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E. Lieb convexity inequalities
and noncommutative Bernstein inequality
in Jordan-algebraic setting

Leonid Faybusovich'

Abstract

We describe a Jordan-algebraic version of E. Lieb convexity inequal-
ities. A joint convexity of Jordan-algebraic version of quantum entropy
is proven. A version of noncommutative Bernstein inequality is proven
as an application of one of convexity inequalities. A spectral theory
on semi-simple complex Jordan algebras is used as a tool to prove the
convexity results. Possible applications to optimization and statistics

are indicated.
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1 Introduction

In [11] E. Lieb proved a number of interrelated convexity inequalities, which
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2 E. Lieb convexity inequalities and Bernstein inequality...

found important applications in quantum physics, quantum information the-
ory, statistics and probability. An interesting fact related to these inequalities
is that pretty much all of them admit a Jordan-algebraic interpretation. That
makes it tempting to generalize them to the setting of Euclidean Jordan al-
gebras. If a given simple Euclidean Jordan algebra admits a representation
in Jordan algebra of real symmetric matrices, it is quite straightforward in
most of the cases. Unfortunately, it is not always the case. Since an arbitrary
Euclidean Jordan algebra is a direct sum of simple ones, to prove the results in
general, a different approach is required. While by now a number of different
proofs of original results is known, surprisingly (and in contrast with mere re-
formulation of the results), none of them admits an immediate generalization
in Jordan-algebraic setting. In present paper we provide a Jordan-algebraic
version of E. Lieb’s results. One can consider this paper as an attempt to
further develop a version of matrix analysis (in the sense of, say, [1]) in the

context of Euclidean Jordan algebras.

The plan of the paper is as follows. In section 2 we introduce the vocabu-
lary of Euclidean Jordan algebras. In section 3 we formulate a Jordan-algebraic
version of the main theorem of [11]. We then derive a number of convexity
inequalities and, in particular, prove a joint convexity of Jordan-algebraic ver-
sion on quantum entropy. In section 4 we prove (as an application of one of
the E. Lieb inequalities) the noncommutative Bernstein inequality developing
some ideas of J. Tropp. In section 5 we prove the main theorem following the
scheme of [4]. The section may be of an independent interest, since it shows
a deep analogy of spectral theory in semi-simple complex Jordan algebras and

C*-algebras.

2 Jordan-algebraic Concepts

We adhere to the notation of an excellent book [7]. We do not attempt to
provide a comprehensive introduction to Jordan algebras but rather describe
a vocabulary with references to [7]. Let F be the field R or C. A vector space
V over F is called an algebra over F if a bilinear mapping (x,y) — zy from
V x V into V is defined. For an element x in V' let L(z) : V' — V be the linear
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map such that
L(x)y = xy.

An algebra V over F is a Jordan algebra if

vy =y, x(2’y) = 2*(xy), Yo,y € V.
In other words, Jordan algebra is always commutative but typically not asso-
ciative. In an algebra V one defines 2" recursively by 2" = z-2"~!. An algebra
V is said to be power assotiative if x? - 9 = 2P*7 for any x € V and integers
b 9.

Proposition 2.1. A Jordan algebra is power associative. Besides,
[L(2?), L(z?)] = 0,Yx €V,

and any positive integers p and q. (In other words, corresponding linear oper-

ators commute).

This is Proposition II1.1.2 in [7]. We will always assume that the Jordan
algebra has an identity element e (i.e. , xze = x,Vx € V). The power associativ-
ity of Jordan algebras allows one (among other things) to develop the spectral
theory very similar to classical case of linear operators on finite dimensional
spaces or finite-dimensional C*- algebras.

Let V' be a finite-dimensional power associative algebra over F with an
identity element e, and let F[Y] denote the algebra over F of polynomials in

one variable with coefficients in F. For x € V we define
Flz] = {p(z) : p € F[Y]}.

A polynomial p € F[Y] of minimal possible degree such that p(z) = 0 is called
the minimal polynomial of z. Given x € V| let m(z) be the degree of the

minimal polynomial of z. We define the rank of V' as
r = max{m(x):x € V}.
An element z is called regular if m(x) = r.

Proposition 2.2. The set of reqular elements is open and dense in V. There
exist polynomials ay,...a, on V such that the minimal polynomial of every

reqular element x is given by
fOur) =X —a ()N ag(o) N2+ (=D a(2).

