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Abstract

In this paper, a second-order smoothing approximation to the [; ex-
act penalty function for nonlinear constrained optimization problems
is presented. Error estimations are obtained among the optimal objec-
tive function values of the smoothed penalty problem, of the nonsmooth
penalty problem and of the original optimization problem. Based on the
smoothed penalty problem, an algorithm that has better convergence is
presented. Numerical examples illustrate that this algorithm is efficient

in solving nonlinear constrained optimization problems.
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2 Second-order smoothing approximation

1 Introduction

Consider the nonlinear inequality constrained optimization problem:

(P) min f(z)
st gi(x) <0, i=1,2,...,m,

where f,g; : R* — R, i €1 =1{1,2,...,m} are twice continuously differen-
tiable functions and Xy = {x € R" | ¢;(z) <0, i=1,2,...,m} is the feasible
set to (P).

To solve (P), many exact penalty function methods have been introduced
in literatures, see, [1, 3, 4, 5, 7, 13, 24]. In 1967, Zangwill [24] first the classical

[, exact penalty function as follows:
F(z,p) = f(x)+p)_max{gi(z),0}, (1)
i=1

where p > 0 is a penalty parameter.

Note that penalty function (1) is not a smooth function. The obvious dif-
ficulty with the exact penalty function is that it is non-differentiable, which
prevents the use of efficient minimization algorithms and may cause some nu-
merical instability problems in its implementation. In order to avoid the draw-
back related to the nondifferentiability, the smoothing methods of the exact
penalty functions attracts much attention, see, [2, 8,9, 10, 11, 12, 17, 18, 19, 20,
21, 23, 25]. Chen et al. [2] introduced a smooth function to approximate the
classical [ penalty function by integrating the sigmoid function 1/(1 + e=*).
Lian [8] and Wu et al. [18] proposed a smoothing approximation to l; exact
penalty function for inequality constrained optimization. Pinar et al. [12] also
proposed a smoothing approximation to [; exact penalty function and an e-
optimal minimum can be obtained by solving the smoothed penalty problem.
Xu et al. [20] discussed a second-order differentiability smoothing to the clas-
sical [; exact penalty function for constrained optimization problems. Meng et
al. [10] introduced a smoothing of the square-root exact penalty function for
inequality constrained optimization. However, little attention has been paid
to smoothing the exact penalty function in terms of second-order differentia-
bility. So, here we present a second-order smoothing approximation to the [;

exact penalty function (1), and based on the smoothed penalty function ob-



N.T. Binh 3

tained thereafter an algorithm for solving nonlinear constrained optimization
problems is given in this paper.

The rest of this paper is organized as follows. In Section 2, we introduce
a smoothing function for the classical [; exact penalty function and some fun-
damental properties of the smoothing function. In Section 2, the algorithm
based on the smoothed penalty function is proposed and its global conver-
gence is presented, with some numerical examples given. Finally, conclusions

are given in Section 3.

2 Second-order smoothing penalty function

Let ¢(t) = max{t,0}. Then, the penalty function (1) is turned into
Gw,p) = f@)+pY_a(gi(x)), (2)
i=1

where p > 0. The corresponding penalty optimization problem to G(z,p) is
defined as

(P,) min G(z,p), st. v e R"

In order to ¢(t), we define function ¢.(¢) : R* — R! as

0 if t<0,
t3
qe(t) = 92 if 0<t<e,
T2 .., e
t4+ —ee e — —  if t>e,
3 9

where € > (0 is a smoothing parameter.
Remark 1. Obviously, ¢.(t) has the following attractive properties:

(i) For any € > 0, ¢.(t) is twice continuously differentiable on R, where

0 if t<0,
t? ,
qle(t) = Q , if 0<t< €,

t
1—Ze <™t if t>e
3 = €
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and
0 if t<0,

2t
if 0<t<e,

q//€ (t) - ?

—t4q .
—e e if t>e.
3e -

(i) tim g.(1) = q(1).

(iii) gc(t) is convex and monotonically increasing in ¢ for any given ¢ > 0.
Property (iii) follow from (i) immediately.

