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1 Introduction

The term structure of interest rates is, perhaps, the most important entity
in finance as it describes the relationship between the yields on a default free
discount bond and its maturity. It is a key concept in economic and financial
theory, and in the risk-neutral valuation and hedging of interest rate contingent
claims. Many models of the term structure are based on the assumption that
all information about the economy is contained in a finite-dimensional vector
of state variables whose dynamics are governed by stochastic processes. In
the pioneering work by Vasicek [1] a univariate diffusion process is proposed
for modeling the unobservable instantaneous interest rate (spot rate). Cox,
Ingersoll and Ross (CIR) [2] propose the square-root process for the spot rate
in a general equilibrium framework in order to introduce heteroscedasticity in
the spot rate dynamics. Duffie and Kan [3] present the most general affine
class model, which nests the Vasicek and CIR models. A common feature
of these models is to describe the randomness in the interest rate process by

Brownian motion.

In recent years there is a growing body of literature that explicitly incor-
porates jumps in modeling the term structure of interest rates. For example,
Das [4] extends the Vasicek model to a jump diffusion model and finds strong
evidence of jumps in the daily Federal Funds rate. Jump diffusion process is
a special case of Lévy process, while the general Lévy setting permits more
flexible jump structures. Eberlein and Raible [5] develop a Lévy forward model
and Eberlein et al. [6] extend it to time-inhomogeneous Lévy process. Hain-
aut and MacGilchrist [7] propose an interest rate model driven by a particular
Lévy process, the normal inverse Gaussian (NIG) process. They show that
an NIG process provides a better fit of bond returns than those driven by a

Brownian motion.

One important implication of the existing popular interest rate models is
that the spot rate process has the property that the correlation between spot
rates n periods apart goes to zero exponentially. In this case, Backus and
Zin (8] shows that the yield on an n-period bond converges to a constant:
the variance of the yield on a long bond goes to zero exponentially, as well.
However, the implication that long term rates are constant seems to be at odds

with the data. Although the yield curve generally flattens out as the maturity
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increases, the long term rates are only marginally less volatile than short term
rates but certainly their volatility does not appear to vanish. Backus and Zin
[8] then propose a fractional ARMA model for spot rate as a resolution of
the discrepancy between theory and evidence on long term rates. Golinski
and Zaffaroni [9] present a two-factor fractional ARIMA term structure model
which allows for long memory. They find that extension of the model from
short memory to long memory factors gives a substantial improvement in terms

of fit of the model and forecast errors.

The idea of modeling financial processes as long memory stochastic pro-
cesses is not new in the literature. For example, it has been empirically ob-
served that the autocorrelation function of the squared returns on stock price
is usually characterized by its slow decay towards zero. This decay is nei-
ther exponential, as in short memory processes, nor implies a unit root, as in
integrated processes. Consequently, it has been suggested that the squared
returns may be modeled as a long memory process, whose autocorrelations
decay at a hyperbolic rate. In this direction, Comte and Renault [10] propose
a continuous time fractional stochastic volatility model. They assume that
the stochastic volatility is driven by a fractional Ornstein-Uhlenbeck process;
that is the standard Ornstein-Uhlenbeck process where a Brownian motion
is replaced by a fractional Brownian Motion. Comte, Coutin and Renault
[11] consider a fractional affine stochastic volatility model, where the volatility

process is driven by a fractional square root process.

In this paper, we extend the works of Backus and Zin [8], Comte and
Renault [10] and Comte, Coutin and Renault [11]. We consider an interest
rate model driven by fractional Lévy process. We derive the joint characteristic
function of spot rate and its integral. Then we evaluate a closed-form solution
for bond price and interest rate derivatives such as bond options, caps and
Asian options on short rate using Fourier inversion techniques. To the best
of our knowledge, this is the first paper that provides the formula for interest

rate derivatives based on a fractional Lévy process.

