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An Application of MCMC Methods
in Stochastic Volatility Model
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Abstract

In this paper, using the MCMC method, we derive the conditional
distribution of ”mean variance” variable. This random variable appears
in the option pricing problem under the stochastic volatility assumption.

Two real data sets are considered.
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1 Introduction

In finance theory, the Black and Scholes’s (1973) option pricing formula

is used to model the dynamic of a specified stock price, {s;, ¢t € [0,T]}. Tt
implies that the increment of the log(s;) over an infinitesimal interval of time
is governed by the increment of Weiner process. However, the Black-Scholes
model assumes that the volatility parameter is constant over time. Obviously,
this model is not able to describe the observed market patterns. In practice,

for goodness of fit purposes, we shall assume that the volatility parameter is
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a time varying stochastic function (say o;). Because of this, the stochastic
volatility models (going back to the Hull and White (1987)) are introduced
to be extensions for the traditional Black-Scholes model. In the stochastic
volatility models, it is assumed that the volatility itself satisfies in the other

stochastic differential equation. Let v; = o7 be the variance function and

R = log(sr/s0) = log(sr) — log(so)

be the total variation of log-price process over time interval [0, 7.

Nowadays, stochastic volatility models are necessary instruments for an-
alyzing asset prices (see Ghysels et al. (1996) and Shephard (2005)). These
models work very well, in practice. Characteristics of financial markets are
measured by defining quantities on these models. For example, Hull and White
(1987) introduced the "mean variance” variable (7) in stochastic volatility se-
ries as the integral of variance function of a fixed derivative security over its
life time (i.e. T') over T, that is,

v=(1/T) /OT v, dr.

They showed that, in a risk-neutral world, the distribution of R conditional
upon v is normal distribution. They also stressed that there is no analytical

form for the distribution of v.
In this paper, following Chib et al. (2006), the price equation is given by
dlog(sy) = {01 + 0207 }dt + 0,d By,

t € [0,T]. Following Hull and White (1987), when p = 0, we can show that the

conditional distribution of R given v is N(n*, A*?) where
n = (01 + 0,0)T and \* = Tw.

To see this, first assume that the variance function o2 is deterministic and time

varying. Then
T T
R = / {91+920?}dt+/ O'tdBt.
0 0

In this case, it is easy to see that the distribution of R is normal with mean

and variance n*, \*2, respectively. Note that the parameters of this normal
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distribution depend on v; throughout v. When o? is stochastic, there are an
infinite number of paths with the same v, but all of paths present the same
distribution for conditional distribution of R. This completes the proof. There
is another proof. In this case, we assume the variance changes at only n equally
spaced times in the interval [0, T]. Let s; and v; denote the price and volatility

during the ¢-th interval. We can see that

Si

log(——) = {61 + b2v;}(T'/n) + VUi lN;,

Si—1
where N; has N(0,7/n) distribution. Therefore, log(;*-) given v; is normal

distribution with mean

{01 + Ogu; }(T'/n),

and variance (T'/n)v;. Therefore, R given v = (vy,...,v,) is normal random

variable with mean
n

T + 0(T/n)(>_v;)
i=1
and variance (T'/n)(>_;_, v;). By letting, n — oo, the proof is completed. This
method of proof helps us in the case of p # 0.

One can note that v is a useful criteria to compare the situation of two
stocks. However, it is reasonable to compare the performance of two stocks,
based their mean variances, at the same levels of total variations. This fact
motivates us to derive the density of v given R = r. The MCMC method can
be applied to generate samples from this posterior distribution as follows. Note
that this type of MCMC method is referred as ”conditional diffusion process

simulation” which is appeared in Baltazar-Larios and Sgrensen (2009).

1. Generate an initial unrestricted stationary sample path {v\”, t € [0, T]} of
the diffusion of v, using for instance the Milstein scheme or one of the other
methods in Kloeden & Platen (1999). Then calculate 75 = (1/7") fOT odr.

2. Set [ = 1.

3. Propose a new sample paths by simulating {vgl), t € [0,7]} and as well as

calculate 7.
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4. Accept the proposed diffusion with probability

¢(T7 m, Al2)
’ ¢(T7 -1, )\12_1)

otherwise set v) = v(!=1). Here, ¢(r, m;, A?) is the density of normal distribution

),

min(1

with mean 7, and variance A\? computed at 7.
5. Set | =1+ 1 and go to 2.

Remark 1.1. Following Smith and Gelfand (1992), there is an alterna-
tive method against MCMC approach for generating samples from posterior
distribution ¥ given R = r as follows. Generate L sample paths {v}£ | and
caleulate {3} | {m}E, and {)\?}£ . Therefore, compute importance weights
{w;}£ | defined by

(b(?“ ", A )
Zl 1 (T M A )

Finally, by re-sampling {v(V}} | according to w; and calculating o"), samples

wy =

form posterior distribution is extracted.

