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On harmonic analysis of spherical
convolutions on semisimple Lie groups
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Abstract

This paper contains a non-trivial generalization of the Harish-Chandra
transforms on a connected semisimple Lie group G, with finite center,
into what we term spherical convolutions. Among other results we show
that its integral over the collection of bounded spherical functions at
the identity element e € G is a weighted Fourier transforms of the
Abel transform at 0. Being a function on G, the restriction of this inte-
gral of its spherical Fourier transforms to the positive-definite spherical
functions is then shown to be (the non-zero constant multiple of) a
positive-definite distribution on G, which is tempered and invariant on
G = SL(2,R). These results suggest the consideration of a calculus on
the Schwartz algebras of spherical functions. The Plancherel measure

of the spherical convolutions is also explicitly computed.
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20 On harmonic analysis of spherical convolutions

1 Introduction

Let G be a connected semisimple Lie group with finite center, and de-
note the Harish-Chandra-type Schwartz spaces of functions on G by C?(G),
0 < p < 2. We know that C?(G) C LP(G) for every such p, and if K is a
maximal compact subgroup of G such that C?(G//K) represents the subspace
of C?(G) consisting of the K —bi-invariant functions, Trombi and Varadarajan
[11] have shown that the spherical Fourier transform f +— £ is a linear topolog-
ical isomorphism of CP(G//K) onto the spaces Z(F¢), € = (2/p) — 1, consisting
of rapidly decreasing functions on certain sets §¢ of elementary spherical func-
tions. It then follows that every positive-definite distribution on C2°(G) can
be uniquely extended to C*'(G//K).

Using these, and improving on the results of Godement [6] on the Bochner
theorem, Barker [3] has shown that every positive-definite distribution, 7', on

G extends uniquely to a continuous linear functional on C!'(G) and that

T[f] = /Pfdu

for a uniquely defined Borel measure, . Here f € C1(G//K) and P is the space
of positive-definite spherical functions on G. This is his spherical Bochner
theorem which has been extended to all CP(G//K), 1 < p < 2, with the
requirement that supp(p) C F°.

Now if f € C°(G) and ¢, € CP(G//K) we define a function on G, termed

spherical convolutions and denoted H, » f, as

Haaf = (f * @x)(x).

We show, among other properties, that the map A — H, »f is well-defined on
P, Weyl group invariant, and that the integral over P of its spherical Fourier
transform is a non-zero constant multiple of T[p,] for every f € CP(G//K)
whenever supp(p) C §¢ This gives an expansion formula for this integral
when ¢, € C2(SL(2,R)), where 7 is a double representation on K = SO(2).
When considered as the function z +— H,f on G, the behaviours of the
spherical convolutions at the identity element = e and at A = 0 show both its
generalization of the Harish-Chandra transforms and its relationship with the
elementary spherical function = respectively. Its membership of the Schwartz
algebra C*(G//K), which leads to the consideration of its spherical Fourier
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transforms, results to the proof of a more inclusive Plancherel formula for
C*(G//K).
Details of these results are contained in §4. after giving a preliminary on

the structure theory of GG in §2. and the spherical Bochner theorems in §3.

2 Preliminaries

For the connected semisimple Lie group G with finite center, we denote its
Lie algebra by g whose Cartan decomposition is given as g = t & p. Denote
by 6 the Cartan involution on g whose collection of fixed points is t. We
also denote by K the analytic subgroup of G with Lie algebra t. K is then a
maximal compact subgroup of G. Choose a maximal abelian subspace a of p

with algebraic dual a* and set A = expa. For every A € a* put
on={X€g:[H X]=\NH)X,VH € a},

and call A a restricted root of (g,a) whenever gy # {0}. Denote by a the
open subset of a where all restricted roots are # 0, and call its connected
components the Weyl chambers. Let a™ be one of the Weyl chambers, define
the restricted root A positive whenever it is positive on a™ and denote by AT
the set of all restricted positive roots. Members of AT which form a basis for
A and can not be written as a linear combination of other members of AT are
called simple. We then have the Twasawa decomposition G = KAN, where N
is the analytic subgroup of G' corresponding to n = ), .+ g, and the polar
decomposition G = K - cl(A") - K, with AT =expa™, and c¢l(A") denoting the
closure of AT,