The structure of the paper is as follows. We start with a brief overview
of Lévy process and introduce fractionally integrated process driven by the
Lévy process in section 2. With these preliminaries and tools, we define a
fractional Lévy interest rate model in section 3. The main result, the joint

characteristic function of spot rate and its integral, is also included in this
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section. We provide the closed form solutions to the prices of bonds and interest
rate derivatives such as bond options, caps and Asian options in section 4.
Numerical results based on a particular Lévy process, normal inverse Gaussian

(NIG) process, are given in section 5.

2 Preliminaries and Tools

2.1 Lévy Process: Definition and Properties

In this section Lévy processes are introduced together with several impor-
tant definitions and properties. See Sato [12] for a more exhaustive treatment
on Lévy processes.

Let (2, F, P, F;) be a filtered probability space which satisfies the usual
conditions.

Definition 2.1. A cadlag (sample paths that are almost surely continuous
from the right and have limits from the left), adapted, real valued stochastic
process L = {L(t)};>0 with L(0) = 0 a.s. s called a Lévy process if the

following conditions are satisfied:

e L has independent increments, i.e. L(t) — L(s) is independent of Fs for
any 0 < s <t

e L has stationary increments, i.e. for any s, t > 0 the distribution L(t +
s) — L(t) does not depend on t;

e L is stochastically continuous, i.e. for everyt >0 and € > 0:

lim P(L(1) ~ L(s)| > ) = 0.

A Lévy process L(t) is infinitely divisible, which indicates that the charac-

teristic function of marginal random variable L(t) can be expressed as follows:

@) (u) = Blexp(iuL(t))] = exp(tra)(u)),

where 111y (u) is the characteristic exponent of the Lévy process at unit time.
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The Lévy-Khintchine formula (see Schoutens [13]) gives the expression for

characteristic exponent 17(1)(u) as follows:

: 1 oo : :
Yoy (u) = iyu — 50211,2 + / (exp(iux) — 1 — iuxliy<1)v(da),

o0

where v € R, 0 € R, and v is a positive measure satisfying:

/ Oomin(l, lz)?)v(dr) < oo.

o0

The measure v is called the Lévy measure of the distribution L. Throughout

the whole paper we will always assume that v additionally satisfies:

+oo
/ lz|*v(dz) < .

o0

Furthermore, we impose the restriction that E[L(1)] = 0.

In this paper we will work with two-sided Lévy process L = {L(t)}er
constructed by taking two independent copies {L1(t)}i>0, {L2(t) }¢>0 of a one-
sided Lévy process and setting

Lyt if ¢ >
Ly =4 1 it 20,
“Ly(—t-), ift<o0.

We consider the stochastic integral with respect to Lévy process. The following

theorem of Rajput and Rosinski [14] will be used in the paper:

Theorem 2.2. For f € L£?[0,T] the integral fOTf(t)dL(t) exists as an

L2(Q)-limit of approzimating step functions. Moreover, we have for u € R:

B {exp (zu /0 : f(t)dL(t))] ~ exp ( /0 ' wL(l)(uf(t))dt> |

2.2 Fractionally Integrated Process Driven by the Lévy

Process

In this section, we first provide definitions of fractional calculus and inte-

gration, which we will require in the following discussions.
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Definition 2.3. Let f € LY(R) and d > 0, the Riemann-Liouville fractional

integrals on R are defined as

(1 £)(s) = ﬁ / " P (s — u)du,

and ) -
I = [ F0= o)
Definition 2.4. Let 0 < d < 1, the Riemann-Liouville fractional derivatives

on R can be defined as

LA = g | £ =) s

and
(D2 f)(u) = —ﬁ%/ f(s)(s — u)"%ds.

Let 0 < d < 1. Following Samko, Kilbas and Marichev [15], we know that
the fractional derivative D? and fractional integration I¢ have the following

properties:

e For any f € R, we have
DIILf = f;
e For any h such that h = I?_f, we have

I9D%h = h.