The polynomials ai, .. .a, are unique and a; is homogeneous of degree j.
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This is Proposition II.2.1 in [7]. The coefficient a;(z) is called the trace of
x and is denoted tr(z) (in particular, trace is linear). The coefficient a,(z) is
called the determinant of x and is denoted det(x). An element x is said to be
invertible if there exists an element y € F[z] such that zy = e. The set A € F

such that x — Ae is not invertible is called the spectrum of x and is denoted
spec(x).
Given z € V, we define

P(z) = 2L(z)* — L(2?).

The map P is called the quadratic representation of V. We denote DP(x)y by
2P(z,y). Here DP(z)y is the Frechet derivative of the map P at point z € V
evaluated on y € V. It is easy to see that

P(z,y) = L(z)L(y) + L(y) L(z) — L(zy),z,y € V.

Proposition 2.3. Let V be a finite-dimensional Jordan algebra over F. An

element x € V s invertible if and only if P(x) is invertible. In this case
P(x)r ' =2, P(x)™' = P(z™).
This is Proposition 11.3.1 in [7].

Proposition 2.4. Let J be the (open) set of invertible elements in V. The
map v — x~ 1 J — J is Frechet differentiable and

i)D(x " Hu=—-PlaYu,r e J,ueV.

i) If x and y are invertible, then P(z)y is invertible and (P(z)y)™' =
Pz Yyt

iii)

P(P(x)y) = P(2)P(y) P(x), Yo,y € V.
iv)
P(P(z)y, P(x)z) = P(z)P(y,2)P(z),Vz,y,z € V.

This is Proposition I1.3.3 in [7]. A bilinear form 5 on V is called associative
if
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Proposition 2.5. The symmetric bilinear forms TrL(xy) and tr(xzy) are

associative.

This is Proposition 11.4.3 in [7].

In case , where F = R we consider an important class of Euclidean Jordan
algebras. A Jordan algebra V over R is called Euclidean if tr(z?) > 0,V €
V\{0}. An element ¢ € V is called idempotent if ¢* = ¢. Two idempotents are
orthogonal if ¢d = 0. A system of idempotents cy, ... ¢ is a complete system

of orthogonal idempotents If ¢ = ¢;, ¢;c; = 0,1 # j, and ¢1 + ... + ¢, = e.

Theorem 2.6. Let V' be an Fuclidean Jordan algebra. Given x € V. there
exist unique real numbers Ay, ... \g, all distinct, and a unique complete system

of orthogonal idempotents cq, ..., c, such that
x:)\101—|—~~~+)\kck.
In this case spec(x) = {\1,..., A}, c1,. .., e € Rz

This is Theorem III.1.1 in [7].

An idempotent is primitive if it is non-zero and cannot be written as a
sum of two non-zero idempotents. We say that ¢y, ..., ¢, is a complete system
of orthogonal primitive idempotents, or Jordan frame, if each c; is primitive

idempotent and if
cic, =0, #k,ci1+...+ ¢ =e.
Note that in this case m = r (rank of V).

Theorem 2.7. Suppose V' has rank r. Then for x € V there exists a Jordan

frame cq,...c, and real numbers Ay, ...\, such that

T
r = E )\jCj.
Jj=1

The numbers \; (with multiplicities) are uniquely determined by x. Further-

more,

det(z) = H)\j,tr(:v) = Z Aj.
j=1 j=1
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This is Theorem III1.1.2 in [7].

Given a function f which is defined at least on spec(z), we can define

T

@) =3 Fe

=1

if v =73, \i¢;. In particular,

exp(zr) = Zexp()\i)ci, Inx = Zln Aici, Aj > 0.
i=1 i=1
Let
Q={2*:2cV}.

Theorem 2.8. Let V' be an Euclidean Jordan algebra. The interior  of @)
is a symmetric (i.e. , self-dual, homogeneous) convex cone. Furthermore,() is
the connected component of e in the set J of invertible elements, and also €2 is
the set of elements x in V' for which L(z) is positive definite. In particular, the

group of linear automorphisms GL(QY) of Q0 acts transitively on it. Moreover,
P(z) € GL(RY) for any invertible x.

