=(Vyn“)(X), ae(r)
On almost r— paracontact Riemannian manifold M with a structure

Z=(¢,§a,n“ 19) () I said to be P — Sasakian if it also satisfies
(%z w)(X,Y) == n“(X)9(Y,Z2)- D 7" (Y)n" (2)]
a B
=21 MI9(X,2)=> 7" (X)n”(2)]
a B

for all vector fields X,Y and Z on M [12].
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The conditions are equivalent respectivelyto ¢ X =Vx &, forall ae(r) and

(Vy $)(X) = =21 (XY =7(Y)E,1-[9(X.Y) = 2 0" (X)n” (V)D&
a a B

In this paper, we study quarter symmetric metric connection in an almost
r— paracontact Riemannian manifold. We consider hypesurfaces and
submanifolds of almost r—paracontact Riemannian manifold endowed with a
quarter symmetric metric connection. We also obtain Gauss and Codazzi
equations for hypersurfaces and curvature tensor and Wiengarten equation for
submanifolds of almost r— paracontact Riemannian manifold with respect to

quarter symmetric metric connection.

2 Preliminaries

Let M™ bean (n+1)-dimensional differentiable manifold of class C”
and M" be the hypersurface in M "™ by the immersion 7:M" — M"*. The
differential dz of the immersion 7 is denoted by B. The vector field X in
the tangent space of M" corresponds to a vector field BX in that of M ",
Suppose that the enveloping manifold M"™" is an almost r— paracontact
Riemannian manifold with metric g . Then the hypersurface M" is also an
almost r — paracontact Riemannian manifold with induced metric g defined by

g(¢X,Y) =g (BgX,BY),
where X and Y are the arbitrary vector fields and ¢ is a tensor of type (1,1).
If the Riemannian manifolds M"* and M" are both orientable, we can choose
a unique vector field N defined along M" such that
g(BX,N)=0

and
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g(N,N)=1
for arbitrary vector field N in M". We call this vector field the normal vector
field to the hypersurface M".
We now define a quarter symmetric metric connection Y by ([7].[8])
(2.1) VT =V ¥ 4 (X - G@X.V)E,
for arbitrary vector fields X and Y tangents to M ™, where V denotes the

Levi-Civita connection with respect to Riemannian metric g, 7“ is a 1-form,

¢ isatensor of type (1,1) and fa is the vector field defined by

§(&,. X)=7(X)
for an arbitrary vector field X of M"™. Also

G(X.Y)=G(X,gY).
Now, suppose that Z:(i,fa,ﬁ“,g)%(r) is an almost r— paracontact
Riemannian structure on M", then every vector field X on M"™ s
decomposed as

X =BX +I(X)N,

where | is a 1-form on M". For any vector field X on M" and normal
N, we have b(BX)=Db(X), ¢(BX)=Bg(X) and n*(BX)=n"(X), where
b isal-formon M".
For each « €(r), we have [8]

(2.2) #BX =B, X +b(X)N,

(2.3) £ =BE&, +a,N,
where &, isavector field and a, is defined as
(2.4) a, =m(g,)=n"(N)

foreach a¢e(r) on M".
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Now, we define 7“ as

(2.5) n“(BX)=n"(X), ae(r)

Theorem 2.1 The connection induced on the hypersurface of a Riemannian
manifold with a quarter symmetric metric connection with respect to the unit

normal is also quarter symmetric metric connection.

Proof: Let V be the induced connection from % on the hypersurface with
respect to the unit normal N, then we have

(2.6) V. BY = B(V,Y)+h(X,Y)N

for arbitrary vector fields X and Y on M", where h is a second

fundamental tensor of the hypersurface M". Let V be connection induced on

the hypersurface from V with respect to the unit normal N, then we have
2.7) Ve BY =B(V,Y)+m(X,Y)N
for arbitrary vector fields X and Y of M", m being a tensor field of type

(0, 2) on the hypersurface M".
From equation (2.1), we have
V. BY =V, BY +7%(BY)#BX — g(#BX,BY)(BE, +a_N).
Using (2.5), (2.6) and (2.7) in above equation, we get
28) B(V,Y)+m(X,Y)N =B(V,Y)+h(X,Y)N +7(Y)BgY
+n“(Y)b(X)N —g(#X,Y)(BS, +a,N).