The operators D% and I have properties corresponding to those of D¢ and
d
I,
We now define the fractional Lévy process as follows:

Definition 2.5. Let L = {L(t)} be a two-sided Lévy process on R. For

fractional integration parameter 0 < d < 0.5, a stochastic process

M@ () = ﬁ/:[(t —s)t — (=s)dL(s), tER

15 called a fractional Lévy process.
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In terms of the fractional operators, fractional Lévy process can be rewrit-

ten as

M9D(¢) :/_OO (I%x04)(s)dL(s), t€R,

o0

where the indicator x(,s is given by (a, b € R)

1, a<t<hb,
Xa,b] (t) = —1, b <t< a,
0, otherwise.

Assume g € L'(R). We obtain for 0 < d < 0.5, the fractionally integrated

kernel

t (t o S)dfl

$ 0= (o = [ T

— 00

g(s)ds, teR (1)

Definition 2.6. Let 0 < d < 0.5. Then the fractionally integrated process
Y@ = LY@ ()} driven by the Lévy process L is defined by

Y@ () = / " 4Dt — w)dL(u), tER.

o0

where the fractionally integrated kernel g% is given in (1).
Marquardt [16] proves the following theorem:

Theorem 2.7. Suppose Y = {Y D (¢)} is the fractionally integrated pro-
cess YD (1) = ffoo gD (t —u)dL(u), t € R, with g¥ € L2(R). Then Y9 can

be represented as

YD) = / Dy — w)AMD (), teR )
with
o) = (D)) = sz | dVee— o) Ms, seR

On the other hand, if Y9 is given by (2) with g € L'(R), then Y9 can be
rewritten as Y (9 (t) = ffoo gDt —u)dL(u), t € R, where gD (x) = (Ig)(x).
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3 Fractional Lévy Short Rate Model

3.1 Definition

Let r(t) denote the spot rate at time ¢. We define the Lévy short rate

model as

r(t) = a+ XO(1), (3)

where o, f € Rand 0 < d < % The process X (9 (t) is the Riemann-Liouville

order-d fractional integration of X (¢):

X = (1) = [

where X (t) is a latent factor modeled as a Lévy driven Ornstein-Uhlenbeck

process:

dX(t) = =k X (t)dt + odL(t), (5)

where k > 0 and 0 > 0. L(t) is a Lévy process under risk neutral probability
Q.

By imposing the constraint that L(¢) is a standard Brownian motion, we
will have a fractional Brownian motion driven interest rate model studied
by Comte and Renault [10] for modeling stochastic volatility. By imposing
the constraint that d = 0, we obtain a Lévy driven short rate model, which
includes the model by Hainaut and MacGilchrist [7] as a special case. If we
further constrain L(t) to be a Brownian motion, we will have the classical

Vasicek model.

In the following theorem, we can show that X(®(¢) is a fractional Lévy

driven Ornstein-Uhlenbeck process.

Theorem 3.1. Suppose XV (t) is the process defined in (4) and (5). Then

we can alternatively represent XD (t) as

dXD(t) = =k XD(t)dt + ocdM D (t). (6)



Zhigang Tong o7

Proof. Define g(t) = o exp(—rt)1j)(t) and ¢ @ (t) = (1¢g)(t). We have

T
[ T et - et (wa
:/_; /ut (t;(sd))dl exp(—r(s — u))odsdL(u)
:/_; /01t ' (t_lrt(;)s)dl exp(—rs)odsdL(u)

Hence, X4 is the solution to stochastic differential equation (6). O

We also can show that r(¢) in the fractional Lévy short rate model is a long
IMEIOory process.
Theorem 3.2. Let r(t) be defined in (3), (4) and (5). Then
B%0? T(1—2d)
k? T(d)(1—d)

¥ (h) = Cov(r(t + h),r(t)) ~ E[L(1)?]|h[*, as h — oc.

Proof. We know

where ¢(t) = o exp(—rt)1j ) (t).

