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A Generalized Class of Kumaraswamy Lindley
Distribution with Applications to Lifetime Data
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Abstract

In this paper, we propose a new class of generalized distributions
called the Exponentiated Kumaraswamy Lindley (EKL) distribution,
as well as related sub-distributions. This class of distributions contains
the Kumaraswamy Lindley (KL), generalized Lindley (GL), and Lindley
(L) distributions as special cases. A series expansion of the density is
obtained. Statistical properties of this class of distributions, including
the hazard and reverse hazard functions, monotonicity property, shapes,
moments, reliability, quantile function, mean deviations, Bonferroni and
Lorenz curves, entropy and Fisher information are derived among oth-
ers. The method of maximum likelihood is adopted for estimating the
model parameters. Two applications to real data sets demonstrate the

usefulness and importance of the proposed distribution.
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1 Introduction

Jones [7] explored the background and genesis of the Kumaraswamy (Kum)
distribution (Kumaraswamy [8]) and, more importantly, made clear some sim-
ilarities and differences between the beta and Kum distributions. Among the
advantages are: simple normalizing constant; the distribution and quantile
functions have simple explicit formula which do not involve special functions;
explicit formula for moments of order statistics and L-moments. However, com-
pared to Kum distribution, the beta distribution has the following advantages:
simpler formula for moments and moment generating function (mgf); a one-
parameter sub-family of symmetric distributions; simpler moment estimation
and more ways of generating the distribution via physical processes. Gupta
and Kundu [6] provided a review and recent developments on the exponenti-
ated exponential distribution. Cordeiro et al. [3] studied the Kumaraswamy
Weibull (KW) distribution and applied it to failure time data.

Lindley [9] used a mixture of exponential and length-biased exponential
distributions to illustrate the difference between fiducial and posterior distri-
butions. This mixture is called the Lindley (L) distribution. Ghitany et al.
[4] studied the statistical properties of the Lindley distribution. Sankaran [16]
obtained and studied the Poisson-Lindley distribution.

Motivated by the advantages of the generalized or exponentiated Lindley
distribution with respect to having a hazard function that exhibits increasing,
decreasing and bathtub shapes, as well as the versatility and flexibility of the
Kum distribution in modeling lifetime data, we propose and study a new class
of distributions that inherit these very important and desirable properties, and
also contains several sub-models with quite a number of shapes.

In this article, we propose a new distribution, called Exponentiated Ku-
maraswamy Lindley (EKL) distribution which generalizes the exponentiated
Lindley or generalized Lindley distribution. We discuss some structural prop-
erties of this distribution, derive the Fisher information matrix and estimate

the parameters via the method of maximum likelihood. In section 2, some gen-
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eralized Lindley distributions, Kum distribution, Kum-G distribution, and the
corresponding probability density functions are presented. Section 3 contains
results on the generalized and EKL distributions, including the hazard and re-
verse hazard functions, monotonicity property, and various sub-distributions.
In section 4, we present the moment of the EKL distribution. Reliability and
quantile function are given in sections 5 and 6, respectively. Mean devia-
tions are presented in section 7. Section 8 contains results on Bonferroni and
Lorenz curves. Measures of uncertainty, Fisher information and distribution of
order statistics are presented in section 9. Maximum likelihood estimates of the
model parameters and asymptotic confidence intervals are given in section 10.
Section 11 contains applications of the proposed model to real data, followed

by concluding remarks in section 12.

2 Some Basic Utility Notions

In this section, some generalized Lindley distributions and the Kumaraswamy
generalized distribution are presented. The following series expansion is useful

in subsequent sections: For |w| < 1 and b > 0 a real non-integer, we have

(1-w) = i(—l)j (b; 1)Wj~

=0

2.1 Some Generalized Lindley Distributions

Nadarajah et al. [12] studied the mathematical and statistical properties
of the generalized Lindley (GL) distribution. The cumulative distribution
function (cdf) and probability density function (pdf) of the GL distribution

are given by

B 1+ A+ Az

Gar(z;a,\) = [1 T

exp(—)wc)r, (1)

and

a\? 1+ )X+ Az a-l
gonlro ) = 25 (1 4 ) [1 _ H—Aexp<—m>] exp(-Aa), (2)
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respectively, for x > 0, A > 0, a > 0. This distribution is essentially the ex-
ponentiated Lindley distribution. Zakerzadeh and Dolati [18] presented and
studied another generalization of the Lindley distribution. These generaliza-
tions of the Lindley distribution are considered to be useful life distributions
and are suitable for modeling data with different types of hazard rate func-
tions: increasing, decreasing, bathtub and unimodal. These models constitute
flexible family of distributions in terms of the varieties of shapes and hazard
functions.
The one parameter cdf of the Lindley distribution [9] is given by

1A+,

Gr(z;\) =1 UL for z > 0, and A > 0. (3)

The corresponding Lindley pdf is given by

A2(1
( + m)e—)\x

for z > 0, and A > 0. (4)

Lindley distribution is a mixture of exponential and gamma distributions,
that is f(z;A) = (1 — p)fa(z; A) + pfe(z; A) with p = 125, where fo(z;\) =
GAM(2,)\), and fg(x;\) = EXP(X). Now, let Y] and Y5 be two independently
gamma distributed random variables with parameters (a, A) and (a+ 1, A), re-
spectively. For v > 0, let X =Y} with probability 33~ and X = Y5 with
probability then the pdf of X (see Zakerzadeh and Dolati [18]) is given

by

o
Ay

N(Az)* o+ yx)e
A+)(a+1) 7
for x > 0, A > 0, @« > 0, v > 0. Note that when o« = v = 1, we obtain the

fGL(x;aa >\77> =

Lindley pdf given in equation (4). When v = 0 we have the gamma pdf with
parameters a and A. If @« = 1 and v = 0 the resulting pdf is the exponential

pdf with parameter \.

2.2 Kum-Generalized Distribution

Kumaraswamy [8] in his paper proposed a two-parameter distribution (Kum
distribution) defined in (0, 1). Its cdf and pdf are given by:

Flzia;b)=1—(1—2", and f(z;a,b) = abz® (1 — 2>,
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respectively, for x € (0,1), a > 0, b > 0. The parameters a and b are the
shape parameters. Let G(z), be an arbitrary baseline cdf in the interval (0, 1).
Kum-G distribution has cdf F(z;a,b) and pdf f(x;a,b) defined by

F(zia,b) =1~ (1 [G(2)]")", ()
and
f(x;a,b) = abg(z)[G(2)]" (1 — [G(x)]*)*t fora > 0,b>0, (6)
where g(z) = %gf) is the pdf corresponding to the baseline cdf G(z).