Comparing the tangential and normal vector fields, we get

(2.9) VY =V Y07 (Y)Y —g(¢X,Y)E,

and

(2.10) m(X,Y)=h(X,Y)+n"(Y)b(X)-a,g(¢X,Y).
Thus,

(2.11) VoY =V X =[X,YT= % (V)X — 7% (X ).
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Hence the connection V induced on M" is a quarter symmetric metric

connection [5]. O

3 Totally umbilical and totally geodesic hypersurfaces

We define VB and VB respectively by
(VB)(X,Y) = (V, B)(Y) = (V4 BY) = B(V, Y)
and
(VB)(X,Y) = (VB)(Y) = (Ve BY) = B(V,Y),

where X and Y being arbitrary vector fieldson M".
Then (2.6) and (2.7) take the form

(V4 B)(Y)=h(X,Y)N
and

(V,B)(Y)=m(X,Y)N.
These are Gauss equations with respect to induced connection V and V

respectively.

Let X, X,, X5, X peonns , X, be n-orthonormal vector fields, then the

function
L3h(x,, %)
N3

is called the mean curvature of M" with respect to Riemannian connection V

and
L3 mex, x)
n4

is called the mean curvature of M" with respect to the quarter symmetric
semi-metric connection V.

From this we have following definitions:
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Definition 3.1 The hypersurface M" is called totally geodesic hypersurface of
M " with respect to the Riemannian connection V if h vanishes.
Definition 3.2 The hypersurface M" is called totally umbilical with respect to
connection V if h is proportional to the metric tensor g.

We call M" totally geodesic and totally umbilical with respect to quarter

symmetric metric connection V according as the function m vanishes and

proportional to the metric g respectively.
Now we have following theorems:
Theorem 3.1 In order that the mean curvature of the hypersurface M" with
respect to V coincides with that of M" with respect to V, if and only if the
vector field Ea istangentto M™ and M" is invariant.
Proof: In view of (2.10), we have

m(X;, X;) =h(X;, X;) +7%(Y;)b(X;) —a,9(¢X;,Y;)

Summing up for 1=1,2,3,......,n and dividing by n, we obtain
Ezm(xi’xi)zizh(xi’xi)!
) )

ifandonlyif « =0 and b=0. Hence from (2.3), we have

ga = Bga'

Thus the vector field Ea istangentto M ™ and M" is invariant. O

Theorem 3.2 The hypersurface M" will be totally geodesic with respect to
Riemannian connection V, if and only if it is totally geodesic with respect to the
quarter symmetric metric connection V and »*(Y)b(X)—-a, g(¢X,Y)=0.

Proof: The proof follows from (2.10) easily. mi
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4 Gauss, Weingarten and Codazzi equations

In this section we shall obtain Weingarten equation with respect to the

quarter symmetric metric connection V. For the Riemannian connection %
these equations are given by [12]

4.1) Vo N = —BHX

for any vector field X in M", where h is a tensor field of type (1,1) of M"
defined by

(4.2) g(HX,Y) =h(X,Y).

From equation (2.1) (2.2) and (2.4) we have

(4.3) VN =V, N+a BeX —Bb(X)E,.

Using (4.1) we have

(4.4) Ve N =—BMX,

where MX =HX —a_ ¢X +b(X)&,

for any vector field X in M". Equation (4.4) is Weingarten equation.

We shall find equation of Gauss and Codazzi with respect to the quarter

symmetric metric connection. The curvature tensor with respect to quarter
symmetric metric connection V of M"™ is

(4.5) R(X,Y),Z=V

~

Putting X =BX,Y =BY, and Z =BZ, we have

R(BX,BY),BZ =V, Vg, BZ ~V, Vi BZ — Vg, oy,BZ.
By virtue of (2.7), (4.4), and (2.11), we get

R(BX,BY)BZ = B{R(X,Y)Z +m(X,Z)MY —m(Y,Z)MX}
(4.6) +H{(Vim)(Y,Z) - (Vym)(X,Z)

+m(n” (V)X —n* (X)FY)IN,
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where
is the curvature tensor of the quarter symmetric metric connection V.