Cov(r(t + h), r(1))
= %WE[ (1) ]/_: /_Zg(t +h—u)g(t—u)|u— v|2d*1dudv
— PR [ [ et s+ w s,

It follows that
v (h) ~ %BQE[MDZ] (/_Z g(U)dU>2 B, as b — oo
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3.2 The Joint Characteristic Function of Spot Rate and
Its Integral

Let F; be the filtration generated by L(-). To obtain the analytical formula
for prices of bond and interest rate derivatives, we follow the approach of
Chacko and Das [17] and derive the conditional joint characteristic function
®(u,v;t,7) of r(t +7) and [/77 7 (s)ds, that is

B(u, v;1,7) = B [exp <zu /t N (s)ds + dvr(t + 7)> | 7—}] (7)

under the probability measure (). This will be achieved by representing the
fractional Lévy process X(@(¢) in (4) in terms of the Ornstein-Uhlenbeck pro-
cess via fractional integration. We compute ®(u,v;t,7) in the following theo-

rem:

Theorem 3.3. For the model given by (3), (4) and (5), the conditional
joint characteristic function ®(u,v;t,7) of r(t+ 1) and ft+T (s)ds under the

probability measure () is given by

O(u,v;t,7)

= exp [ium’ +iva + / wL(l) (Bo(uE,—y(d+1,—K) + vE,;_(d, —K))) dw

i (AT )

+ Zﬂ(UET(d +1, _’i) + UET(d, _H))X(t):| )
(8)

where py,qy(u) is the characteristic exponent of L(1) and Ey(d, a) is a Miller-
Ross function defined by

Ey(d,a) = t* exp(at)I*(d, at),

where I'*(d, at) is an incomplete Gamma function defined by

1
[(v)tv

P(0.0) = o [ € exp(=6)de
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Proof. Note first that XV (¢) = [* X @ (s)ds. From (4) we can decompose
the integral of X(@(.) as

t+7 t+7 t
/ XD (s)ds = XD (s)ds —/ XD (s)ds
¢ _oo s
= XD (4 7) — XD ()

BTt 4+ 7 —s5)? Lot —s)e
:/ WX(S)CZS—/OO F(d—l—l)X(S)dS

(9)

— 00

1

- T /Oo[(HT — o)t — (t— 5 X (s)ds

1 t+7
— t — 5)4X (s)ds.
+F(d—|—1)/t (t+7—5)X(s)ds
Using (3) and (9), we can compute ®(u,v;t,7) as

O(u, v, 7)
_ e [exp (w /t t+TT(s)d5+iw(t—|—T)) | ]—"t]

= E¢ [exp (w /tHT(a + BXD(s))ds + iv(a + XD (t + 7'))) | ft}

s
['(d+1)

= exp(iuat + wva)E? [exp < / ;((t b7 —s) = (t— )X (s)ds

+ F(;“f 5 /tHT(t b7 — s)IX (s)ds + % /_t:(t +r— s)d_lX(s)ds) | .7-}]

— exp <z’uozT +iva +if /_; (u(t T ;(21_1)(75 —9)t, ;(_d)s)d_l) X(s)ds)

o (o [ (o ) o) 1]
(10)
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We can compute the last line in (10) as

ool () )

et [exp (w /t v (u (t;[dt 15))d s ;(_d)s)d_1> (exp(—r(s — 1)) X (1)
+ [ expl-nts = wodzu)is) | 7]

~exp <¢5 /t o (J’f&;;f))d G ;(_d)s)“) exp(—r(s — t))dsX(t))
80 o (5 [ (slir )

« /1t exp(—n(s—w))adL(w)ds) |ft] |

(1)
We can compute the last line in (11) as
wlon (2 (e )
< [ explonts — wadiwlas ) | 7]
— E9 [exp (w /tm /wHT <u (tFJEdeL—S)d +U(t+;(_d)5)dl> N

< exp(on(s = u)lodsdLiw) ) | ]

“en ([ v (0 ()

x exp(—k(s — w))ods) dw>.