3 Exponentiated Kumaraswamy Lindley Dis-

tribution

Exponentiated distributions are very important in statistics as indicated
by Mudholkar and Srivastava [10] who proposed and studied the exponenti-
ated Weibull distribution to analyze bathtub failure data. Gupta et al. [5]
introduced and developed the general class of exponentiated distributions.
The authors defined and studied the exponentiated exponential distribution.
Nadarajah and Kotz [13] introduced the exponentiated Fréchet distribution,
and Nadarajah [11] proposed and developed the exponentiated Gumbel distri-
bution. For a baseline cdf G(z), in general the exponentiated version F(z) =
[G(2)]° is quite different and flexible to accommodate both monotone and non-
monotone hazard rate functions. Exponentiated distributions are indeed quite
different from the baseline cdf G(z). In particular, F(z) = [1 — exp(—\z)]°
has a constant hazard rate A when § = 1, increasing hazard rate if § > 1 and
decreasing hazard rate if § < 1.

Now, with the choice of G(z) in the Kum-generalized distribution as the
GL distribution, we obtain the KGL distribution. The four-parameter KGL
cdf and pdf are given by

1 A A aay b
Fror(z;a, A, a,b) =1 — {1 - {1 - %exp(—kx)] } (7
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and

aba\?
. — 1 _
fKGL(xa a, )\,CL,b) 1+ A\ ( + ill') eXp( )\.CL')

1+ A+ M\ gl
1" """ —
[ 1+ exp Mz)}

« {1—{1—1+1)_\'_——t\mexp(—)\x)}m}b_l, (8)

forz >0, a>0 A>0,a>0,b>0, respectively. We can set the dependent

parameter aa = 6, so the KGL cdf and pdf reduce to Kumaraswamy Lindley
(KL) distribution with cdf and pdf given by:

Fiep(a:0,0.0) = 1—{1— [1—Mexp(—m)r} ()

1+
and
Fen(@Ab) = b0A2(1+ ) esxp(—A) R RS (—A)H
oz A0, = T x)exp T S\ exp x
T+ A+ Ak
xr

forx >0, A\>0,0>0,b>0, respectively.
Consider the exponentiated Kumaraswamy Lindley (EKL) distribution with
cdf and pdf given by:

)

b
1 0
Foren(:0,0,b,6) = 41— {1- {1—%@@(—)@)} } )

and

fEKL(x;Aaeaba(s) = 5[FKL( )]571fKL(:C)

SbON

1+A+A
= 1+x)exp( A1) {1—ﬂ

14+ A
b—1

exp(—m)] "

1+ A

1+
X { 1—'—1/:__;)\1‘6}{1)(—)\]3)] }
. { SR p<—Ax>]} . (12)



B.O. Oluyede, T. Yang and B. Omolo 33
forz >0, A>0,0>0,b>0,0 >0, respectively.

If ) = b =1, the EKL distribution is exactly identical to the beta gen-

eralized Lindley (BGL) distribution (Oluyede and Yang [14]) with pdf given
by

ON? L+ A+ Mz o1
fear(x; A 0) = g )\(1 +z)exp(—Az) |1 - B exp(—Az)|

for x > 0, A > 0, # > 0. Figure 1 illustrates some possible shapes of the pdf of
the EKL distribution.
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Figure 1: Plots of the pdf of EKL distribution for selected values of the pa-
rameters

3.1 Expansion of Density

In this section, the series expansion of the EKL pdf is presented. When

b > 0 and § > 0 are real non-integer, we use the following series representations

1= o) =1 (" ) Garto

=0
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and

(- i- 6oy = X o (U () ot

7,r=0

From the above expansions and equation (12), we can write the EKL density

as
SbON? 14+ A+ Az o1
fexr(x; A, 0,0,0) = Y (14 x) exp(—Ax) [1 T exp(—)\x)}
- i(b—1 i
e (M)
i=0
= (6 —1\ [bj
< e (T (M) Gatr
7,r=0 J r
IbON?
= T (14 z) exp(—Ax)
00 1 +/\+ 2 0(i+r+1)—1
X Z wi,j,r |:1 — Texp(—)@c)] s (13)
%,7,r=0

where the coefficient wj ;, is

i (D=1 (6 =1\ [bj

and > S w;;, = 1, for . >0, A > 0,60 >0,b> 0,0 > 0. Consequently,
the EKL density is given by three infinite weighted power series sums of the
baseline distribution function Gy (z).

Note here that we have considered the case when b > 0 and 0 > 0 are

non-integer, however the other cases can be similarly derived.

3.2 Some Sub-models of EKL Distribution

In this section, we present the sub-models of EKL distribution for selected

values of the parameters 6, b, and 9.
1.6d=1

If § = 1, this is the Kumaraswamy Lindley (KL) distribution with cdf
and pdf given by

b
1+ A+ Az ’
KL(Q:7)‘7‘97b) { |: Y exp( )\$>‘| } )
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and

bOHN> 14+ X+ Mz
1+ 14\

b—1
1+ A4 Az ’
X {]_ — [1 — ]_—I——)\ eXp(—/\x)] } ,

forx >0, A>0,0>0,b>0, respectively.

fKL(CC; A7 07 b)

(1+—x)epr_Ax)[1__ eXpC—Axﬂel

2.0=1
If & =1, the EKL cdf and pdf reduces to:

é
1+ A+ Az ’

and

fexp(z; A, b,0) = O\ (1 + x)exp(—Az)
EKL\ALHy Ay Uy - 1_|_>\ P

L+ A4 A\ b=l
[H—A exp“m}

6—1
1+ A+ Az b
X {1 — lH—A exp(—)w)] } s

forz >0, A\>0,b>0,0d >0, respectively.

3.b=1
If b = 1, this is the generalized Lindley (GL) distribution. The GL cdf
and pdf are given by

1 «
For(z;a, \) = [1 - % exp(—M)} :
and
a\? 1+ A+ Az ot
for(z;a,\) = T /\(1 + ) [1 — i exp(—Ax)} exp(—Az),
where o = ¢ in this case, for z > 0, A > 0, a > 0, respectively.
4. 6 =0=1
If 9 =6 =1, the EKL cdf and pdf reduces to:
1+ A+ Az ’
rrL(T; A, D) { T exp( )\x)} ,
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and

b—1

b2 1+A+ A
ﬁexp(_)\x) ’

) _ 1 _
fexrp(z; A, 0) 1+/\< + ) exp(—Ax) Y

for x > 0, A > 0, b > 0, respectively.

5. =0=b=1
If 6 =60 =0b =1, ten we have the Lindley (L) distribution given by
equation (3).