If weset M ={ke€ K : Adlk)H = H, H € a} and M' = {k € K :
Ad(k)a C a} and call them the centralizer and normalizer of a in K, respec-
tively, then (see [7, p. 284]); (i) M and M’ are compact and have the same Lie
algebra and (ii) the factor o = M’/M is a finite group called the Weyl group.

v acts on ag as a group of linear transformations by the requirement
(sA)(H) = A(s™"H),

H € a, s €w, \ € ag, the complexification of a*. We then have the Bruhat



22 On harmonic analysis of spherical convolutions

decomposition
G=||Bm.B

where B = M AN is a closed subgroup of G and m, € M’ is the representative
of s (i.e., s = mgM). The Weyl group invariant members of a space shall be
denoted by the superscript ™.

Some of the most important functions on G are the spherical functions
which we now discuss as follows. A non-zero continuous function ¢ on G shall
be called a (zonal) spherical function whenever ¢(e) = 1, ¢ € C(G//K) =
{9 € C(G): g(krwks) = g(x), k1, ko € K, x € G} and fxp = (f * p)(e) -  for
every f € Co(G//K), where (f * g)(z) := [, f(y)g9(y~"x)dy. This leads to the
existence of a homomorphism A : C.(G//K) — C given as A(f) = (f * ¢)(e).

This definition is equivalent to the satisfaction of the functional relation

/K p(zky)dk = p(z)p(y), =,y € G.

It has been shown by Harish-Chandra [8] that spherical functions on G can
be parametrized by members of af. Indeed every spherical function on G is of

the form
prle) = [ PR N e a,
K

p = 13 cnsma - A, where my = dim(g,), and that vy = ¢, iff A\ = su
for some s € . Some of the well-known properties of spherical functions are
p-a(z™) = pa(e), p-a(z) = @x(2), | ea(®) [ pma(@), | oa(2) [ pisa(),
o_ip(x) =1, X € af, while | p)(2) |< po(z), A € ia*, z € G. Also if Q is the
Casimir operator on G then

Qo) = _(<>‘7 >‘> + <p7 p>)90>\7

where A € af and (A, p) := tr(adH, adH,) for elements Hy, H, € a. The
elements Hy, H, € a are uniquely defined by the requirement that \(H) =
tr(adH adH)) and p(H) = tr(adH adH,) for every H € a ([7, Theorem 4.2]).
Clearly Q¢ = 0.

Due to a hint dropped by Dixmier [5] (cf. [10]) in his discussion of some
functional calculus, it is necessary to recall the notion of a ‘positive-definite’

function and then discuss the situation for positive-definite spherical functions.
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We call a continuous function f : G — C (algebraically) positive-definite

whenever, for all zq,...,x,, in G and all a4, ..., a,, in C, we have
m
- -1
5 a;a;f(x; xj) > 0.
ij=1

It can be shown (cf. [7.]) that f(e) > 0 and |f(z)| < f(e) for every x € G
implying that the space P of all positive-definite spherical functions on G is a
subset of the space §' of all bounded spherical functions on G.

We know, by the Helgason-Johnson theorem ([9.]), that

1 * .
§ =a" +iC,

where C), is the convex hull of {sp : s € w} in a*. Defining the involution f*
of f as f*(x) = f(z~1), it follows that f = f* for every f € P, and if ¢, € P,
then A and A are Weyl group conjugate, leading to a realization of P as a
subset of w \ af.. P becomes a locally compact Hausdorff space when endowed
with the weak *—topology as a subset of L>(G).

3 The Spherical Bochner Theorem and its Ex-

tension

Let
eole) i= [ expl(=p(H (k)

be denoted as Z(z) and define 0 : G — C as
o(z) = [IX]]

for every z = kexpX € G, k € K, X € a, where || - || is a norm on the
finite-dimensional space a. These two functions are spherical functions on GG

and there exist numbers ¢, d such that
1 < Z(a)e’18 < ¢(1 4 o(a))®.