Substituting
R(X,Y,Z,U)=g(R(X,Y)Z,U)
and
R(X,Y,Z,U)=g(R(X,Y)Z,U)
in (4.6), we can easily obtain

R(BX,BY,BZ,BU) =R(X,Y,Z,U)+m(X,Z)m(Y,U)

4.7)
—m(Y,Z)m(X,U)
and
48) R(BX,BY,BZ,N)=(V,m)(Y,Z)—(V,m)(X,Z)

+m(n7” (V)X —n® (X)gY,Z).
Equations (4.7) and (4.8) are the equation of Gauss and Codazzi with

respect to the quarter symmetric metric connection.

5 Submanifolds of codimension 2

Let M™ be an (n+1)— dimensional differentiable manifold of
differentiability class C* and M"" be (n—1)— dimensional manifold

immersed in M™ by immersion 7:M"'—>M". We denote the
differentiability dz of the immersion z by B, so that the vector field X in
the tangent space of M " corresponds to a vector field BX in that of M ",
Suppose that M ™ is an almost paracontact Riemannian manifold with metric
tensor §. Then the submanifold M"™' is also an almost paracontact

Riemannian manifold with metric tensor g such that
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g(BgX,BY)=g(¢#X,Y)
for any arbitrary vector fields X ,Y in M"* [2].
If the manifolds M "™ and M"* are both orientable such that
g(B#X,N1) =g (BgX,Ny)=7(Ny,Ny) =0
and
g(N3,N7)=g(N;,Np) =1
for arbitrary vector field X in M"* [3].
We suppose that the enveloping manifold M"™ admits a quarter
symmetric metric connection V given by [7].
T¥ =¥+ (DI -GGRNE,
for arbitrary vector fields X,Y in M"™ denotes the Levi-Civita connection
with respect to the Riemannian metric g, 7 “ isa 1-form.
Let us now put
(5.1) #BX =BgX +a(X)N, +b(X)N,,

(5.2) ¢, =B&, +a,N;+b, N>,

where a(X) and b(X) are 1-forms on M"*, &£ is a vector field in the

a

tangent spaceon M"*, and a_, b, are functionson M"* defined by

(5.3) n“(Np)=a, . n%(N2)=b,.

Theorem 5.1 The connection induced on the submanifold M"* of co-dimension

two of the Riemannian manifold M " with quarter symmetric metric connection

V s also quarter symmetric metric connection.
Proof: Let V be the connection induced on the submanifolds M"* from the
connection V on the enveloping manifold with respect to unit normals N, and

N, , then we have [1]
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(5.4) Vo, BY = B(V, Y)+h(X,Y)N, +k(X,Y)N,
for arbitrary vector fields X , Y of M"" where h and k are second

fundamental tensors of M"*. Similarly, if V be connection induced on M"*

from the quarter symmetric metric connection V on M™, we have
(5.5) Vayx BY =B(VyY)+m(X,Y)N; +n(X,Y)N,
m and n being tensor fields of type (0, 2) of the submanifold M "™*.
In view of equation (2.1), we have
¥V, BY =V, BY +7%(BY)JBX — §(#BX,BY)E..

In view of (5.1), (5.2) and (5.5), we find

B(V,Y)+m(X,Y)N, +n(X,Y)N, =B(V,Y)+h(X,Y)N,
(5.6) +K(X,Y)N, +77(Y)(B, X +a(X)N; +b(X)N,)

- g(¢x ’Y)(Baja + aaNl +ba NZ)’

where 7%(BY)=7%(Y) and g(BgX,BY)=g(sX,Y).

Comparing tangential and normal vector fieldsto M"*, we get

(5.7) VY =V Y 477 (Y)gX —g(#X,Y)E,,

(5.8) (@) m(X,Y) =h(X,Y)+a(X)n"(Y)-a,9(¢X,Y),
(b) n(X,Y) =k(X,Y)+b(X)n*(Y)-b,g(¢X.,Y).

Thus,

(5.9) VY =V, X =[X,Y1=7 (Y )gX —n® (X)gY.

Hence the connection V induced on M"™" is quarter symmetric metric

connection. ]

6 Totally umbilical and totally geodesic submanifolds

Let X, X,, X5 X,, be (n-1)-orthonormal vector fields on the
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submanifold M ™. Then the function

1 n-1
2(n—1) ;{h(xilxi)+k(xi’xi)}

is mean curvature of M " with respect to the Riemannian connection V and

1 n-1
2(n—1) g{m(xi’xi)+n(xilxi)}

is the mean curvature of M "™ with respectto V [3].