3.3 Hazard and Reverse Hazard Functions

In this section, the hazard and reverse hazard functions of the EKL dis-
tribution are presented. Graphs of these functions for selected values of the
parameters A\, @, b, and 0 are also presented. The hazard and reverse hazard

functions of EKL distribution are given by

fEKL(fI;;)\aHa b, 5)
FEKL(x; A 0,0, 5)

5()9)\2
= 1+ z)exp(—Azx) [1 -

By, (2:X,0,0,0) =

1+ XA+ Mz

expp—xxﬂe_l

1+ 14+ A
T+ A+ Ak
xr
X { [1 ST —————exp(— )\x)l }
)0
l—i-/\-l—)\x
1 _
8 { { T ol Ax)]}
AR
y 1At (_A)e
T exp x
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and

fEKL(xv )\797b7 5)

TEKL(:E;)\’ 0, b? 5) - FEKL(];)\ 9 b 5)

SbON? 1+ A+ Az o
— 1 — 277 —
14_)\( + ) exp( )\aj){ T exp( )\x)}
1+ A+ A b
T
- |1— 22T e~
X { [ T exp( )\{L’)]}

By 1
14+ A+ Mz o
1-d1- |1 2227 A ep(—
{ [ Tox exp( Aaz)]} :

forxz >0, A\ >0,0 >0,b>0,6 > 0, respectively. The graphs of hazard
function of EKL distribution are shown in Figure 2. These graphs show the

X

variety of shapes for the EKL hazard function including bathtub, deceasing,

and increasing hazard rate functions.
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Figure 2: Plots of the hazard function of EKL distribution for selected values

of the parameters
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3.4 Monotonicity Property
In this section, we discuss the monotonicity properties of the EKL distri-
bution. Let

1+ A+ Mz

V(z) =Gr(x;\) =1— T

exp(—Az), (19)

then from equation (12), we can rewrite EKL pdf as

fexrp(z; X\, 0,0,6) = 5b0)\ (14 z) exp(=Az)[V(2)]"~*

+ A
VP {1-L=[V@TPT, (20)

forx >0, A>0,60>0,b>0,0>0. It follows that

.

2
log fexr(x) = log (51)6)\ ) +log(1+x)— Az + (0 —1)log V(x)

1+ A
+ (b—1)log[1 = [V(2)]"]
+ (0-Dlog (1-[1—-[V(2)]"), (21)
and
dlog ferxr(z) 1 O—1+(1—-00)[V(2)]°.,
dr = Ty T V- [V(x)]e] Viw)

where V (z) = 1—%—*/\’\‘”exp(—)\x), and V'(x) = d‘(;(f) = H/\(l—i—:v) exp(—Ax).

Analysis: We know that z >0, A > 0,60 >0,b > 0, and 6 > 0, so that

dV(x) A2
!
= = 1 — .
V'(z) . 1+)\( +z)exp(—Az) >0,V >0
If x — 0,
IT+A+A
V(r)=1- % exp(—Ax) — 0
If x — o0,
1
Viz)=1- %—{;\)\x exp(—Az) — 1
since
T+A+ A A
lim (1 + X + Az) exp(—Az) = lim SATAT lim ———— =0

z—00 z—oo  exp(A\x) z—o0 \ exp(Ax)
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Thus, V(z) is monotonically increasing from 0 to 1. Now, as 0 < V(z) < 1,
we get 0 < [V(2)]? < 1,V0 > 0, [V(2)]°1 >0,v0 >0,0<1—[V(2)? <
LVO>0,0<[1—[V(2) <1,V0 >0, [1—[V(2)]"?*>0,V0 > 0, and
0<1—[1—[V(2)]" <1,V0 > 0. Then, we have

V'(x) 1= V@ V(@) V(=)

V()1 = [V(2))’] L= =[V(2)] -

>0, and

Also, from x > 0, we have 0 < H% < 1.
IfA21,0<0§1,b921,and0<5§1,weget%’;(’”L@)<O,since
HLI —A<0,0—-1+(1-b0)[V(2)]? <0, and b9(6 — 1) < 0. In this case,
fexr(z; X\, 0,0,6) is monotonically decreasing for all x.
A<, ferr(z; A, 0,b,6) could attain a maximum, a minimum or a point

of inflection according to whether

d2 lOg fEKL(x) < d2 10g fEKL(x) d2 10g fEKL(x) .
dx?
respectively.

3.5 Shape of Hazard Function

Note that if # — oo, then H2£A% exp(—Az) — 0. Also,

7

1+ A+ Az ot Z0—1\[ 1+A+Xz

=0

1

1+ XA+ Mz
1+ A

Q

1—(0—-1) exp(—Az).

Consequently,

5b9b)\b+1 b

fexp(x; A, 0,b,8) ~ (1_{_)\)1)35 exp(—Abx). (23)

If x — 0, then

R bé 4 )\206 0

fEKL(x;)\,Q, b,(;) ml‘ .

(24)

The cdf of EKL distribution is
b

b
1+ A+ Az ’
FEKL(I’, /\,H,b, (S) = 1— {1 — |:1 — H—)\exp(—/\x)} } s
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forx >0, A>0,0>0,0>0,6>0.

If z — oo, then Hl’}r—&’\‘” exp(—Az) — 0. Also,

L+ X+ 0 > /0 1+ \x i
-2 ep(-an) | = Y LI AT AT (A
1+ A iy x)} — <Z> { L+ A P x)}
1+M4+ Mz

1-— 91—}——)\ eXp(—)\l'),

Q

so that
FEKL(I‘, )\,Q,b, 5) ~ 1-9 |:9
Also,

1- FEKL(:L‘y )\,H,b, 5)

Q

b
4] {91—{—1)_\{_—4:\)\'% eXp(—/\x)}

66°
- T )\)b(l + A+ Ax)’[exp(—Ax)]?
660°
(1+ )P
50PN\
— e )\)bxb exp(—A\bx).

(A\z)’[exp(—Az))"

That is,

by\b
00°A bxb exp(—Abz). (25)

1 — Fpgr(z;X,0,0,0) ~ ESE

If x — 0, then Hl)jr—f\)‘x exp(—Az) — 1, and 1 — Hl)jr—f\)‘x exp(—Az) — 0, so that

{1_1—1-)\—1—)\3:

o
T exp(—)\x)} — 0,

and
14+ A+ A N
T
1- /11— — — =
{ [ T exp( )\x)} } 2 (2)
1+ A+ Az an

_1+>\+)\x
1+

Q

1—6P wﬂ—Mﬂé
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Thus,
b6>\206 05
Ferr(z; A, 0,0,0) AESZAE (26)
The hazard functions of EKL is given by
- N\ 0,00
hEKL(l"; 0,0, 5) fEKL( i2,0,b,0) - fEKL(fC ) , (27)

FEKL<=T;/\787Z)7 d) 1 Ferr(z;A,0,b,0)
forz >0, A>0,0>0,b0>0,6>0.
If x — oo, with equations (23) and (25) in equation (27), we get

SbO° N+ exp(—Abx) /(1 + \)°
30PNzt exp(—Abx) /(1 + A)P
= bA.

hE'KL<:Ua )\7 67 ba 5)

If x — 0, with equations (24) and (26) in equation (27), we get

HTON0 59 /(1 + NP
1 — DON209205 /(1 4+ \)99
BN

(T+N%"

hEKL(xa )\a 07 b7 5)

. 51206
since LA 40

s
SN — 0,asz — 0.

4 Moments of EKL Distribution

In this section, moments of the EKL distribution are presented. The fol-

lowing lemma is proved by using the result given by Nadarajah et al. [12].