This is Proposition I11.2.2 in [7].
Let cq, ... ¢, be complete system of orthogonal idempotents. For each idem-
potent ¢, denote V(c,0),V (¢, 1),V (c,1/2) the eigenspaces of L(c) correspond-

ing to eigenvalues 0, 1,1/2, respectively. Then L(¢y), ..., L(cx) pairwise com-
mute and
V=D Vi
1<i<j

where V;; = V(¢;, 1), Vij = V(e;,1/2) NV (¢j,1/2). Such a decomposition of V
corresponding to a complete system of orthogonal idempotents is called the
Peirce decomposition. It is studied in detail in Section 1 of Chapter IV in [7].
A typical example of a Jordan algebra over a field F is the vector space of

symmetric matrices over F with multiplication operation
AB + BA
A.p=2ted
2
where on the right we have a usual matrix multiplication. In case F = R we

get an exmple of an Euclidean Jordan algebra.
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3 Convexity inequalities

In this section we mostly follow the original paper [11] making necessary
Jordan-algebraic adjustments.

Let V be an Euclidean Jordan algebra.
Theorem 3.1. Let 0 < p <1,k € V. The function f; : Q2 x Q2 — R,
fi(a,b) = tr((P(k)a?)b'"?)
18 concave.

Here P is quadratic representation on V. This Theorem is proved in Section

Lemma 3.2. Given k,u,v €V,
tr((P(k)u)v) = (k, P(u,v)k) = (P(k)u,v).
Proof. By definition: P(k)u = 2L(k)?u — L(k?)u and hence
tr((P(k)u)v) = (2L(k)u, L(k)v) — (L(k*)u, v).
On the other hand,
(k, P(u,v)k) = (k, (L(u)L(v) + L(v)L(u))k) — (k, L(uv)k) =
2(L(u)k, L(v)k) — (k* uv) = 2(L(k)u, L(k)v) — (L(u)k* v) =
2(L(k)u, L(k)v) — (L(k*)u,v).

Consider the function ¢ : [0,1] — R,
U(p) = (P(k)a", b'7").
We obviously have:
' (p) = (P(k)(a’ Ina),b*P) — (P(k)a”,b' P Inb).

In particular,

Y'(1) = (P(k)(alna),e) — (P(k)a, Inb).

For k = e we obtain:
' (1) =tr(alna —alnb).
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Theorem 3.3. The function (a,b) — tr(alna — alnb) is convex on 2 x Q.

Proof. (1) = (P(k)a,e) is a linear function of (a,b), whereas the function
(1 + h) is concave in (a,b) for —1 < h < 0 by Theorem 3.1. Hence,

v +h) —y(d)

A(h) = -

is convex for —1 < h < 0. Consequently,
P'(1) = limA(h),h — 0~
is convex. [

The function
D:OxOQ—R

D(a,b) =tr(alna — alnb — (a — b))
is called quantum relative entropy.
Corollary 3.4. The quantum relative entropy is (jointly) convezr on £ x ).

Lemma 3.5. Let &,n : [a,b] - R,y e RyI=1,... M. If

S & (Nmi() > 0,

for all A, € [a,b]. Then for u,v € V, spec(u) C [a,b], spec(v) C [a, ],

tr()_ a&(wm(v)) = 0.

Proof. Let
u= E AiCiy U = E :“idi
i=1 =1

be spectral decompositions u, v,respectively (see Theorem 2.7). Then

G(u) = Zfl@\i)% m(v) = an(ﬂi)di

and, consequently

M r r M

tr(> " n(wm(@) =) eidy) Y anu(N)m(py) > 0,

l i=1 j=1 =1

since (c;, d;) > 0, for all 4, . ]
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Proposition 3.6.
D(a,b) > 0,Y(a,b) € Q2 x Q.
Proof. The function ¢(\) = Aln A is convex forA > 0. Hence,
¢(A) = o(p) = &' (W)X — ),
for any A, > 0. Consequently,
An A —Alnpg— (A —p) >0, u>0.
By Lemma 3.5 D(a,b) > 0. O
Proposition 3.7. Let b € Q. Then
tr(b) = max{tr(alnb—alna+a):a € Q}.
Proof. Since D(a,b) > 0,V(a,b) € Q x Q, we have:
tr(b) > tr(alnb — alna + a),Va € €.
But for a = b we obtain the equality. O]