Finally, using (10), (11), (12) and the fact (see Miller and Ross [18]) that

/o : Riz)) ~ explas)ds = Ei(d,a),

we obtain (8). O

Next, we define

p(t,7) = A+ B/t (475" (- S)dX(s)ds +OX (1),

o I'(d+1)
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where A, B and C' € R. X is defined in (5).
We can also derive the conditional joint characteristic function of r(¢ + 7)
and p(t+ 7,7), that is

t+1
U(u,v;t, 7,7, A,B,C) = E? {exp <zu/ r(s)ds + ivp(t + T, %)) | .7-}]
t
(13)
under the probability measure (). Using the similar technique to the proof of

theorem 3.3, we can compute ¥(u,v;t, 7,7, A, B,C) in the following theorem:

Theorem 3.4. For the model given by (3), (4) and (5), the conditional
joint characteristic function V(u,v;t, 7,7, A, B,C) of r(t + 1) and p(t + 7,7)

under the probability measure Q) is given by

U(u,v;t, 7,7, A, B,C)

= exp [ium’ +ivA+ / Yy (uB —vB)oE, _(d+ 1, —k)
0

+vBo(Eris_w(d+ 1, —k) — exp(—k(T — w))E>(d + 1, —k))
+ vCoexp(—k(T — w)))dw
P up(t+T =9t = (t—s)) +uB(t+T7+F— ) = (t+7—5)9)
+Z/—oo [(d+1)
+i((uf —vB)E.(d+1,—k) +ivB(E;+(d+ 1, —k) — exp(—k7)E;: (d + 1, —K))

X(s)ds

+ wC exp(—m))X(t)] .

(14)

4 Pricing of Bond and Interest Rate Deriva-

tives

4.1 Bond Prices

Given the conditional joint characteristic function, we can obtain the closed

form solution for the bond prices.
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Let P(t,7) represent the time t price of zero coupon bond that matures

after a period of time 7. Using Theorem 3.3, we have

P(t,7) = EC [exp(— /t N ()ds) | ft]

= ®(i,0:t,7) (15)
=exp|—A(r) — B(t,7,X) — C(1) X (t)],
where
A(T) = ar — /OT Yy (iBoE_y(d+ 1, —K))dw, (16)
B(t,7,X) = 5/ (t+7 _F(‘j +_1)(t =9 ¥ (s)ds, (17)
C(r) =BE(d+1,—k). (18)

The continuous compounded yields to maturity of discount bonds are given by

A(T) N B(t,1,X) N C(7)

T T T

y(t,7) = X(1). (19)

Note that the yields function of the fractional Lévy model is inherently different
from that of the affine term structure model in that it is non-Markovian. As
a result, the yields will be dependent on the whole history of the process X
through the term B(t,7, X). When d = 0, this term will disappear, then the

yields will be a linear function of the current factor.

4.2 Interest Rate Derivatives Prices

4.2.1 General Case

Let f(t+7) denote the interest rate derivative payoff function at time ¢ +7
and C'(t) be the derivative price at time t. We have

Clt+7)=(f(t+7)— K)lf(t—f—T)ZKa
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where K is the strike price. We can obtain the time ¢ price of derivative as

(Xﬂ:Eﬁ:mp<—AH¢M$%>CG+TH]4
=69 o (= [0S ) (04 7) = O | 5]

r t+7
= e (= [ 60 100+ 1 | 7 (20)

— KE® {exp (— /1t t+7r(s)ds> Lisr)>K | ]-‘t]
= My()TT, (t) — K P(t, 7)y(t),

where

ITy(t) = E¥ {exp <— /tt+7r(s)d8> flt+71) | ft] ;

11, (1) = B9 exp ( ft+T ) ft+ 1)1 ern>K .
oo St o] 7|
I,(t) = B oP ( I ds) Liesr)>K

E@ [exp <— tt+7 r(s)ds) | .7:,5] 7

It is clear that II;(¢) and IIy(¢) are two probabilities. We need to evaluate
IIy(t), I1;(t) and II5(¢) to obtain the derivatives prices. In the next sections

we will examine several types of derivatives.