Lemma 1
Let
o0 14+n+nx m-1
Kmnpa) = [ a+2) {1 e exp(—nm] exp(—qa) da.
0 n

1. If m 1is non-integer, we have

Kinnp) = S35 (771 (1) (F ) T e

=0 k=0 w=0
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2. If m is an integer, we have

Koonpa) = S35 (") SR

=0 k=0 w=0

Proof. 1. If m is non-integer, then

1+n+nz ml =\ (m—1 ;
2T e (— _ 1
1 L ) Z( ;e
14+n+nx

1+n

exp<—mc>)l,

and
o0

K(m,n,p,q) = Y (mz_l)(l(jr—l?)%l)l

1=0
X / 2P(1 + 2)(1 + n + nx)' exp[—(nl + ¢)z] dz.
0

Furthermore, [ is an integer, so that

(1+n+nz) = i (2) (n +nx)k = i (li)nk(l + )k,

k=0
and

o0

K(m,n,p.q) = Y <ml_ 1) (5117);)1 zl: (/lc> "

=0

X / 2P (1 + 2)* ! exp[—(nl + ¢)z] da.
0

Now, k is an integer, so that

k+1
1+ z)F+! = Z (k‘ + 1) 2,
w

and

K(m,n,p,q) = i (m l_ 1) (1(;1:)1 zl: </i)nki2§ (k:) 1)

(l) (k: + 1> (=)' T (p+w + 1)

k w ) (1+n)i(nl + q)ptwtt’
(28)
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2. If m is an integer, the index [ in equation (28) stops at m — 1, so that

s - EEECT)OC)

l +w—+1 "
1=0 k=0 w=0 w ) (1+n)(nl+q)?

]

The s'* moment of the EKL distribution, say s, is given by
/’L; - / .TstKL<.T;)\, 6)7 b? 5) dz.
0
Let b > 0 and § > 0 be real non-integer, then from equation (13), we obtain

SHONE & Y RN RN TS
— -1 i+j+r / 5(1 N )
:us 1 + >\ i’jm:O( ) ( i ) ( j ) (T) ; X ( :[j) exp( l')

14 A+ Ao (i+r+1)—1
X |1-—
[t |

exp(—Az) dz.

Now, using Lemma 1 with m = 0(i+r+ 1), n =X, p=3s, ¢ = A, we have

, SHON? & i (D= 1\ (6 =1\ (bj
= s 2o (U)0)0)

+
X K@(@i+r+1),A s, A). (29)

If 6 > 0 is non-integer, then the s moment of the EKL is given by

k+1

o= Y Yy

3,,m,1=0 k=0 w=0

O
(— 1)+ HD (s 4w + 1)
(L N rerohI(L § f)otort’ (30)

X

If & > 0 is an integer, then 6(i + r 4+ 1) is an integer, so that the index [ in
equation (30) stops at 6(i +r + 1) — 1.

Note here that we have considered the case when b > 0 and § > 0 are

non-integer, however the other cases can be similarly derived.
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5 Reliability

In reliability and related areas, the stress-strength model describes the life
of a component with random strength X, that is subjected to a random stress
Y. The component will fail at the instant that the applied stress exceeds the
strength, and the component will function satisfactorily whenever X > Y.
We derive R = P(X > Y'), a measure of component reliability, when X and
Y have independent EK L(\q,01,b1,0,1) and EKL(\g, 05, by, 09) distributions,
respectively. Note from equations (11) and (12) that

R = P(X>Y)
- / fX(x; Ahel,bl,61)FY(.’,U;)\2,02,[)27(52)(1[E
0

51010, ] 1+ A+ A i
= / (1 2) exp(— M) [1 At exp(—)\lx)}
0

1+ X\ L+ XM
14X + A o)
X
" {1 - [ PR e }
0 by 61—1

[ 14X+ Mz ™
X 1 - {1 - _1 - #exp(—/\lx)_ }

— _92 b2 52

1+ A A

Applying the series expansions

1+>\1+)\1£L‘ b=t L 91 -1 k
1 - - - — =
T e 22 ) m

k=0 m=0
(—1)"AT 2™ exp(—Aikx)
X , (32
(T+A)™ (32)
14 A+ A o) < P b — 1\ (641
1— 1_1—11' 1\ _ 1= 1 p
I e It S 9) 91 G [ T
1,p=0 n=0
< (—=1)HPARZ™ exp(—Aipx)
(T+ )" ’

(33)
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oy )" f
1 + )\1 + )\11’ ! > 51 -1 blq 916
1-|1-— - =
{{ o] | } 22000

_1\atet+f )9 g po(—A1fz)
% (f) ( 1) /\1;U 6 7(34)
g (1+ )9

({1 = S EEEE0)

y (1)1 N 27 exp(—Nqix) (35)
(1+ Xg)? ’

and substituting equations (32), (33), (34), and (35) into equation (31), we get

3
| =
=

3

M-

2

L+ A
. i Ek: (91 - 1) (k) (_1)k)\§(”1xz i)?))ng_/\lkx)
R0
t : j) (1+ Ao)/

R [TEON G ep-a)
0
k=0 m=0
(191 — 1) ((%l) (p) (—=1)HPAR2™ exp(—Aipx)
= l p ) \n (T+A)n
) o i (52) (b;t) (62h i\ (—1)th iz eXp(—)\gz':U) .
=0

t,h,i=0 j
00 k p f % o o
S B EEEECDIOIG0
k,,p,q,e,f,t,h,i=0 m=0 n=0 g=0 j=0
()G
X
q e t
(— 1)k+l+p+q+e+f+t+h+z /\m+n+g+ /\%
(14 Ap)mtntgt (1 + \y)J
X /00(1 + )™ exp(— [\ (k +p + f + 1) + Api]z) da. (36)
0
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We use the following gamma functions in equation (36)

/00(1 + x)xm+n+g+je—[>\1(k+p+f+1)+)\2ﬂ$ dz
0

[e.e]
_ / xm+n+g+J67[A1(k+p+f+1)+/\21}90 dr
0

oo
+ / xm+n+g+j+1€—[A1(k+p+f+1)+>\2i]x dr
0

(m+n+g+j)!
Mk +p+ [+ 1)+ Agg]mtntotitl
m+n+g+j+1

to get

R S iiii(“)()(blf)(?)(i)

k,l,p,q,e,f,t,h,i=0 m=0 n= Og 0 j=

0
51 -1 blq 916 52
q e t
(e “*”“AT”*Q“AQ (m +n+g+))
(1 + )\1)m+n+g+1(1 + )\2)] [)\1(]{ +p+ f i 1) + )\2i]m+n+g+j+1

y {H m+n+g+j+1 ]
ME+p+f+1)+ i

X

6 Quantile Function

The quantile function, say Q(p), is defined by F(Q(p)) = p. Now, from the
cdf of the EKL distribution, we have

)

0 b
LT ATAQP) eXp(—AQ(p))] } =D,

I+ A

Ferr(Q(p) = 41— {1 - {1 -

and we can obtain (p) as the root of the following equation

=

1+ A+ 2Q(>p)
1+

exp(-AQ(p)) = [1 - (1-ph)t]" — 1, (37)
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for 0 < p < 1. Substituting Z(p) = —(1+ A+ AQ(p)), we can rewrite equation
(37) as

Z(p) _ 1,179

TR el A+ Z() = [1- (1 -ph)E | -1,
so that

2 esp(2) = 1+ N esp(-1- 0 { [1- -] -1},

for 0 < p < 1. As the defining equation for Lambert W function W (z) is
x=W(x)exp(W(z)), we get