Also there exists 79 > 0 such that ¢o =: [, Z(z)*(1 + o(z))dz < oo, [13, p.
231]. For each 0 < p < 2 define C?(G) to be the set consisting of functions f
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in C*°(@G) for which
1 lg1.g2m == Slép | f (913 x?92)|5($)_2/p(1 +o(z))" < oo

where g1, 92 € U(gc), the universal enveloping algebra of gc, m € ZT,x € G,
f(a592) = G, o [z (exptgo)) and f(gisa) = g|,_, f((exptgr) - x). We call
CP(G) the Schwartz space on G for each 0 < p < 2 and note that C*(G) is the
well-known (see, [1]) Harish-Chandra space of rapidly decreasing functions on
G. The inclusions
CX(G) C CP(G) C L*(G)

hold and with dense images. It also follows that CP(G) C C%G) whenever
0 < p < q <2 Each C?(G) is closed under involution and the convolution, .
Indeed CP(G) is a Fréchet algebra [12, p. 69]. We endow CP(G//K) with the
relative topology as a subset of CP(G).

For any measurable function f on G we define the spherical Fourier trans-

- /G F(2)pr(a)de,

A € ag. It is known (see [3]) that for f,g € L*(G) we have:

form f as

(i) (fxg)= f-G on § whenever f (or g) is right - (or left-) K-invariant;

(”’) (f ) ( ) = f( ) p € Sl hence (f*)/\ = ?On P and’ if we define
f# foKf k1$k2)dk1dk2,x € G, then

(iii.) (f#)" = f on .

In order to know the image of the spherical Fourier transform when re-
stricted to CP(G//K) we need the following spaces that are central to the
statement of the well-known result of Trombi and Varadarajan [11] (Theorem

3.1 below).
Let C, be the closed convex hull of the (finite) set {sp: s € w} in a*, i.e

OPZ{Z)\Z(S“O))\ZZO, Z)\Zzl, Siem}
i=1 i=1
where we recall that, for every H € a,

Z my - _1H

)\EA"’
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Now for each € > 0 set §° = a* +ieC,. Each §° is convex in ag and

int@) = |J 3
0<e'<e
[11, Lemma 3.2.2]. Let us define Z(3°) = S(a*) and, for each € > 0, let
Z(§°) be the space of all C-valued functions ® such that (i.) ® is defined and
holomorphic on int(F¢), and (4i.) for each holomorphic differential operator D
D®| < oo. The space Z(F°) is
converted to a Fréchet algebra by equipping it with the topology generated
Da|.
It is known that D® above extends to a continuous function on all of F [11,

with polynomial coefficients we have sup;,,;(z

by the collection, || - [|z(g), of seminorms given by ||| z(ze) := SupP;(3e)

p. 278-279]. An appropriate subalgebra of Z(§¢) for our purpose is the closed
subalgebra Z(F¢) consisting of w-invariant elements of Z(F¢), ¢ > 0. The
following well-known result affords us the opportunity of defining a distribution
on C?(G//K).

3.1 Theorem (Trombi-Varadarajan [11]). Let 0 < p < 2 and set € =
(2/p) — 1. Then the spherical Fourier transform f — J? is a linear topological
algebra isomorphism of CP(G//K) onto Z(F¢). O

In order to use the above theorem to state the results of Barker [3], we
require the following notions.

3.1 Definitions.

(i.) A distribution T on G (i.e., T € CX(G)') is said to be (integrally)
positive-definite (written as T > 0) whenever

Tif+f1=0,
for f € C=(G).
(ii.) A distribution T on G is called K -bi-invariant whenever T# =T where
TH[f] o= T[RRI,
for f € CX(G).

(7ii.) A measure p defined on P is said to be of polynomial growth if there
exists a holomorphic polynomial Q on af such that [,(dp/]Q]) < oo.

(1v.) The support, supp(p), of a reqular Borel measure i is the smallest closed
set A such that u(B) = 0 for all Borel sets B disjoint from A.
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The following is the first of the main results of [3].

3.2 Theorem (The spherical Bochner theorem). Suppose T € C*(G)’
and T > 0. Then T extends uniquely to an element in (C'(G))" and there ex-
1sts a unique positive reqular Borel measure p of polynomial growth on P such
that

71y = [ Fan. fecicx)

The correspondence between T and p is bijective when restricted to K—bi-
invariant distributions, in which case the formula holds for all f € CY(G). O
The second of the main results of [3] is a consequence of the Trombi-
Varadarajan theorem (Theorem 3.1 above) and is stated as follows.
3.3 Theorem (The extension theorem). Suppose T is a positive-
definite distribution with spherical Bochner measure p. ThenT € (CP(G//K))'
iff supp (n) C §€ where 1 <p <2 and e = (2/p) — 1. In such a case

T(f] = /P fdu, fecr(G/K). O

4 Spherical Convolutions

We start by defining the central notion of this research work.