Suppose that f and g;(i = 1,2,...,m) are second-order continuously dif-

ferentiable. Consider the penalty function for (P) given by

m

Ge(z,p) = f()+p>_q(g:(x)). (3)

i=1
Clearly, G.(z, p) is second-order continuously differentiable on R". Applying
(3), the following penalty problem for (P) is obtained

(SP,.) min G.(x,p), st. x € R"

Now, the relationship between (P,) and (SP,.) is studied.

Lemma 2.1. For any given x € R", € >0 and p > 0, we have

0< Glr.p) ~ Gelar, p) < T2 8

Proof. For x € R™ and i € I, by the definition of ¢.(t), we have

0 if g;(x) <0,
91(35)3 .
q(9i(2)) = ¢e (gi(@)) = § %i(2) = =3 if 0<gi(z)<e
14e 2 _9i@ £ ( )>
— — —€e 1 () > e
9 3 g
That is,
14e
0<q(gl(‘r))_Q€ (gl(x)) S ?7 Z:1727 , M
Thus,
" " 14me
0= al0@) = Y ac o) < 5
=1 =1
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which implies

14mpe

0< pZQ(gi(m)) — que (9:(x)) < —5

Therefore,

0< {f(:v) +p2q<gz«<x>>} - {f(ﬂ:) +0D 4 @-(x))} < e

that is,

14
0 < G(x, p) — Ge(x,p) < ije.

The proof completes. O

A direct result of Lemma 2.1 is given as follows.

Corollary 2.2. Let {¢;} — 0 be a sequence of positive numbers and assume
z? is a solution to (SP,.) for some given p > 0. Let 2’ be an accumulation

point of the sequence {a?}. Then x' is an optimal solution to (P,).

Definition 2.3. For ¢ > 0, a point x. € R" is called e-feasible solution to
(P) if gi(ze) <, Viel

Definition 2.4. Fore > 0, a point x. € Xy is called e-approximate optimal
solution to (P) if

|f* - f(IE)’ S S
where f* is the optimal objective value of (P).

Theorem 2.5. Let * be an optimal solution of problem (P,) and x’ be an
optimal solution to (SP,.) for some p >0 and € > 0. Then,

14
0<Ga"p) - Gula',p) < —5 (5)
Proof. From Lemma 2.1, for p > 0, we have that
14
0 < Ga" p) = Gl p) < =5,
14mpe

0 S G(ﬂl’/,p) - Gﬁ(xlap) S 9 :
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Under the assumption that z* is an optimal solution to (P,) and 2’ is an
optimal solution to (SP,.), we get

G(z", p) <
Ge(7',p) <

(2, p),

G
Ge(z™, p).

Therefore, we obtain that

0< G(ZE*,p) - Ge(x*,p) < G(l‘*,p) - G€($,,p)

14
< G(x/>p) - Ge(l’/,p) < glpe
That is,
14
0<Gla",p) — Gl p) < — -
This completes the proof. n

Lemma 2.6 ([19]). Suppose that x* is an optimal solution to (F,). If z*
is feasible to (P), then it is an optimal solution to (P).

Theorem 2.7. Suppose that x* satisfies the conditions in Lemma 2.6 and
«’ be an optimal solution to (SP,.) for some p > 0 and e > 0. If 2’ is e-feasible

to (P). Then,

05 ") @) < T ()

that is, x' is an approximate optimal solution to (P).

Proof. Since 2’ is e-feasible to (P), it follows that

m

Y ac(gil@) <

me
1=1 9

As z* is a feasible solution to (P), we have

m

S a(gi(at) = 0.

=1

By Theorem 2.5, we get

s {f ) “’Z“’(giw} ) {f @)+p> <gi<x’>>} < o
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Thus,
P (g(e)) < F6) = @) < 0D acila)) + g
=1 P
That is,
0 Fla) — fla) < T

By Lemma 2.6, x* is actually an optimal solution to (P). Thus 2’ is an approx-

imate optimal solution to (P). This completes the proof. Il

Theorem 2.5 show that an approximate solution to (SP,.) is also an ap-
proximate solution to (P,) when the error e is sufficiently small. By Theorem
2.7, an optimal solution to (SP,.) is an approximate optimal solution to (P)
if it is e-feasible to (P).