2 =w (4 nes-1- 0 {[1-0-phi] -1}

Qp) =15 - \

for 0 < p < 1. Since the Taylor series of W(z) around x = 0 is given by

W(z)=>7", (72#1’1, a series expansion for equation (38) around p = 1 can

, (38)

be obtained as

Qlp)=-1-<-—+ (14+X) exp(—i — i) { [1 -1 —pé)é}é - 1}
(39)

7 Mean Deviations

The mean deviation about the mean and the mean deviation about the

median are defined by

51(X):/Ooo]a:—u|f(x)dx, and 62(X):/Ooo\x—M|f(:c)dx,

respectively, where p = E(X), and M = Median(X) denotes the median.
The measures d;(X) and d2(X) can be calculated as follows:

M(X) = 2uF(u) —2pu+ 2/00 xf(z)dz, (40)

m
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and
(X)) = —,u+2/Mooxf(as)da:, (41)

respectively. By using the moments for EKL distribution and the results in
Lemma 2 (Nadarajah et al. [12]), we can calculate equations (40) and (41).
Note that

1+n+nx

m—1
Ton exp(—nx)} exp(—qx) dx,

K(m,n,p,q) = /Oooxp(1+x) {1

and

o0 1 m—1
Lonnpat) = [ w0+ [1—Wexp<—m>] exp(—qz) dz.
t n

We consider the case when b and 0 are real non-integer. From equation (29)
and Lemma 2 (Nadarajah et al. [12]), we know that

T ‘ib?; i (—1)H7+ <b ; 1) (5 B 1) (bf)K(e(i Fr41),0 1,0,

i,j,TZO j

00 9 0 B B ‘
[aerwar = P85 cape (b . 1> (5 ‘ 1) (w)
: + i,j,r=0 t J r
X LO(E+r+1),A 1A pm), (42)
and
o] 9 0o B B ‘
/ rf(zr)de = 0bOA (—1)ititr (b . 1> (5 ‘ 1) <b]>
M L+A i,j,r=0 t J r
x LOG+r—+1),\1,\ M),
so that

0 (X) = 2uF(p) —2u

5 ()0

%,7,7=0

X LO@GE+7r+1),A\ 1\ p),
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and

w0 - A (L))

17]77':0

X LOG+r+1),\1,A\M).

Note here that we have considered the case when b and ¢ are non-integer,

however the other cases can be similarly derived.

8 Bonferroni and Lorenz Curves

Bonferroni and Lorenz curves are defined by
1 [ 1 [
B(p) = p#/o zf(x)dr, and L(p) = #/o zf(x)dx
respectively, where p = E(X), and ¢ = F~*(p).
Now, we obtain Bonferroni and Lorenz curves for EKL distribution as fol-
lows: If b and § are real non-integer, then from equation (42), we have

L S () )

l,],T‘:O

= 1 S (7))

7:7j7T:0

x LOG+r+1),\1,)0q),

and

respectively. Note here that we have considered the case when b and ¢ are
non-integer, however the other cases can be similarly derived.

The equivalent definitions of Bonferroni and Lorenz curves are as follows:

1 [P 1 [P
B(p) = — F~'(z)dz, and Lp——/ Fl(z)dx,
() o /. (z) () A (z)

respectively, where = F(X). From equation (39), we know that

Flz) = —1————2 1+>\)Z —Z<1+A>{[1—(1—a;é)éf—1}i.

(43)
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By using the series expansion

(v = o 8 Q) (e

o - LIRS OO0

i-1(_1)\jt+k+m i —i(142)
iH(=1) '('1 + A)'e m
i!

Bp) = piu p(—1—§) dz

" M;;k;()< )( )(k)

—1 1)i+k+m (1 A)ie—t (1+X) .
DA ) (1+A)e /mdx
0

ph = = ) \k) \m il +1) |

(45)

CEEEEOOO
(46)

The Bonferroni and Gini indices are defined by

1 1
le—/ B(p)dp, and Gzl—?/ L(p)dp,
0 0
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respectively. By using equations (45) and (46), we obtain

1 1
B = 1—-=-(-1-=
u< A)

)iil(_l)j+k+m(1 + )\)iefi(1+)\)
Iz 1) ’

|
|-
1M
<
o‘ ~
>
3
ANE
<)
YRS
. .
N——
7~ N
> o
N————
N
3 i

and

PN o o NI B Am dE+1D)(3+2) '

9 Order Statistics, Measures of Uncertainty,

and Information

In this section, the distribution of the k™ order statistic, measures of uncer-
tainty, and information for the EKL distribution are presented. The concept
of entropy plays a vital role in information theory. The entropy of a random
variable is defined in terms of its probability distribution and can be shown to

be a good measure of randomness or uncertainty.

9.1 Distribution of Order Statistics

Suppose that Xi,---, X, is a random sample of size n from a continuous
pdf, f(z). Let Xy, < X, < --- < X, denote the corresponding order
statistics. If Xy,---, X, is a random sample from EKL distribution, it follows
from the equations (11) and (12) that the pdf of the k" order statistic, say
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Y. = Xk, is given by

n—k

Filyw) = (k—l n—k 'IZ (n_k) ) Ferr ()l ferr(ye)

5b(01)\in;\()1( ; Ur.) eXp )\yk Z i ( )(M —p1+l))

=0 p,q,i,j,r=0

(bqp) (b ; 1) (6; 1) (f;]) (= 1)HPrarit (17 (g ) Platitr =1

where V() = 1 — 2222 exp(—\y,.). The corresponding cdf of Yj, is

X

o = SR ()G
a8 ) [ oy e

The s moment of the k* order statistic Y, from EKL distribution is

obtained as follows: If b and § are real non-integer, then
BOY) = [ uihlmaro.b.5)dn
0

_ (1+/\)((5b9)\2n' ‘”Z’“ i ( k)(é(k—p1+l))

=0 p,q,i,5,r=0

W —#)
bp (b - 1) (5 ; 1> (i{) (—1)ipratititr

X K9q+z—|— +1),A,8 A).

X

Note here that we have considered the case when b and § are non-integer,

however the other cases can be similarly derived.

9.2 Renyi Entropy

Renyi entropy [15] is an extension of Shannon entropy. Renyi entropy is

defined to be H,(fpxr(x)) = Hy(frice(w: A, 0,b,6)) = U B (AODD &)

where v > 0, and v # 1. Renyi entropy tends to Shannon entropy as v — 1.
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Now,
& SO\
v _
/0 fEKL(x)dx = (1+)\)

X /000(1 + )7 eXp(_)\VfE)[V(x)]GW—V[l B [v<x)]9]b’)/—'y
x {1-[1- V@) da -
Note that
Vi = [1_ 1+1>:r)\/\x ex (—)\xﬂ 7
%) )\j 1 N
- = ()
x D (=1 (9:) Ee:o<(f)+k:<; S
and
6’7 24 > 57_7 0o ) bq
{111 - V() ; ( . );H)( )
3 0 ff o (A (L + )
X Z (lp Z (( +)\)l exp(—)xll’).