4.2.2 Bond Options

A call option on a discount bond at strike K is the right but not the
obligation to purchase a discount bond with remaining maturity 7 on the
expiration date of the option. The option payoff is

C(t + T) = (P(t + T, ’72) - K)]-P(H—T,i')ZK-
The time ¢ price can be calculated from equation (20). We have

Ty(t) = P(t, T + 7).
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To calculate II; (¢), we first calculate

I, (1) = Hol(t) EQ [exp (- /t t+Tr(s)ds> Pt +7,7) exp(inlog(P(t + 7,7))) | 7
— Hol(t) E@ {exp ( /tHTr(s)ds) exp((1 +iu)(—A(F) — B(t + 7,7, X)

—C(1)X({t+7)) | F]

1
= (i, —1+ut,7,7,—A(7), =8, —C(7)),
TRORL (7)., ~C()

where A(-), B(-,-,-) and C(-) are defined in (16), (17) and (18) respectively.

Similarly, to calculate II,(t), we first calculate

ﬁz(t) = mEQ {exp (—/t Tr(s)ds) exp(iulog(P(t +7,7))) | F
= mEQ {exp (—/t r(s)ds) exp(iu(—A(7) — B(t+ 7,7, X)
—C(H)X(t+71)) | Fl
1 . . . N
= W\P(z, wt, 7,7, —A(T), =5, —C(7)).

Then 11, () and II,(t) can be obtained by inverting II,(¢) and IIy(t) respec-
tively:

(1) = %+ = /OOO Re <,iexp(—m log(K))ﬁj(t)> du, j=1,2

T "
Using the similar calculations, we also can obtain the prices for bond futures
options.

4.2.3 Caps

An interest rate cap is an option that pays off when the terminal interest
rate exceeds the strike price K. If the cap contract matures at time ¢t + 7, its

payoff is given by

Clt+7)=(r(t+7) = K)l@in>k-
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The time ¢ price can be calculated from equation (20). We have

[le(- )i ie])
0

To calculate II; (¢), we first calculate

i (1) = Hol(t) EQ [exp <_ /t o r(s)ds) r(t +7) exp(iur(t + 7)) | .7-}]
_ Hol(t) %%EQ [exp <_ /t o r(s)ds) exp(iur(t + 7)) | 7—}]

1 10

B no(t)ia_uq’(

i, ut,T).
Similarly, to calculate II(¢), we first calculate

() = g [ow (= [ rohts) exptiurti-+) 1 7]

P(t,t+7

1
= (i, u;t,7).
P(t,t+7) (i, w5, 7)

Then IT;(¢) and IIy(t) can be obtained by inverting IIy(t) and IIy(¢) respec-
tively:

() = = + = /OOO Re (,iexp(—mK)ﬁj(t)> du, j=1,2. (21)

2 0w X0
Using the similar calculations, we also can obtain the prices for other deriva-
tives such as yield caps, floors and yield combo options.
4.2.4 Asian Options

The Asian option on the short rate has the following payoff function:

1 t+71
C’(t —+ 7') = <—/ T(S)ds — K> liftt-’_TT(S)dSZK'
t

T
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The time ¢ price can be calculated from equation (20). We have

(1) = EQ {exp <_ /tHTr(s)dS) %/tHTT(S)dS | ft]
_ {%EQ [exp <_ /tHTr(s)ds) exp (g /tHTT(S)ds) | ft] }uzo
— {%EQ {exp ((g — 1) /tHTT(S)dS) | ]:t] }u:o
~{ge (0D 0]

e[ o )

- o o™ [exp(_ / ) e < ) |7 ]

u
=— (— , 0,1, ) .
P(t,t+71) \7 T ’
Then IT;(¢) and II,(f) can be obtained by inverting II;(¢) and II,(t) using
equation (21).
Using the similar technique, we also can obtain the prices for Asian options

on the yields.

5 Numerical Example

In this section, we numerically study a term structure model driven by a
specific type of Lévy process. We choose the normal inverse Gaussian (NIG)
process. An NIG random variable L follows a 4-parameter (a,b, ¢, m) proba-

bility law, and its characteristic exponent (see Schoutens [13]) is given by

iy (u;a,b,e) = —c(v/a2 — (b +iu)? — Va2 — b2) + ium,

where a > 0, |b| < a, ¢>0and m € R.
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Figure 1: Simulation of fractional NIG process for different integration pa-

rameters. 7(t) = o+ XO(1), XO(1) = [*_ G2 X(s)ds and dX (1) =
—kX (t)dt + odL(t). o =0.04, Kk = 0.5, 0 = 0.04, a =5, b= 0.2, ¢ = 5 and

z(t) =0 for t <0.