Now we have the following definitions:
Definition 6.1 If h and k vanish separately, the submanifold M"" is called
totally geodesic with respect to the Riemannian connection V.
Definition 6.2 The submanifold M " is called totally umbilical with respect to
the V if h and k are proportional to the metric g.

We call M"™" totally geodesic and totally umbilical with respect to the

quarter symmetric metric connection V according as the functions m and n

vanish separately and are proportional to metric tensor g respectively.

1 with respect to the Riemannian

Theorem 6.1 The mean curvature of M"
connection V coincides with that of M"* with respect to the quarter

symmetric metric connection V if and only if
2 " (X)@(X) +b(X;)) - (a, +b,)g(#X;, X;)}=0.
i=1

Proof: In view of (5.8), we have
m(X;, X;)+n(X;, X;)=h(X,, X,)+k(X;, X;)+k(X,, X,)
—(a, +b,)g(¢X;, X;) +1* (X;)(@(X;) +b(X;)).
Summing up for i=12,........ ,(n—=1) and dividing by 2(n-1), we get

l n-1 1 -1
2 =1 2 MOG X0 X0y =2 e DK X k(X X))
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if and only if 307 (X)(@(X,) + (X)) - @, +D,) (K, X, )} =0

which proves our assertion.
Theorem 6.2 The submanifold M"* is totally geodesic with respect to the

Riemannian connection V if and only if it is totally geodesic with respect to the

quarter symmetric metric connection V provided that
a(X)n“(Y)-a,9(¢X,Y)=0

and
b(X)n”(Y)-b,g(¢X,Y)=0.

Proof: The proof follows easily from equations (5.8) (a) and (b). m

7 Curvature tensor and Weingarten equation

For the Riemannian connection V, the Weingarten equations are given
by [1]
(7.1) (a) Vex N, =—BHX +1(X)N,
and
(b) Vex N, =—BKX +1(X)N,
where H and K are tensor fields of type (1,1) such that
g(HX,Y) =h(X,Y)
and
g(KX,Y)=k(X,Y).
Also, making use of (2.1) and (7.1) (a), we get
Ve, N, =—B(HX —a,¢X +a(X)&, )+ (a,b(X) —b,a(X) +1(X))N,.
(7.3) Vo N, =—BM, X + L(X)N,,

where
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M,X = HX —a_¢X +a(X)E,
and
L(X)=a,b(X)-b a(X)+1(X).
Similarly, from (2.1) and (7.1) (b), we obtain
(7.4) Vex N, =—BM, X —L(X)N,,
where
M,X =KX —b,¢X +b(X)E, .
Equations (7.3) and (7.4) are Weingarten equations with respect to the quarter

symmetric metric connection.

8 Riemannian curvature tensor for quarter symmetric

metric connection

Let FE()Z,\?)Z be the Riemannian curvature tensor of the enveloping

manifold M "™ with respect to the quarter symmetric metric connection v,

then

Replacing X by BX, Y by BY and z by BZ, we get

R(BX,BY)BZ =V, V4 BZ ~ V4,V BZ ~V 5 5BZ.
Using (7.3), we obtain
R(BX,BY)BZ =V, {B(V,Z)+m(Y,Z)N, +n(Y,Z)N,}

~V o {B(V, Z)+m(X,Z)N, +n(X,Z)N,}
~{B(Vyy,Z) +M(X,Y1,Z)N, +n([X,Y],Z)N,}.

Again using (5.5), (7.3), (7.4) and (5.9), we find
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R(BX,BY)BZ =BR(X,Y,Z) + B{m(X,Z)M,Y —m(Y,Z)M, X
+0(X,Z)M,Y —n(Y,Z)M, X }+m{n“ (Y )¢X
=1 (X)@Y, ZIN, +{n” (V)X —n* (X)4Y , Z3N,
H{(Vem)(Y, Z) = (Vym)(X, Z)IN, +{(Vxn)(Y,2)
_(VY n)(XvZ)}Nz + L(X){m(Y:Z)Nz - n(YaZ)Nl}
~LY{M(X,Z)N, —n(X,Z)N,},

where R(X,Y,Z) being the Riemannian curvature tensor of the submanifold

with respect to the induced connection V . on M".
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