1=0
Substituting equations (48), (49) and (50) into equation (47), we get
> SbON2\ "
| frawas = ($2)

k,m,n,q,p,l=0 j=0 e=

ERIBIGI )
(—1)Frmtntatetl oxp(N(y + k +n + 1))

(1+ AN (y + k+n + 1)L
Fv+j+e+t+ 1L, Av+k+n+1)). (51)

X
Mg
M»
M:
MN
N\
3
s'/
R
N———
T
S
3
-
N
s 3
N———
D

X

X

X
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Consequently, Renyi entropy for EKL distribution reduces to :

H,(fexr(x)) = 11710g (ibj_AA)

! Yy (7 by =
s, 2 2R (T)G)0)

k.mm,q,p,l=0 j=0 e=0 t=

om 0y =7\ (ba (0P (1
G0
( 1 +m+n+q+p+leXp(/\(’7+k’+n—|—l))
(1 )k-‘rn-‘rl(,y +k4+n+ l)'y+j+t+1)\7+1

x T(y+j+e+t+1, )\(7+k5+n+l))}

for v > 0, and v # 1.
From equation (21), we obtain Shannon entropy for EKL distribution as

follows:

L+ A
(1= 0)E[log V(X)]
(1= b)Bllog(1 - [V(X)]")]

(1-0)Blog {1 —[1 - [V(X)']"}].

+ o+ A

Now, as 0 < [V (z)]° < 1,

log(1 — Z

k=

—_

and
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BlogV ()] = =35 () iy FX (ML 69

and

Blog {1~ 1= VPPH = -3 (0 S B e

By using the expansion of density for EKL distribution and the results in
Lemma 1 (Nadarajah et al. [12]), we can calculate equations (52), (53), and
(54). Now, we obtain Shannon entropy for EKL distribution as follows: When

b and ¢ are real non-integer, we have

SN2\ &
E[—log fex(X: A, 0,b,8)] = —log( )+Z

n=1

+ (0-1) ZZ(? /{:1—}—/\ Xlexp(=AkX)]

:

E(X™) + AE(X)

where

B(X") = ‘ib?; io(—l)i”” (b B 1) (5; 1) (bj) KOG+ 7+ 1), A, \),

Z7]77”:

E(X) = ‘ib?; io(_DHﬂr (b; 1> (5 - 1) (T)K(G(z’ Fr 1), 010,

E[X'exp(-\kX)] = fb?; i(—lww(b;l) (6;1) (b%])

,7,r=0

x K@O@@+r+1),\LA1+Ek)),

Bqvop) = fﬂ—l)i”“(bf) ("))

1,7,7=0

X K(0(i+7+k+1),10,MN),




56 Exponentiated Kumaraswamy Lindley Distribution

and

%,7,7=0

pveopn = 2SO (00 ()
K(©

X (i4+7r+m+1),A0N).

Note here that we have considered the case when b and  are non-integer,

however the other cases can be similarly derived.

9.3 s-Entropy

The s-entropy for EKL distribution is defined by

1= [ forp (@A, 0,b,0)da] if s#1,s>0,

Hs(fEKL(ZE;)\79, b, 5)) = .
E[—log f(X)] if s =1.

Consequently, if s # 1, s > 0, then from equation (51), we have

1 1 obON? \
H(feprr(x)) = s—1 s—1 <(1+/\))

S ()OO0
=)0

( 1 k+m+n+q+p+l exp()\(s+k+n—|—l))
(1 + )\)k+n+l(8 +k+n+ l)s+g+t+1)\s+1

X

X

x I'(s+j+e+t+1, )\(s+k‘+n+l)))

If s =1, then s-entropy is Shannon entropy.

9.4 Fisher Information Matrix

This section presents a measure for the amount of information. This infor-
mation measure can be used to obtain bounds on the variance of estimators,

and as well as approximate the sampling distribution of an estimator obtained
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from a large sample. Furthermore, it can be used to obtain approximate con-
fidence intervals in case of large sample.

Let X be a random variable (rv) with the EKL pdf feg.(.;©), where
O = (01,0,,03,0,)7 = (X, 0,b,0)T. Then, Fisher information matrix (FIM) is

the 4 x 4 symmetric matrix with elements:

1,(0) = Ee {alog(fEKL(X; O)) dlog(ferL(X; @))} |

00, a0,

If the density frxr(.; ®) has a second derivative for all 7 and j, then an alter-

native expression for I;;(®) is

1,,(0) = —Fe {32 log(frrr(X; @))]

06,00,

For the EKL distribution, all second derivatives exist, therefore the formula
above is appropriate and simplifies the computations. The elements of the

observed information matrix of the EKL distribution are given in Appendix.

10 Maximum Likelihood Estimation

In this section, the maximum likelihood estimates (MLEs) of the param-
eters A\, 0, b, and 0 of the EKL distribution are presented. If xy,---,z, is
a random sample from EKL distribution, then the log-likelihood function is

given by
log(L(\,0,b,6)) = nlog (%) + iz:;log(l +z) - )\z:;m
b f;long-)) Fb-1) zn;logu V)
- ilog (11— V()]}.

The partial derivatives of log L(\, 0, b, §) with respect to the parameters A, 0,
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b and ¢ are:
dlog L(A,0,b,9) "L [V(z)]? o x;
6 L0.0b0) —+Zlog -y 3o e o)

=1

1 V)PPV (@) log(V ()
DY T [ V) ’

=1

8logL(a>;),9,b,5) _ %+glog[1—[v< %)

%_(L_®§iﬂfﬂvwmqﬂwﬂ—ﬂV@Mﬂ

im1 1= [1 = [V(y)]"] ’
810gL(a);5,6’, b, 5) _ %+ ;log{l N [1 N [V<x2>]9]b}’
and
OlogL(\0.b,0) 1427 (611)1?2) e OV (@) /0N
O — SN Z% >; e
n 7.)]0-1 T
sy Ve %f);vm)
u 1—VJ?Z 9b_1VIi 0_18V17z' a/\
_%bﬂé_még[ [V( ?lﬂ{ﬁvﬁméb()/ )
Note that
o(85)  mex
OA (1+N)2
and
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Olog L()\,0,b,6)

5bOA2
(5) L vz,

Substituting equations ——; into equation 5 , we get
dlog L(\,0,0,6) n(2+)\) &
B IRYTES)) Zl i
" AN2 + A+ @i+ Axy) 7w exp(—Az;)
* Z:; 1A
y { 0—1 N O(1 — b)[V (x;)]° " }
T+ NV (z) A+ —=[V(x)])
N L= V@) [V ()] g exp (= Aay)
£ MO0 L[ [V(@)PT
1+ A (1+ )2

When all the parameters are unknown, numerical methods must be used to
obtain estimates of the model parameters since the system does not admit any
explicit solution, therefore the MLE (5\, 0,b, 5) of (A, 0,b,9) can be obtained

only by means of numerical procedures. The MLEs of the parameters, denoted

Olog L OlogL OlogL alogL)T
N > 90 > 9b 7 96

0, using a numerical method such as Newton-Raphson procedure. The Fisher
information matrix given by I(®) = [Iy, 9 Jax4 = E(—%Qal_%%_L), i,j =1,2,3,4,
can be numerically obtained by MATLAB, MAPLE or R software. The total

Fisher information matrix I,,(®) = nI(®) can be approximated by

by © is obtained by solving the nonlinear equation (

. 8% log I
J.(0) ~ {— 8 } 4, =1,2,34. (56)
4X4

96,00; |o_o

For real data, the matrix given in equation (56) is obtained after the conver-

gence of the Newton-Raphson procedure in MATLAB or R software.