Next, suppose that p # 0 and let v; obey the following stochastic process
dvy = pvidt + Evdwy.

Then, log(;*

) is normal with mean

pT &7
n 2n
and variance >=. It can be seen that the conditional distribution of log(;* 1)

given v; is normal with mean

Vg

(01 + Oov:)(T'/n) + P£{1 8 1—1) N % + f22_77;

and variance
vi(1 — p*)T/n.
Therefore, R conditional on the path followed by {vy,...,v,} has a normal
distribution with mean
- v; T T
W= 0y + 0,7)T + gz Vir{log(-——) - LIy
i=1

i—1 n 2n
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and variance
M2 = (1 - p*)T7.

Letting, n — oo, the conditional distribution of R given {Ut}te[o,T} is derived.
Note that this conditional distribution depends on the path v; rather that
v. Also, note that the above mentioned MCMC method can be applied by
substituting n, A with n*, A\*2. To this end, it is necessary to generate stationary
sample paths

Pt e 0,T)}1>1,

of the diffusion of v; at time points t; = ¢T/n,i = 1,2, ...,n and, using the above
formulas, calculate n* and A\*?, respectively. The variable 7T is approximated

by

n

(1/nT) Zvi.

=1

This paper is organized as follows. Two real data sets S&P 500 and U.S.

equity returns are considered in section 2.

2 Real data sets

In this section, we apply the mentioned MCMC to two real data sets. They
are (1) Standard and Poor’s 500 index (S&P 500) and (2) U.S. equity returns.

Example 2.1. The daily returns data on closing prices of the S&P 500
are accessible and valuable time series. The prices of 500 large-cap common
stocks (actively traded in the U.S.) are aggregated in this weighted index. We
consider this time series from 5/5/1995 to 14/4/2003. Following Chib et al.
(2006), we consider the GARCH form for the variance process v; defined by

dvy = 04(05 — vy)dt + Ozv,dwy.

Using the generalized method of moments (Iacus (2008)), the estimates of
parameters 6, and 64 are zero approximately and (6;, 63, 05, p) = (0.022,
0.029, 3.09, -0.84). Here, B, and w; are two standard Brownian motions on
[0, T] such that cor(B;, w;) = p. This parameter is called leverage factor. The

. e N . 02T . 03T
marginal distribution of log(v?’—ll) is normal with mean —=— and variance -5~.
i
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Under this information, we find that the conditional distribution of R given
{v1, ..., v, } is normal with mean

02T
) + 3_}7

Vi1 2n

(%

0T + 9£ 3 Vui{log(
3 =1

and variance (1— p*)Tv. The conditional expectation of v given R = r, E(t|r),
are 0.012, 0.0139 and 0.0144 for » = 0.039, 0.05 and 0.055, respectively. It is
seen that this index has little conditional average volatility and therefore it is

a good siuation.

Remark 2.2. Chib et al. (2006) also considered the log-normal form for

variance process given by
dUt = 94’Ut(65 — IOg(Ut))dt + vatdwt.

Here, 6; ~ 0. The estimates of parameters are 6, = 0.021, 62 = 0.033, 04 =
0.027, 05 = 0.72 and p = —0.83. It is easy to see that the logarithm of v; is
Ornstein-Uhlenbeck process, that is

dy, = c(p — y,)dt + odwy,

where ¢ = 0y, = 05 — % and ¢ = 65. Therefore, log(v;) is normal N (ky, 73),
where

ke = e “yo + p(e” —1)] and 7Tt2 = (1 —e 2.
It is easy to see that

2
COV(yS, yt) _ %e—c(s—&—t)(e%min(s,t) i 1)

Therefore, log(-2-) is normal with mean ¢; = k;, — k¢, , and variance
) Vi1 t; t;

-1
_ 2 2
v =mp + | — 2

cov(Ys;, Y, , )-Theconditionaldistributiono flog(;*-) given v; is normal with

mean and variance

{01+ B0} (T/n) + ”@{k’g(:il

) - [’i}a

and
(1 - pQ)T@,

respectively. We consider this volatility process in the following example.
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Example 2.3. This example is taken from Andersen et al. (2002). The

price equation is given by
d10g<8t> = 91dt -+ O'tdBt,

where the log-volatility process a; = log(c?) follows the Ornstein-Uhlenbeck

process

dOét = —04(0575 — 95)dt + Hgdwt.

The parameters estimates are
61 =0.03, 03 =0.125, 6, =1.389, 05 =0, and p = —0.62.

The values of E(@|r) based on r = 0.55, 0.78 and 1.035 are 0.022, 0.0339 and
0.0244, respectively.
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