4.1 Definition. Let f be any measurable function on G. The spherical
convolution of f is the measurable function, H,f, on G x af gien by the
map

(l’, )‘) = Hz,/\f = (f * 90>\>(w)7

where x € G, \ € ag.

We shall refer to the map A — H,\f as the spherical convolution of f
at x € G. The importance of Definition 4.1 is seen from the next Lemma
(especially the realization of the spherical Fourier transforms in item (i.)).

4.1 Lemma. Let f, fi and fy be measurable functions on G, whose identity

element is denoted as e. Then

(1.) Haon(fi £cfo) = Honfi £ Honfo, € G, c€C, X €al;

~

(ii.) Heaf = f(A), Aeag;
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(14i.) Hypol —fG (y~lz)dy, x e G.
(iv.) Honf =H,xf, =€ G, e a;

Proof. Items (i.) and (iv.) are clear. We recall that, for any measurable
function f on G, the spherical Fourier transform, f, of f is given as ]/C\(/\) =
Ja f( r)dx, A € af. Since p_y(x) = py(z71), for every \ € af, z € G,
this may be written as

/ F@)oa(e )z = (F * 92)(€) = Hof.

This proves (ii.). Item (7ii.) follows if we recall that ¢o(z) = Z(z). O

Item (iv.) of Lemma 4.1 gives the functional equation for spherical con-
volutions. This Lemma (especially in item (éi.)) explains that the harmonic
analysis of GG has so far been explored only with the spherical convolution at

e. The implication of considering only

(e, ) — Herf =1 f(N)

is that the direct contribution of the non-identity members of G to its harmonic
analysis are suppressed and may never be suspected or known in the context of
f()\) Indeed a great deal of properties of the spherical convolutions and their
contributions to harmonic analysis on G would not be available if, instead
of considering the entirety of the map (x, ) — H,.f, we restrict ourselves
to either A — H.,f = f()\) or  — H,ol or any other special case of the
spherical convolutions as has been done till now.

We shall therefore show the importance of including spherical convolutions
in the harmonic analysis of G by giving its bounds, to—group transformation
and differential equation. These are contained in the following Theorem while
a Plancherel formula for the functions z — H, ,f on G is proved after a study
of its spherical Fourier transforms.

4.1 Theorem. Consider a measurable function f on G, x € G and let
A € ag. Then

(@) | Hoxf 1SN f L, with f € LY(G);
(’Ll) | Hz,)\f |§ Hz,?)?kf7 | Hz,)\f ‘S Hz,i%)\f and | Hz,)\f ‘S Hz,0f7 fOT f Z 0)

(193.) Hysnf = Haonf, for every s € w;
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(i?).) QHx,Af = _(<)‘7 )‘> + <pv P)) : Hx,)\f7 fOT f € CP<G)7 0< p S 2;

(v.) Haipf = [o fy)dy.

Proof. We employ the properties of spherical functions given in §2 to establish
(1.), (73.), (i13.) and (v). The proof of (iv.) follows if we recall that

Q(f xpor) = fxQpy. O

The equation established in Theorem 4.1 (iv.), or any other such equation
for ¢ € U(gc), shows that the spherical convolutions inherit the differential
equations satisfied by ¢,. This resemblance suggests the choice of the name
adopted in Definition 4.1. It therefore has the following series expansion.

4.1 Corollary. The spherical convolutions, Hyxf admit the series expan-

ston

th)\f — ZC(S)\) 6(5)\_9)(10%]1) + Z au(s)\)e(s)\—p—u)(logh) ’

s€w neLt

regardless of the functions f € CP(G), 0 < p < 2, where h € AT, A € *§F :=
{ve *F:visreqular}, LT = L\ {0}, with

L= { Z m;Q; T My, ..., M, are integers > O} ,

1<i<r

for the simple roots c;, 1 < i < r, some subset *§ of ai. and coefficient functions

a,(N) which may be generated from the recursive relation
((ps 1) = 2{p, A)) @ (A)

= -2 Z n(a)(A — p+ 2ka — p, @)a,—oka(N), n(a) == dim(g,). O
a>0k>1
w—2ka €L

We shall now consider the map A +— H, ,f for its differentiability and/or
integrability with respect to A in some specified subset, Y, of af. Indeed,
Herf € C(Y), for every f € C.(G) and any subset, Y, of af. This makes

its integral, fY Hexfdp(N), with respect to some normalised measure, p, on Y,
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worthy of an indepth study. To this end we define the map f +— f{p\} on G
at the identity element, e, as

f{eat(e) /HeAfdM [ € CQ), pr €CP(G).