10.1 Asymptotic Confidence Intervals

In this section, we present the asymptotic confidence intervals for the pa-
rameters of the EKL distribution. The expectations in the FIM can be ob-
tained numerically. Let © = (S\,é,l;, S)T be the MLE of ® = (),0,b,6)T.
Under the conditions that the parameters are in the interior of the parameter
space, but not on the boundary, the asymptotic distribution of \/ﬁ((;) —0)is
N4 (0,171(@)).
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The multivariate normal distribution with mean vector (0,0,0,0)” and
covariance matrix I7*(@) can be used to construct confidence intervals for the
model parameters. That is, the approximate 100(1 —n)% two-sided confidence

intervals for A, 6, b and ¢ are given by:

£Z5\/I( [(©), 0+Z Zn L, (© © bzl:Zn\/ o ( ©) and 5:I:Zm/ 5 (

respectively, where I} (©), I, (@) Ib’bl(@) and Igél((:)) are the diagonal ele-
ments of I71(©) = (nI(®))!,

normal distribution.

and Zn 1 is the upper 3 nth percentile of a standard

11 Applications

In this section, applications of the EKL distribution including the estima-
tion of the parameters via the method of maximum likelihood and likelihood
ratio (LR) test for comparison of the EKL distribution with its sub-models for
given sets of data are presented. The examples illustrate the flexibility of the
EKL distribution in contrast to other models including the Kumaraswamy
Lindley (KL), GL, L, Kumaraswamy Weibull (KW), weighted generalized
gamma (WGG) and gamma (GAM) distributions for data modeling. The
pdf of the four-parameter weighted generalized gamma distribution with the

weight function w(z) = x* used in the comparisons is given by

b/\baJra
fWGG(Z'; )\, a,a, b) = ml‘ba+a1€()\x)b, for \ > O, o > O, a > 0, b > 0.
a T a

The KW pdf [3] was also used to model these data. The KW pdf is given by

frew (@ N\, a,a,b) = abaXz*  exp(—(Ax)*)[1 — exp(—(\z)*)]**
X [1— (1 —exp(—(Ax)*))" ",

where a,b > 0 are additional shape parameters that pertains to skewness and
kurtosis.

The MLEs of the EKL parameters A, 6, b and ¢ are computed by maximiz-
ing the objective function via the subroutine NLMIXED in SAS. The estimated
values of the parameters (standard error in parenthesis), -2log-likelihood statis-

tic, Akaike Information Criterion, AIC' = 2p — 2log(L), Bayesian Information
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Criterion, BIC' = plog(n) — 2log(L), and Consistent Akaike Information Cri-
terion, AICC = AIC' + 25&”—;}%, where L = L(©) is the value of the likelihood
function evaluated at the parameter estimates, n is the number of observa-
tions, and p is the number of estimated parameters are presented in Table 3.
The EKL distribution is fitted to the data sets and these fits are compared to
the fits using the KL, GL, L, KW, WGG and GAM distributions.

We can use the LR test to compare the fit of the EKL distribution with
its sub-models for a given data set. For example, to test a = b = 1, the LR
statistic is w = 2[log(L(5\, 0,0, 5)) — log(L(S\, 0,1, 1))], where \, 0, b, and 4, are
the unrestricted estimates, and ), and @ are the restricted estimates. The LR
test rejects the null hypothesis if w > X37 where Xi denotes the upper 100d%
point of the x? distribution with 2 degrees of freedom.

Specifically, we consider two data sets. The first set of data comes from
R software package “faraway” data. See R software package for a detailed
description of the data. The data is given in Table 1. The second set of data
consists of the estimated time since given growth hormone medication until
the children reached the target age in the Programa Hormonal de Secretaria
de Saude de Minas Gerais [1]. The data set is given in Table 2. The MLEs
of the parameters with standard errors in parenthesis and the values of the
statistics (-2ln(L), AIC, AICC and BIC) are given in Table 3. The starting
points of the iterative processes for the data sets I and II for the EK L(, 0,b,06)
distribution are (0.476, 0.53, 0.061, 2) and (0.476, 0.051, 0.061, 2), respectively.

31 35 35 35 36 40 40 40 41 44 44
44 45 45 45 45 45 47 50 50 53 55
56 60 62 65 70 75 81 85 85 85 88
9.0 112 115 175 175

Table 1: R software package “faraway” data

215 220 255 256 263 274 28 290 3.05 341 343
343 384 416 418 436 442 451 460 461 475 5.03
510 544 590 596 6.77 7.82 8.00 816 821 872 10.40
13.20 13.70

Table 2: Growth Hormone Data [1]
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Data set Model A 9 ) b -2In(L) AIC AICC BIC SS
[ (n=38) EKL(A0,b0) 22252 231858 0.4581 0.1127 164.1 1721 1733 178.7 0.04981686
(0.03033) (1087.36) (0.1322)  (0.03264)

KL()0,b,1) 2.2429 613.23 1 0.1610 167.8  173.8 1745 178.7 0.09244024
(0.04603)  (249.44) (0.02759)
GL(\,6,1,1) 0.5749 5.9602 1 1 179.0  183.0 1833 186.3 0.2372781
(0.08189)  (2.2876)
L)\ 1,1,1) 0.2793 1 1 1 202.0  204.0 2042 2057 0.672952
(0.03243)
A « a b

KW(\a,a,b) 03093 21075 16332  0.1967 1874 1954 1966 2019 0.3868952
(0.05600)  (0.2275)  (0.7170) (0.03991)

WGG(\a,a,b) 574440 72804 62870 05080  179.0 1870 1883 1936 0.2197302
(130.85)  (1.9494)  (2.6966) (0.1185)

GAM(\a) 07829 39939 1 1 1822 1862 1866 1895 0.2602691
(0.1830)  (1.1095)

(=35 EKL(\0,b,0) 28396 33810 08768 01202 1529 1609 1622 167.1 0.03427661
(0.05063)  (18158)  (0.2493) (0.02854)

KL()0,b,1) 2.1379 75.0012 1 0.1759 153.8  159.8 160.6 164.5 0.03290961
(0.07884)  (33.6119) (0.03324)
GL(\0,1,1) 0.5926 3.9478 1 1 159.3  163.3 163.7 166.4 0.0901124
(0.0878)  (1.3624)
L(\1,1,1) 0.3303 1 1 1 1749 1769 177.1 1785 0.3855236
(0.04009)
A a a b

KW(\a,a,b) 12868 12417 549279 01370 1538 1618 1632 168.1 0.03925958
(0.2911)  (0.09659) (35.3591) (0.02506)