Definition 2.8. For x* € R", we call y* € R™ a Lagrange multiplier vector

corresponding to x* if and only if x* and y* satisfy that

Vi) + )y Vgi(z) =0, (7)
i=1
y;gi(z") =0, gi(z") <0, y; >0, iel (8)

Theorem 2.9. Let f and g;, i € I in (P) are convex. Let x* be an optimal
solution of (P) and y* € R™ a Lagrange multiplier vector corresponding to x*.

Then for some € > 0,

14dmpe

Gl p) = Gelap) < 5,

Ve € R", 9)
provided that p > yf, i1 =1,2,...,m.
Proof. By the convexity of f and ¢;, 7 =1,2,...,m, we have

fla) = fa") + Vf(a") (z —a%), VoeR"
9i(%) = gi(z") + Vgi(z")" (x — 2¥), V€ R" (10)
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Since x* is an optimal solution of (P) and y* is a Lagrange multiplier vector
corresponding to x*, by (7), (8), (9) and (10), we have

f(x) > f(z) + V) (z —a*)
—}jwv%mﬂ%x—ﬁ>

Zyl gi(z) — gi(z"))
—Zngi(x)

Since g;(x) < g (x) (g7 (z) = max{0, g;(z)}, i € I), we have

G(z,p) = f() +p29¢+($) > f(z*) - nygz-(flf) + ngﬁ(w)
(") + Z(p —u;)g; (x)

Thus, for p > yf, i =1,2,...,m, we get G(z,p) > f(x*). Since z* is feasible,
then f(z*) = G(z*, p) and by Lemma 2.1, we have
G(a*,p) — Gl p) = G(a*,p) — Gl p) + G(, p) — Gl )
= f(@") = G(z,p) + G(z,p) — G(z, p)
14
< G(a,p) = Golw,p) £ —5

This completes the proof. O

By Theorem 2.9, when the parameter p is sufficiently large, an approximate
optimal solution to (SP,.) is an approximate optimal solution to (P), where
(P) is a convex problem. Therefore, we may obtain an approximate optimal
solution to (P) by computing an approximate optimal solution to (SP,.).

sectionAlgorithm and numerical examples

In this section, using the smoothed penalty function G¢(z, p), we propose
an algorithm to solve nonlinear constrained optimization problems, defined as
Algorithm I



N.T. Binh 9

Algorithm I

Step 1: Choose 2°, € >0, ¢ >0, po >0, 0<n<land N >1,letj=0
and go to Step 2.

Step 2: Use 27 as the starting point to solve

(SPye)  min G (@) = f) + 0,3 a, ((2).

rER™

Let 297! be the optimal solution obtained (z7*! is obtained by a quasi
-Newton method).

Step 3: If 27! is e-feasible to (P), then stop and we have obtained an
approximate solution z/t! of (P). Otherwise, let p; 11 = Np;,

€j+1 = nej and j = j + 1, then go to Step 2.

Remark 2. In this Algorithm I, as N > 1 and 0 < n < 1, the sequence
{¢;} — 0 (j — +00) and the sequence {p;} — 400 (j — +00).

In practice, it is difficult to compute 27! € arg nel}%% Ge,(, p;). We gener-
ally look for the local minimizer or stationary point gf G, (z, pj) by computing
2/t such that VG, (z, p;) = 0.

For z € R™, we define

I°(z) = {i | gi(x) <0, i€},

IHa)={i | gle) 2 ¢ i€},
I7(2) = {i | 0 < gilw) < e, i €T}

8

Then, the following result is obtained.

Theorem 2.10. Assume that lim f(x) = +oo. Let {x’} be the sequence

ll#]|—+o0
generated by Algorithm 1. Suppose that the sequence {Ge (7, p;)} is bounded.
Then {27} is bounded and any limit point x* of {2’} is feasible to (P), and
satisfies
AV f(z*) + Z wiVgi(z*) =0, (11)
el
where A >0 and pu; >0, 1 =1,2,...,m.

Proof. First, we will prove that {27} is bounded. Note that

Gﬁj(xjapj) :f(mj)+pqu5j (gl(xj)) ) ] 2071727"‘7 (12)

=1
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and by the definition of ¢.(t), we have
> 4, (gi(a)) > 0. (13)
i=1

Suppose to the contrary that {7} is unbounded. Without loss of generality,

we assume that [|z7]] — +o00 as j — +o00. Then, lim f(27) = 400 and from

Jj—+o0
(12) and (13), we have
Gej(xjapj) 2 f(l’]) - —|—OO, Pj > 07 j = 07 1727 sy

which results in a contradiction since the sequence {G, (27, p;)} is bounded.
Thus {27} is bounded.