Before considering the generality of f{p,}(x), for every z € G, we state our
first major result on f{¢y}(e) which gives an important application of its
integral for Y = g

Define the map a — [z (a) as 531 fgl vloga)qdy(v), a € A and the
Bz —weighted Fourier transforms, f of f € C.(A) at A e F! as

~ [ @),
A

where dn(a) = Pz (a)da. Observe that the above Weighted Fourier transforms

A(log %) da when

f ()\) reduces to the classical Fourier transforms f f f(a
Bz (a) =1, Va € A. We shall however use this (welghted) transforms only at
the 1dent1ty element 0 € F' of the vector space §* (i.e., N = [, f =
f 4 f(a)Bz (a)da), in the next Theorem and this, as could be seen below, may

not be un- connected with the fact that
Fere) = [ (Haf)oednh)

is itself an evaluation at the identity element of G.
4.2 Theorem. Let dr = e*1°89{k da dn, where dk, da and dn are

Haar measures on K, A, and N, respectively, with dk normalised. For every
f € CAG//K), let A(f) denote the Abel transform of f defined on A as
A(f)(a) = er1oe®) [ f(an)dn. Then

P

Heat(e) = (Af)(0), e T

Proof. We only need to prove that

f{eat(e) /Af )Bz: (a)da, X\ €T
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Indeed, using the Harish-Chandra parametrisation of ¢,, we have

o = [

R
/,
/

* o) (e)du(A)

/S 1 / £ ()0 () ddp(N)

/ f(xk)eP=PHERD) dydledp(N)
f

1

=)

1

<

)N PHW) dydp(X)

(f

fNd

= / f(an)eP P89 dadndp ()
&’1

-/, /: ](VAf)(a)e*“‘)g“)dadu(A),

which implies our result, using Fubini’s theorem. [

The last result shows the importance of f{¢,}(e) in the harmonic analysis
of G and prepares the ground for the consideration of results of Paley- Wiener
type. It will soon be clear that it is sufficient to take the measure p as the
Borel measure on P in defining the map a — fp(a). Our motivation in this

direction is to consider the general map
A — Hgg7)\f,

not only for the identity element = = e € G, but for other values of G as well.
This leads to the definition of f{p\}(z), x € G, as

Hend o / Ho fdu(A

f € C.(G), ¢r € CP(G), whenever the integral is absolutely convergent. We
already have two candidates for the position of Y, namely §' and P. Among
other results, it would be important to evaluate the above measure, u, on
these candidates. In the mean time we study some of the properties of = +—
Heat().

4.3 Theorem. Let f € C.(G//K), ¢r € CP(G//K),1 < p < 2, and
Y = P. Then, as a function on P, X — Hy,f ts continuous with compact
support. Indeed, f{p,} € CP(G//K). Moreover, we have that

oot = Heat = fost
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for every s € 1.
Proof. The first assertion holds, since f € C.(G//K) and C.(G//K) is
dense in CP(G//K). The properties of ¢, at the end of §2 imply the second

assertion . [

We also have that f{py, + con,} = f{pn} +cf{ern}, ¢ € C, suggesting
that the map f +— f{p,} may be a calculus on C*(G//K).
Let us now consider the spherical convolution map

(2, A) = Hanf = (f * ox) ()

as the function
X = Hw,)\f

on G. Since it is measurable its spherical Fourier transforms may be computed
as shown in the following result which gives how to generate positive-definite
distributions on GG and which will be found useful in the proof of its Plancherel

formula given later in Theorem 4.7.
4.4 Theorem. Let f € C.(G//K), px € CL(G//K). Let i be a spherical

Bochner measure corresponding to a positive-define distribution T on G. Then
(i) (Hepnf)(v) = f(N) -oa(v), z€ G, veag.