Theorem 3.8. Given h € V, the function fy: 2 — R,
fa(a) = tr(exp(h +1na))
s concave on ).
Proof. Take b = exp(h + Ina) in Proposition 3.7. Then:
tr(exp(h + Ina)) = maz{tr(v(h + lna) —vinv +v) :v € Q} =

max{tr(vh) — D(v,a) +tr(a) : v € Q}. (1)

Since the function D(v,a) is jointly convex in (v,a), (1) shows that fa(a) is

concave on {). O

Proposition 3.9. Fora € (2

lna:/o m(liT—(a—l—Te)l)dT. @)
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Proof. Let
a = Z /\ici
i=1

be a spectral decomposition of a.See Theorem 2.7. Then

Ina = ET: In \;c;.
i=1

On the other hand, for R > 0

r

R R
/o (1%1—7 —(a—l—Te)—l)dT:Z[/o (1—{1—7 - )\iiT)dT]ci.

i=1

But n
1 1 1+ R
— dr =1 In \;.
/0 S i v LU vy T
Taking limit when R — 400, we obtain the result. O]

The expression (2) allows one to compute (using Proposition 2.4 i) ) the

Frechét derivative of Ina :
+oo
Dln(a)h [/ Pla+7e) 'drlhh e V.
0

Following the original paper of E.Lieb [11], we will introduce notation 7, for

the linear operator
+o00o
Tu(h) = [/ P(a + Te)dr]h.
0

Note that
(Tu(h), h) = D*¢(a)(h, h),

where ¢(a) = tr(alna),a € Q,i.e. T, is the Hessian of the quantum entropy.
In this connection, it is important to calculate the inverse of T,. Obviously, T,

is positive definite for any a € (2.

Proposition 3.10.

1
T ! :/ P(a'",a")dr.
0
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Proof. Let
k
a = Z >\ici
i=1

be the spectral decomposition of a such that Ay > Ay > ... > A\, > 0. (see
Theorem 2.6). Let, further,

V= @D v
1<i<yj<k
be the corresponding Peirce decomposition. Then P(a + Te)™! restricted to
Vi; acts by multiplication by

1
i+ 71N +7)

Hence, for h € V;; :

+oo dr
ﬂm*fé (&+Tmy+ﬂh:

lIl /\j — hl)\Z . .
h
Yy i # 7, (3)
h
Ta(h) - )\_Z’Z =7
Consider )
[a:/ P(a*™7,a")dr
0
For h € Vij;

1-7y1 Ty1—7
AT A

P(a'"",a")h = [2L(a'"")L(a") — L(a)]h h.

2
Hence,
A — A\
I(h) = —L——hi#j 4
() = R i # (@)
I.(h) = A\ih,i = j.
Comparing this with (3), we conclude that I, = T, . O

Proposition 3.11. The function q: V x Q — R,
q(a, h) = (h, Ta(h))

is jointly convex in (h,a).
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Proof. Fix a,b € Q,0 < A < 1. Denote Aa + (1 — A\)b by ¢. Consider quadratic
forms:
'y (u, v) = Agla, u) + (1 = A)gq(b, v),
Io(u,v) = qe, \u+ (1 — A)v)
on V x V. Note that I'y is positive definite. Consider an optimization problem
Io(u,v
Plu,v) = ngu:v;

(u,v) € V x V' \ {0,0}. Let v be the maximal value of ¢. If v < 1 (for all
choices of a,b € Q,0 < A < 1), then the result follows. The stationary points

— max,

(u*,v*) of the optimization problem should satisfy the equation:
DTy (u*,v*)(g, h) — ¢(u*,v*) DIy (u*,v*)(g,h) =0
for all (g, h) € V x V. This leads to equations:
AT.(Au* + (1 = X)v*), g) + (1 = N)T.(Au* + (1 — Nv*), h) =

o(u*, v*) ((ATu(u®), g) + (1 = N)Tp(v"), 1)),
and hence
A =Te(w) =T,(u*), Te(w) = yT5(v"), (5)

where v = ¢(u*,v*), w = Au* + (1 — \)v*. If v = 0 (and consequently less or
equal than one), we are done. If not,

1 1
u =T, A),v" = ~T, (A
S (A) ,yb()

by (5). Note that A # 0 (otherwise, (u*,v*) = (0,0).). Since T, '(A) =
Au* + (1 — A\)v*, we obtain:
ATHA) + (1= NTH(A) =T, H(A). (6)

a

By Proposition 3.10 the relationship (5) means:

/Ol[AP(aT, a ")+ (1= NP, 0T — yP(c", T Adr = 0. (7)
However,

(A AP(a”,a"7) + (1 = N PO7, b T)A) < (A, P(cT,cT)A),

0 <7 <1 by Theorem 3.1. Hence, v < 1. ]
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Recall that
+oo
T.(h) = DIn(a)h = [/ P(a+ Te) 'dr]h.
0

Since

1
DP(a)g = EP(aag)aaag € Va

we can calculate the second Frechet derivative of In using the chain rule. Let

Y(a) = (a+1e)™", ¢(a) = P(¥(a))h.

Then
D¢(a)g = (DP((a)) Dip(a)g)h = 2P (y)(a), —P(a+ 7€) 'g)h =
—2P((a+71€)"', P(a+ 7€) 'g)h =
—2P(P((a+ 1) e, P(a + 1e)Y2P(a + 1e)?g)h =
—2P(a+7e)"*P(e, P(a +71e) " 2g)P(a + 1¢)V/?h =
—2P(a + 1) Y2[L(P(a + 1€)"Y?)g)(P(a + Te)"Y?R)).
Hence,

Dg(tr(a In a))(hl, hg, hg) = <h1, D2 ln((l)(hg, h3> = (8)
-2 / " tr{(M(a, 7)) (M (@, 7)ho) (M (a, 7)),
a € Q, hy,hy,hs €V, M(a,7) = P(a+ 7e)"V2,

Lemma 3.12. Let C be a convex cone in a vector space and let F': C' — R

be a convex function such that

F(a+tb) — F(a)
t

lim

7t_>0+7

exists and is denoted by G(a,b) for all a,b € C. Assume that F' is homogeneous
of order 1, i.e. , F(Aa) = AF(a),a € C;\ > 0. Then

G(a;b) < F(b),Va,b e C.
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Proof. Fort > 0,a,b € C:

F(atth) = F((1+) (gt b)) = (O F(T ) < (1) (s Fla) o F(b) =
Fla) +tF(b).
Hence,
Flat®) = F@) _
t <
[l

Note that the function g(a,h) = (h,T,(h)) is homogeneous of order 1 on
the cone 2 x V.
Indeed,

+oo
q(Aa, \h) = / (Ah, P(Aa + Te) ' AR)dT =
0
“+oo T
/ (h, P(a + Xe)_1h>d7' = A\q¢(a, h).
0

The last equality is obtained by making the change of variables 7 = . Ap-
plying Lemma 3.12 to ¢, we obtain

Dq(a, h)(b, g) = 2(Ta(h), 9) — (Ra(h), b) < (g,Ts(g)) (9)

for all a,b € ), g, h € V. Here
+oo
R,(h) = 2/ P(a+ 7e)Y?[P(a + Te)~V/?h)%dr,
0

(see (8)). The relationship (9) is crucial in [11] for proving various convexity
inequalities.

Since the exponential is the inverse of logarithm, we have:
In(exp(a)) = a,a € V.
Using the chain rule, we obtain:
D(in(exp(a))(D(exp(a))h = h,
h,a € V. Consequently,

Texp(a)(D(exp(a))h) = h,
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or

D(exp(a)h =T . (h) =

exp(a)

| / Plexp(ar), exp(a(l — 7)))dr](h), (10)

where in the last equality we used Proposition 3.10.
We say that a,b € V' commute, if

[L(a), L(b)] = 0.

Proposition 3.13. The elements a,b € V' commute if and only if, there

exists a Jordan frame cy,...,c. inV and \j, pu; € Ryi=1,...7, such that

a = ZT: )\Z'CZ', b= Xr:ﬂlcl
i=1 i=1

This is Lemma X.2.2 in [7]. For a detailed discussion of commutavity in
the above sense see [12]. The following Theorem is a Jordan-algebraic version

of the Golden-Thomson inequality.

Theorem 3.14. Let u,v,w € V. Then
£ (ex(10) Texp( ) (exp(v))) > tr(exp(u + v+ w)).
If u commutes with v, then
tr(exp(u) exp(v) exp(w)) > tr(exp(u + v + w)).
Remark 3.15. Recall that
tr(u(vw)) = tr((uwv)w), Yu,v,w € V.
See Proposition 2.5.