We show next that any limit point z* of {27} is feasible to (P). Without
loss of generality, we assume that lim 2/ = 2*. Suppose that z* is not feasible

j—+oo
to (P). Then there exits some ¢ € I such that g;(z*) > a > 0. Note that

: : 2 _wth g 14
GEJ (‘rj’ pj) - f(l‘]) + Pj Z (gl(xj) + §€j€ € — —]>

9
ielj'j (z7)

oY gié‘?g. (14)

i€l (z9)

If j — 400, then for any sufficiently large j, the set {i | g;(z?) > «a} is not
empty. Because I is finite, then there exists an iy € I that satisfies g;,(z7) > a.
If j — +00,p; — +00,¢; — 0, it follows from (14) that G, (27, p;) — 400,
which contradicts the assumption that {G, (27, p;)} is bounded. Therefore, z*
is feasible to (P).

Finally, we show that (11) holds. By Step 2 in Algorithm I, VG, (27, p;) =
0, that is

. 2 _gi) .
Vi) +p Y] (1—36 ) Vgi(a)

iEIé; (z7)

1 ) )
Toi D 530 Vi) = 0. (15)
i€l (29)
For j =1,2,..., let
2 —ng)ﬁ-l Pj 3\2
=1+ Z Pj 1_56 7 + @gz(x) (16)

ield (a9) i€l (zi) 7
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Then v; > 1. From (15), we have

1 4 Pj (1 — 36
—V J
ALICOREDY -

ie[;; (z7)

-2
Pi€: . A
+ Y el Va) =0 (7)
iels (@)
Let
Vol
Vi
G
Pj (1 —2¢ 9 +1>
pi = - . iell (),
j
. p~e-_2 . .
:U’g - ;—f;gi(xj)Qﬂ S ]e;(xj)v
j

Wl=0, del\ (1:;(@4) U 1;(:53‘)) .
Then we have
N+ ul=1, V), (18)

i€l
pl>0, iel, Vj

When j — 0o, we have that A — X\ >0, p/ — y; >0, Vi € I. By (17) and
(18), as j — 400, we have

AV f(z*) + Z wiVgi(x*) =0,

el

A+ Z i = 1.
icl
For i € I°(z*), as j — +oo, we get p} — 0. Therefore, p; = 0, Vi € I°(z*).
So, (11) holds, and this completes the proof. Il

Now, we will solve some nonlinear constrained optimization problems with
Algorithm I on MATLAB. In each of the following examples, the MATLAB

7.12 subroutine fmincon is used to obtain the local minima of problem (SF,, ;).



12 Second-order smoothing approximation

The numerical results of each example are presented in the following tables. It
is shown that Algorithm I yield some approximate solutions that have a better

objective function value in comparison with some other algorithms.

Example 1. Consider the example in [8],

(P3.1) min f(z) =27 + x5 + 223 + 25 — 52y — by — 213 + Ty
st. gi(z) =223+ a5+ 22+ 22 + a0+ 14 — 5 <0,

Go(x) = a7 + a5+ a5+ af + 31 —To + 23 — 24 — 8 <0,
g3(w) = 22 + 225 + 23 + 205 — 11 — 24 — 10 < 0.

Let 2° = (0,0,0,0), po = 10, N = 4, ¢y = 0.02, 5 = 0.01 and ¢ = 10°°.
Numerical results of Algorithm I for solving (P3.1) are given in Table 1.

From Table 1, it is said that an approximate e-feasible solution to (P3.1)
is obtained at the 3’th iteration, that is

2% = (0.168232, 0.834156,2.010050, —0.963345)

with corresponding objective function value f(z3) = —44.233662. It is easy to
check that the 3 is feasible solution to (P3.1). The solution we obtained is
slightly better than the solution obtained in the 4’th iteration by method in [§]
(the objective function value f(x*) = —44.23040) for this example. Further,
with the same parameters py, IV, €y, 1 as above, we change the starting point
to 2° = (1,1,1,1) or 2° = (6,6,6,6). New numerical results by Algorithm I
are given in Table 2 and Table 3.