) Jp (HoxD@)du(v) = FN) - Tlpa].

Moreover, if T# = T, the integral in (ii.) holds for all ¢, € C}(G).
Proof. (i.) Employing the defining properties of a spherical function given
in §2. we have, for every z € G, v € af, that

~

(Hor H)0) = (Fx02)(e) - Ba(v) = TN - Ba(w).

(77.) Now fix o) € C°(G//K), then

| FEahwane) = [ F0)-Eeau)
- / 5 () dp(v)

= fOV)-Tlpal.

We apply the denseness of C2°(G//K) in C'(G//K) to conclude the second
assertion. That (i7.) holds for all p, € C!(G) follows from the second part of
Theorem 3.2. [J
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The extension Theorem 3.3 leads also to an extension of Theorem 4.4 given
next.

4.5 Theorem (Extension Theorem). If supp(u) C §¢, ¢ = (2/p) — 1
and 1 < p < 2, then [, (@)(V)du(y) is a constant multiple of T|p,] for
every o) € CP(G//K). O

The conclusion on [, (W)(y)du(u) in the last Theorem above may be
generalized to the Schwartz algebra CP(G) of all 7— spherical functions on G
where 7 = (71, 72) is a double representation of K. This would be so immedi-
ately the Trombi-Varadarajan theorem, Theorem 3.1, is established for C2(G).
The case p = 2 has been proved and is contained in [1] for real-rank 1 Lie
groups G, and in [2] for any semisimple Lie group of any rank, while the case
of general p remains an open problem.

However the situation for general p and the group G = SL(2,R), or its
conjugate SU(1,1), is contained in [13] from which other groups could be con-
sidered. Thus using the results of [4] on C2(SL(2,R)) we extend the assertions
of Theorem 4.5 to all the members of C*(SL(2,R)). This leads to an expan-
sion of [, (m)(u)du(y) for ¢, in the Schwartz algebras of all 7— spherical
functions on G = SL(2,R). This expansion brings in the involvement of the
well-known global characters of the (unitary) principal and discrete series of
representations of G = SL(2,R), [13].

To establish this expansion formula we put the needed type of measures in
place. A pair (f, p1q) is called a tempered Bochner measure pair whenever:

(i.) pe is a non-negative Baire measure on R which is symmetric and of

polynomial growth. That is, du.(—A) = du.(A), for all A € R and

/R dpe(N)/(1+ | A [) < o

for some r > 0.
(13.) pq is a non-negative counting measure on Z' = Z\0 which is of poly-

nomial growth. That is,

D ma)/ (14 [1]7) < o0
ez
for some r > 0.
The following Theorem opens up the integral contained in Theorem 4.5 in
the special case of G = SL(2,R)
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4.6 Theorem (Expansion for [, ( z,\f)( )du(v) on C3(SL(2,R))). Let
[ eCX(G), pr € CQ(SL( R)). Then, up to a non-zero constant, the positive-
definite distribution fp x/\f)( Ydp(v) is given as

~

/P (HonD)@)dps(v) = FO - Lt / " 9 oaldieN) + Sreigen® dnall)),

where ®* and O are the global characters of the (unitary) principal and discrete
series of representations of G = SL(2,R) and (pe, pta) is the tempered Bochner
measure pair associated to a tempered mwvariant positive-definite distribution
on G. In particular, [, ( mf)( Ydu(v) is a tempered invariant distribution
on G.

Proof. For any tempered invariant positive-definite distribution 7" on G

there corresponds a Bochner measure pair (i, f1q) such that

T11] =t [ 100) + Zrcyn® a0

This is the main result of [4] (listed there as Theorem 9.3), which when com-
bined with our Theorem 4.5 gives the assertion. [

4.1 Remark. The expansion given above for fp x/\f )(v)du(v) reveals
the rich structure encoded in it. Indeed since the global characters above, in
terms of which it is expressed (in Theorem 4.6), have well-known transfor-
mation under the action of the center, 3, of the universal enveloping algebra,
U(gc), of the complexification g¢ of the Lie algebra g of G, a study of the
functional and differential equations of [, (Ha,x f)( Ydu(v) is very possible
and suggests a harmonic analysis involving both the discrete and (unitary)
principal series of, at least, G = SL(2,R).