Proof. Let a = exp(—u),b = exp(v),l = u+ w. By Theorem 3.8 the function
o2 — R,
¢i1(c) = —tr(exp(l + Inc))
is convex. It is also clear that ¢;(Ac) = A¢y(c) for any A > 0. Hence, by Lemma
3.12:
Déi(a)b < ¢u(b).
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Note that:
D¢y(a)b = —tr(T,(b) exp(l + In(a)).

Substituting expressions for a, b, ] we obtain:
tr(exp(u+ v+ w)) < tr(exp(w)Tep(—w) (exp(v))).

If u commutes with v, then computing the corresponding integral in common

for v and v Jordan frame, we obtain:

Toxp(—uw) (exp(v)) = /0 OO(exp(—u) + 7€) "2 exp(v)dT = exp(u) exp(v).

4 Noncommutative Bernstein inequality

Let V be an Euclidean Jordan algebra. Suppose that vy, ..., vyare inde-
pendent random variables on a probability space X ( with probability measure
Pr defined on o-algebra A of subsets of X) with values in V. We denote by &
the mathematical expectation with respect to Pr. In other words, ifv : X — V

is a random variable, then

S[U]:/Xv(w)dPr(w).

Given v € V with spec(v) = {A,... A} and Ay > Ay > ... > A, then
Amaz(V) == A1 and

|1V]|oo = max{ ez (v), Amaz(—0) }

Note that ||v||« defines a norm on V' invariant under the action of the group
of automorphisms of V' (see e.g. [5]). In this section we prove the following

result.

Theorem 4.1. Let vq,...vy : X — V be independent random variables
such that Elv;) = 0,i = 1,... M. Suppose that

)\max (UZ) S K
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almost surely for alli=1,... M. Here K 1is a fixed positive number. Denote

M

o* =) €]l (11)

i=1

Then, fort >0

. o? Kt
Pr(mas(D_ i) > 1) < rexp(—15h(—3)) <
i=1
t2
rexp(= s + Kt/3>‘

Here r is the rank of V' and
h(A) =1+ N)In(l+X) = A\ >0.

In case where V' is the Jordan algebra of complex Hermitian matrices, this
result is due to [14]. Note that we do not assume that V' is simple. One
can even consider infinite-dimensional spin-factors (as in [3]) as irreducible

components. It does not effect the proof.

Corollary 4.2. Let vq,... vy : X — V be independent random variables
such that Elv;) = 0,i=1,... M. Suppose that

[villoe < K
almost surely forall i =1,2,... M. Then, fort >0

M o? Kt
Pr(| Y villo > 1) < QTGXP(—ﬁh(g)) <
i—1
t2

o? + Kt/3).

2r exp(—

In our proof of Theorem 4.1 we follow [8], making necessary Jordan-algebraic
adjustments.

Proposition 4.3. Letv: X — V be a random variable. Then, given t > 0,

Pr(Apaz(v) > t) < inf{exp(—0)Etr(exp(6v)] : 6 > 0}.
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Proof. We have:
Pr(Amae(v) 2 1) = Pr(exp(Amas(6v)) > exp(6t)) <

exp(—0t)E [exp(Anaz (V)]

The last inequality is just the standard Markov inequality. Furthermore, given
we X,

exp(Amaz (00(w))) = Amaz (exp(fv(w))) <
3 Ayfexplf(e)) = trexp(Bu()))
j=1
Here \;(exp(fv(w)) are eigenvalues of exp(fv(w)). Hence,
Pr(Amax(v) > t) < exp(—0t)E[tr exp(Ov)],
for every 6 > 0. [
Proposition 4.4. Let h € V and v : X — V be a random variable. Then
E[trexp(h + v)] < trexp(h + In(E[exp(v)])).
Proof. By Theorem 3.8 the function ¢, : 2 — R,
on(a) = trexp(h +1Ina)
is concave. By Jensen’s inequality
Elon(expv)] < on(Elexp]),

Eltrexp(h + v)] < trexp(h + InEexp(v)]).

O
Proposition 4.5. Let vy,... vy @ X — V be independent random vari-
ables. Then for any 6 € R

M

E[tr(exp(OZvi))] <tr exp(Zln Elexp(6v;)]).

i=1 =1
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Proof. Without loss of generality we may assume 6 = 1. Let
hi =In&lexp(v;)],i =1,... M.