It is easy to see from Tables 2 and 3 that the convergence of Algorithm I
is the same and the objective function values are almost the same. That is to
say, the efficiency of Algorithm I does not completely depend on the starting
point 2°. Then, we can choose any starting point for Algorithm I.

Note: j is the number of iteration in the Algorithm I.

p;j is constrain penalty parameter at the j'th iteration.
27 is a solution at the j’th iteration in the Algorithm I.
f(x7) is an objective value at z7.

gi(z7) (i=1,...,m) is a constrain value at x7.
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Table 1: Numerical results of Algorithm I with z° = (0,0,0,0), po = 10, N =4

Jopio€ f(a) g1(27) g2(a?) gs(a?) x?

1 10 0.02 -44.271512  0.009467  0.001542  -1.866763  (0.170216,0.836027,
2.010594,-0.966369)
2 40 0.0002 -44.234025 0.000047  0.000077 -1.883044 (0.169563,0.835533,
2.008644,-0.964884)
3 160 0.000002 -44.233662 -0.000000 -0.000072 -1.888579  (0.168232,0.834156,
2.010050,-0.963345)

Table 2: Numerical results of Algorithm I with z° = (1,1,1,1), po = 10, N =4

9

b pi € f(a?) g1(x7) g2(x7) g3(x7) !

1 10 0.02 -44.271512  0.009467  0.001542  -1.866763 (0.170216,0.836027,
2.010594,-0.966369)
2 40 0.0002 -44.234025 0.000047  0.000077  -1.883044 (0.169563,0.835533,
2.008644,-0.964884)
3 160 0.000002 -44.233355 -0.000113 -0.000079 -1.900244 (0.166329,0.831255,
2.012529,-0.960615)

Example 2. Consider the example in [18],

(P3.2) min f(z) = —2x; — 629 + 27 — 27179 + 2775
st. a1+ a9 <2,
—x1 + 2wy < 2,

xy, T2 2 0.

Let gl(l‘) = T1+x9—2, 92<CL’) = —x1+229—2, 93(1‘) = —, 94(1‘) = —I9.
Thus problem (P3.2) is equivalent to the following problem:

P3.2’) min z) = =211 — 629 + 22 — 2129 + 222
1 2
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Table 3: Numerical results of Algorithm I with z° = (6,6,6,6), po = 10, N =4

Jopio€ f(a) g1(27) g2(a?) gs(a?) x?

1 10 0.02 -44.271512  0.009467  0.001542  -1.866763  (0.170216,0.836027,
2.010594,-0.966369)
2 40 0.0002 -44.234025 0.000047  0.000077 -1.883044 (0.169563,0.835533,
2.008644,-0.964884)
3 160 0.000002 -44.232449 -0.000613 -0.000188 -1.856917 (0.159767,0.840231,
2.011450,-0.963346)

Let 2° = (0,0), po = 8, N = 10, ¢ = 0.01, n = 0.01 and ¢ = 1075.
Numerical results of Algorithm I for solving (P3.2") are given in Table 4.

By Table 4, an approximate optimal solution to (P3.2") is obtained at the
3’th iteration, that is z* = (0.800000, 1.200000) with corresponding objective
function value f(z*) = —7.200000. The solution we obtained is similar with
the solution obtained in the 4’th iteration by method in [18] (the objective
function value f(z*) = —7.2000) for this example.

Table 4: Numerical results of Algorithm I with z° = (0,0), po =8, N =10

ioopy €; f(z?) g1(27) g2(z7) z’
1 8 0.01 -7.228666 0.010245 -0.397951 (0.806147,1.204098)
2 80 0.0001 -7.200091 0.000032 -0.399994 (0.800019,1.200013)

3 800  0.000001 -7.200000 0.000000 -0.400000 (0.800000,1.200000)

3 Conclusions

This paper has presented a second-order smoothing approximation to the [y
exact penalty function and an algorithm based on this smoothed penalty prob-
lem. It is shown that the optimal solution to the (SP,.) is an approximate
optimal solution to the original optimization problem under some mild condi-
tions. Numerical results show that the Algorithm I has a better convergence

for a global approximate solution.
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