For f € C.(G//K) and ¢, € C?(G//K) as in Theorem 4.5, we may view
the map A — f{p\} as the evaluation of members of C.(G//K) on members
of CP(G//K). This means that A — f{@\} is an operational calculus on the
Schwartz algebras, C?(G//K’), whose spherical Fourier transform is a distri-
bution on G. This suggests the use of the term ‘distributional calculus’ for
f = f{ex}. A more detailed study of f{¢,} may therefore be conducted by
considering the invariant eigendistributions on G, most especially the global
characters of the irreducible admissible representations of G.

We now consider the explicit form of the Plancherel formula for the measur-
able functions  — H, »f on G. A Haar measure dz on G is said to be admissi-
ble if du = e*°6dkdadn (x = kan) where [, dk =1 and [;e 2?HMdn =1
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where dn is a Haar measure on N := §(N). Recall the Borel measure du(\)
from Theorem 4.4. The pair (dz,du()\)) of Haar measures on the pair (G, §')
shall be de termed admissible if, every f in the Schwartz space, S(A), of A

whose Fourier transform f, already known as

— [ f@eda, xe g,
A

satisfies
fla)= | FNeEDdp(N), a€ A
gl

4.7 Theorem (Plancherel formula for spherical convolutions). Let
(dy, du(N)) be an admissible pair of Haar measures on the pair (G,§'), v € G
and f € C(G//K). If we define the measure d, \ as a normalization of the
spherical Bochner measure du()\) on §* by the requirement that

1
A NOIE

/ | f() I dy = / | (Hon D)) P dCon(v).
G gt

In particular the map f — (77:“\\][), forx € G and A € §, extends uniquely to
a unitary isomorphism of L*(G//K) with L*(F*,d, »(v))™.
Proof. Since the spherical convolutions of f € C(G//K) may be considered

dp(N),

then

as the functlons x +— H,f on G it follows that its spherical Fourier transforms,

= (Haa f , is well-defined on F'. Therefore

/| D) P diant) = [ 1FO) - 1350) F dian)

(from Theorem 4.4 (i.))
= [ 1R P oy

_ /!f(y) 2 dy
G

The situation of Theorem 4.7 for x = e is well-known, while the inverse,
(Honf)7, for fixed f € C(G//K), z € G and X € §', is given as

(oAl 00) = [ NA0ICA0), bE SEF)y e G

(from definition of d(, )

(by the Plancherel formula for f). O
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and is commonly called the ezact (normalized) wave packet. The explicit ex-
pression for the Plancherel measure, d(, (), of the spherical convolutions in
terms of elementary functions of harmonic analysis is therefore given as
dCen(v) =| w0 [T 23(v) 7] e(N) [T du(N),

for x € G, v,A\ € §', where the map A — ¢(\) is the Harish-Chandra
c—function. The combination of Theorems 4.2 and 4.7 may be used to give
the Paley-Wiener theorem for spherical Fourier transforms of spherical convo-
lutions.

It is known [11, p. 298] that H.,f = f(\) and that, in this case, the
Plancherel measure, d¢. x(v), of the spherical convolution, H, »f, at x = e is
dCen(v) =[ w0 [T e(N) [7* du(N).

A non-trivial problem is to find the relation between v and A for the Plancherel
measure, d(,(v), of the spherical convolutions to reduce to the classical
Plancherel measure, | w |7!| ¢(A\) |72 du()), on G. This is equivalent to seeking
those v in terms of A for which | py(v) |= 1, where ¢, € C'(G//K). We plan
to address this problem in another paper.

The richness of our results, which may be ultimately seen in Theorem 4.7,
derives from the fact that the spherical convolutions are functions on both G
and F'. This fact allows us to switch its domains between G and §', depending
on its immediate use. In all these diverse instances of the harmonic analysis on
G we still use the same defining functions for the spherical convolutions. We
have however taken advantage of some known results in the harmonic anal-
ysis on G (like the Harish-Chandra series expansion inherited by Hj \f (in
Corollary 4.1) and the classical Plancherel formula on G used in the proof of
Theorem 4.7) in order to establish our results. Nevertheless our results could

still be established from the scratch without recourse to the special case of

~

He,)\f = f<)\)
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