The moments of an NIG random variable L are given by

be
Mean(L(1)) = N +m,
: a’c
Variance(L(1)) = :
(a2 — 02)?
Sknewness(L(1)) = ——
newness =
ar/cva? — b?
a? + 4b? )
Kurtosis(L(1)) =3 |1+ ———
) =3 (145
In our numerical example, we set m = —WL.’;%)Q so that E[L(1)] = 0. Figure 1

shows a single simulated path of r for d = 0, d = 0.2 and d = 0.4 respectively.
For three paths we have used the parameters similar to those from Hainaut and
MacGilchrist [7] and the same sequence of random numbers. We find that the
integration parameter d influences the smoothness of the interest rate process.
The greater d is, the smoother the path of r is.

We calculate the compounded yields to maturity of discount bonds using
formula (19). Figure 2 shows that the term structure of interest rate has an

downward sloping for each integration parameter d. However, the greater d is,
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Figure 2: The yield curves and the term structure of volatility of fractional

NIG process for different integration parameters. The left panel is the yield

curve and the right panel is the term structure of volatility. 7(t) = a4+ X (¢),
t I d—1

XO(t) = [1 55— X(s)ds and dX (1) = —kX(t)dt + odL(t). « = 0.04,

k=05,0=0.04,a=5b=0.2,¢c=5and z(t) =0 for t <0.

the steeper the slope is. We also compute the term structure of volatilities for
different integration parameters. Figure 2 plots the term structure of volatility
as a function of maturity and d. It seems the volatility curve flattens out
slower for the model with higher d than the model with lower d. This is
consistent with the findings of Backus and Zin [8]. This permits that the
volatility persists even for long yields. This also shows that the long memory
model has the potential to capture the term structure of volatility better than
the short memory models.

Figure 3 shows that the effect of integration parameter d on the bond option
prices. It seems that the effect is not a linear function of maturity. Instead,
the term structure of the price difference between the fractional NIG model
and NIG model has a convex shape. The effect of d is more significant for
longer maturities. Figure 3 also plots the effect of integration parameter d
on the cap prices. The effect is similar to the case of bond option prices but
the term structure of the price difference between the fractional NIG model
and NIG model has a concave shape. Finally, We also calculate the Asian
option prices for different maturities. Figure 3 shows the term structure of the

price difference between the fractional NIG model and NIG model can have
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Figure 3: Effects of time to maturity on the derivatives price differences be-
tween the fractional NIG model and NIG model. The left panel is for the bond
option price, the middle panel is for the cap price and the right panel is for
the Asian option price. r(t) = a + X@(t), X (¢) = ffoo (t_F’j(z;le(s)ds and
dX(t) = —kX(t)dt + odL(t). o = 0.04, Kk = 0.5, 0 = 0.04, a = 5, b = 0.2,
¢c=5, K =0.03 and z(t) =0 for t < 0.

more complex shape. The effect of d is not necessarily a monotone function of

maturity.

6 Conclusion

In this paper we have proposed a new term structure of interest rate model
based on the fractional Lévy process. We derive the joint characteristic func-
tion of spot rate and its integral, which makes it possible for us to obtain the
closed form solutions to the prices of bonds and interest rate derivatives. In
our numerical study, we focus on a specific type of Lévy process, namely NIG
process. Based on our fractional NIG model, we find that the higher inte-
gration parameter leads to the slower decay of term structure of volatility. It
implies that the long memory interest model has the potential to capture the
persistence of the interest rate volatilities better than the corresponding short

memory models. We also find that the integration parameter has significant
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effects on bond yields and interest derivatives prices.

Our goal in this paper is to study the way to incorporate the long memory

into the existing term structure of interest rate models. As a result, we only

consider one-factor model for simplicity. It would be interesting to extend our

model framework to multi-factor models. We will leave this development for

further research.
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