Since v; are independent, we can write &,, for the expectation with respect to
v; (i.e., the expectation conditional on vy, ..., v;_1,v;41,...vy). Using Fubini

theorem, we obtain:

M-1

M
Etr(exp sz =&, ...&)M[trexp(z v; + v
i=1

i=1
By Proposition 4.4

M-1

A<LE, . Eyltr exp(z v +InElexp(var)])] =

=1

M-2

Eoy o Evy, Jtr exp(z v+ ha +oy-1)] <
i=1

M-2 M

Evy oo Euyy,ltr exp(z v+ har +hay)] <L <t exp(z hi),

i=1 i=1

where we repeatedly used Proposition 4.4. O

Proposition 4.6. Let vq,...vy — V' be independent random wvariables.
Suppose that there exists a function g : (0,00) — [0,00) and fized uy,...up €
V' such that

8[6Xp<07}1>] j exp(g(e)ul)7l - ]-7 s M7
(u = v for u,v €V means that v —u € Q). Let p = /\max(ziﬂil u;). Then
M
Pr(Amas(Y_vi) > t) < rinf{exp(—0t + g(6)p) : 0 > 0}.
i=1

Lemma 4.7. Let z,y €V and x =y = 0,i.e., v —y € Q,y € Q. Then

Inz = Iny
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Proof. By Proposition 3.9

400 e
Ina = — “Hdr,a € Q.
na /0 [1+T (a+Te)  ]|dr,a
Hence, it suffices to show that

(x+7e) ' < (y+7e)! (12)

for any 7 > 0. But 2 — y € Q is equivalent to (v + 7¢) — (y + 7¢) € Q.
Consequently,
P(y+7e) (x4 71e) —e €Q, (13)

since P(u) € GL(Q2),Vu € V.(see Theorem 2.8. Similarly, (12) is equivalent to

e—Ply+7e)?(z+7e)t €. (14)

Let .
P(y+T€)_1/2(Z’+T€) :Z)\lc“)\l >0,Z: 1,...7",

i=1
be the spectral decomposition. Then (13) is equivalent to A\; > 1,4 =1,...,r
whereas (14) is equaivalent to 1 —1/\; > 0,7 = 1,...7, since P(y+7e)~Y2(z +
te) = P(y+71e) %2 (z + 7€) = P(y+7e)/?(z +71e) '] 'by Proposition 2.4 ii).

However, these are the same conditions. O

Lemma 4.8. If z,y € V,z > y, then
trexp(z) = trexp(y). (15)

Proof. Each Euclidean Jordan algebra is a direct sum of simple Euclidean
Jordan algebras, i.e. |
V=Vie...aV,

where V; are simple Euclidean Jordan algebras. Note that
Q=0 d... 0,

where (); is the cone of invertible squares in V;. Moreover, if

s
€r = § Zy,
=1
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the corresponding decomposition of z € V, then
r(exp(z Z tr(exp(z;).

Thus, to prove (15) it suffices to consider the case where V is simple. Let
spec(z) (resp. spec(y)) = {Ai(x),... A\(x)} (resp. {M(y),...\(y)}, where
A(z) > Ao(z) ... A (2) (resp. Ai(y) > A2(y) ... A (y)). Then x > y implies
Ai(x) > Ni(y),i=1,...r (see [10]). Consequently,

trexp(z Z exp(\;(x) > Z exp(A tr(exp(y).
O
We are now in position to prove Proposition 4.6.
Proof. By Propositions 4.3,4.5
M M
A= PT()\maX(Z v;) > t) < inf{exp(—06t)tr exp(Zln Elexp(bv;)] : 6 > 0}.
i=1 i=1
Using Lemma 4.7 and Lemma 4.8, we obtain:
M
A < inf{exp(—6t)tr exp(z g(0)u;) - 6 > 0}.
i=1
Now,
M M
trexp(9(6) D ) < PAnaclexpl9(6) D ) =
i=1 i=1
r exp(g(@))\mm(z u;)) = rexp(pg(0)).
i=1
O
Fix 6 > 0 and consider the function
F0) = A2(exp(6A) — OA — 1), (16)

for A #£ 0, f(0) = 62/2.