WGG(\0,a,b) 321085 002566 114986 03580 1579 1659 1673 1722 0.06756737
(0.000473)  (0.7120)  (1.9839)  (0.01570)

GAM(\,a) 07798 41381 1 1 1602 1642 1646 1673 113915
(0.1907)  (0.9520)

Table 3: Parameters Estimates, Log-likelihood, AIC, AICC, BIC, and SS

Probability plots (Chambers et al [2]) consists of plots of the observed
probabilities against the probabilities predicted by the fitted model are also
presented in Figures 3 and 4. For the EKL distribution, we plotted for example,

)
. A
PP 1+X+ A .
FEKL(:UI@; )\, 9, b, 5) = 1 — 1 — 1 — ;Ayk exp(—)\yk) 3
14+ A
against £=03 L — 1 2 ... n, where y, are the ordered values of the observed

n+0.25 7
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data. A measure of closeness of the plot to the diagonal line given by the sum
of squares
n 2
S8 = ; [FEKL(yk;Xé,B, 0) - (%)} ,
was calculated for each plot. The plot with the smallest SS corresponds to
the model with points that are closer to the diagonal line. The EKL model
performs very well in this regard.

For the "faraway” data, the LR statistics for the test of the hypotheses
Hy : L(\1,1,1) against H, : KL(\ 0,b,1), and Hy : GL(\,0,1,1) against
H, : KL(\,0,b,1) are 34.2 (p — value < 1 x 1077) and 11.2 (p — value <
0.001), respectively. Consequently, we reject the null hypothesis in favor of the
KL distribution. The test of the hypotheses Hy : K L(\,0,b,1) against H, :
EKL(X0,b,6) is 3.7 (p — value = 0.0544), so we reject the null hypothesis
in favor of the EKL distribution at 5.5% level. We conclude that the EKL
distribution is significantly better than KL, GL and L distributions based on
the LR statistic. The EKL distribution is also better than the KW, WGG and
GAM distributions based on the values of the statistics AIC, AICC and BIC.
The plots of the fitted EKL distribution and sub-models are shown in Figure
4. Also, the value of sum of squares for EKL distribution is SS=0.04981686,
which is the smallest.

For the growth hormone data, the LR statistics for the test of the hypothe-
ses Hy : L(A,1,1,1) against H, : EKL(\,0,b,6), and Hy : GL(\, 0,1, 1) against
H, : EKL(\,0,b,6) are 22 (p — value < 0.0001) and 6.4 (p — value < 0.05),
respectively. Consequently, we reject the null hypothesis in favor of the EKL
distribution. However, there is no difference between the EK L(\, 0,b,0) distri-
bution and K L(A, 6, b, 1) distribution. We conclude that the KL distribution is
significantly better than the GL and L distributions based on the LR statistic.
The EKL and KL distributions are also better than the KW, WGG and GAM
distributions based on the values of the statistics AIC, AICC and BIC. The
plots of the fitted EKL distribution and sub-models are shown in Figure 3.
Also, the values of sum of squares, are SS=0.03427661 and SS=0.03290961 for
EKL and KL distributions, respectively.

Based on the values of these statistics, we conclude that the EKL and KL
distributions provide better fit than the generalized gamma, Kumaraswamy

Weibull, and generalized Lindley models. In the cases considered, the EKL,
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Density Fit Probability Plot
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Figure 3: Fitted densities and probability plots of EKL distribution and sub-

models for “faraway” data

and KL performed far better than the generalized Lindley, Lindley, Kumaraswamy

Weibull, and gamma distributions.

12 Concluding Remarks

A new class of generalized Lindley distribution referred to as exponentiated
Kumaraswamy Lindley (EKL) distribution with flexible and desirable proper-
ties is proposed. Properties of the EKL distribution and sub-distributions were
presented. The pdf, cdf, moments, hazard function, reverse hazard function,
reliability, quantile function, mean deviations, Bonferroni and Lorenz curves
were presented. Entropy measures including Renyi entropy, s- entropy as well
as Fisher information matrix for EKL distribution were also derived. Estimate
of the model parameters via the method of maximum likelihood obtained and
applications to illustrate the usefulness of the proposed model to real data

given.
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Density Fit Probability Plot
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Figure 4: Fitted densities and probability plots of EKL distribution and sub-
models for growth hormone data
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Appendix FIM for EKL distribution

Let £ = L(A,0,b0,0), and V(z) = Gp(z;\) = 1— 1+1’:_JC\’\”” exp(—Azx). We note
here that we have considered the case when b > 0 and 6 > 0 are non-integer,
however the other cases can be similarly derived.

Elements of the observed information matrix of the EKL distribution are

given by
o2 — [V(@:)]°]" [V ()] exp(=Aay)
5550 bgzij - V@)
1 —i— >\ + Az; 1
{ L+X  (1+X2)
Pl &KL= V(@) V()] log(V ()
9600 bZ —[1 = [V(z:)]?) ’
& z))"log[l = [V(zy)]’] 0% n
R D o
0% B x;) a:l exp( Az;) [T+ X+ Ay 1
obON _QZ V(x;)]° [ 1+X  (14+))?

UﬂWMWﬂWMF%wmﬂm
LR 1 V()PP

=1

x {1 +1A++AM" - +1A ] {blog[l — [V(z)]"] + 1 —[1 — [V(z:)]"]"},
o =~ [V (2;)]% log(V (z))
oboo _; 1—[V(z,)]f
N 1= V@)V () log(V (1))
MDDy e I
% {blog[1 — [V(@)]"] + 1 —[1 = [V(z))"]"},
P m N[ V()P lloglL - V(@)
o pt (=9, A-[1-V@ETE



B.O. Oluyede, T. Yang and B. Omolo 69

P N HANF2
)RS IS RUpVE

N Xn: (2425 + 22X — 22X + A% — 22,07 — 22202 — ;N3 — 22033 exp(—Az;)

— (1+X)?
y { 6—1 N O(1 — b)[V (2;)]° 1 }
(1+ A)V( i) (L) = V(@)
(24+ AN+ x; + Az exp(—Ax;) [14+ N+ Az 1
S “Z 0+ V2V () T+A (AP

(2 + A+ 2 + Axy)z; exp(—Az;)
(190 AZ 1+ N2V ()

V(z)]?2[0 — 14+ [V (2)]°)(2 + A + 25 + Az;)2? exp(—2Ax;)
+ 0= AZ (T AP — V)

1+ X+ )\xz 1
x { 1+ _(1+A)2}
_ _ L= [V(@)]?)(2 + A+ @ + Azy)a; exp(—Ax)
o1 -5 AZ <1 A= V(@)
2  [1 = [V(@)]] 2V ()] 22} exp(—2)Aa;)
+ b= D ‘1; (== V@)]]P
1+ X+ Az 1 2
8 [ 1+ _(1+)\)2}
2 — [1— [V (z;)]"]P 2V ()] 27 exp(—2)\a;)
- W=D [ - V)P
1+ X+ Az 1 2
8 { 1+ A _(1+)\)2}
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(1= V()PP V (s ﬂa 27 exp(—2Az;)

1+ A+Az 1 2
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