Lemma 4.9. Function f is monotonically nondecreasing on R.
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For a proof see [8], p. 222.
Hence, f(A) < f(1) if A < 1. We will assume that in the formulation of
Theorem 4.1 K = 1 (otherwise, substitute v; by v;/K). Since all eigenvaues of

v; are bounded by one from above, we have:
Fw) < fMe,we X,i=1,... M.
The identity exp(6A) =1+ X + N2 f()) implies
exp(0ui(w)) = e + Ovi(w) + v} (W) f(vi(w)) =
e+ vi(w) + P(vi(w)) f(vi(w)) = e+ Ovi(w) + P(vi(w)) f(1)e =
e+ 0vi(w) + f(1)vf (w).
Hence,

A = Elexp(v;)] = 1+ fF(1EW]] = exp(f(1)E[]]),

]

where we used an obvious inequality exp(A > 1 4+ A\, A € R. Recalling the
definition of f (see (16), we obtain:

A < exp((exp(f) — 0 — 1)ER]),i=1,... M.

By Proposition 4.6:
M
Pr(Amax(D>_vi) > t) < rinf{exp(—0t + g(6)0®) : > 0}, (17)
i=1
where g(0) = exp(f) — 0 — 1. Here
M

o = Amax(z EWI) =11 ) €07l

i=1
Lemma 4.10. Let h(A) = (1 +A)In(1 4+ X)) — A\, A > —1,
g(0) =exp(f) — 0 — 1.
Then, for > 0,n1>0

inf{0n + g(O)p : 6 > 0} = —ph(n/p)

and

A2/2
h(A\) > ——— A >

For a proof see [8], Lemma 8.21 . Combining (17) and Lemma 4.10, we
obtain Theorem 4.1.
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5 Proof of the main theorem

Several proofs of the original version of Theorem 3.1 are known (see [13],[11],[4],[6]).
However, it seems none of them admits an immediate generalization to Jordan-
algebraic setting. We have chosen an approach developed in[4] mostly for the
case of finite-dimensional C*-algebras. C*-algebras are associative but not
necessarily commutative, whereas Jordan algebras are commutative but typi-
cally nonassociative. However, both classes are power associative which makes
spectral theory quite similar for both of them. We provide (almost) all details
for the Jordan-algebraic case.

Let V be an Euclidean Jordan algebra. We define its complexification VC

as the set V' with the following operations:
a+if)(z,y) = (az — By, fr + ay),a,B € R,i = V—1,

(z,y) + (") =(x+ 2 y+y).

Then V€ is a vector space over C (and hence it makes sense to talk about
holomorpic functions on open subsets of VC. One considers V as a subset of
V€ under the identification z ~ (z,0). The elements of VC can be written
as o + iy with 2,y € V. The vector space V' has a distinguished conjugation

operation:

T+iy =x —1y.

We define on V€ the structure of Jordan algebra over C:
(z + ) (@ + i) = (22’ — yy) + iy’ + 21/).
Each R-linear map A : V — V can be extended to C-linear map:
Alx +iy) = A(x) +iA(y).
Recall that on V' there exists the canonical scalar product:
(x,2") = tr(z2)).
We can extend it to C-bilinear form on V° :

(x +iy, 2" +1y') = ((2,2") = (y, ) +i({z, ) + (y,2")).
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We define a Hermitian scalar product on V° :
{(w,w")) = (w,w'),w,w € VC.

Then
[w]| = ((w,w))"*.

Consider
To=V+iQcVC,

Each w € V° has a unique representation
w = Rw + iSw
with Rw, Sw € V. Hence, w € Ty, if and only if Sw € €.

Theorem 5.1. The map w — —w~! is an involutive holomorphic automor-
phism of Tq, having ie as its unique fixed point. In particular, w € Tq implies

w is inverible and —(w™t) € Q.

This is Theorem X.1.1 in [7].
Let w € Ty and A € C, 3\ < 0. Then J(w — Ae) = Sw — (SA)e € Qie.,

w — Ae € T and consequently is invertible. In particular,
spec(w) C {A € C: I\ > 0}. (18)
Let R ={\ € C: 3\ =0,R\ <0}, and
U={veVC®:spec(v) c C\R_}.

Theorem 5.2. Let f : U — C be a holomorphic function with the following
properties:
(1)Sf(v) >0, if Sv € Q;
(i) f(v) = f(v),v €U
(i) f(pv) = pf(v),p>0,v € U.
Then the restriction of f on §2 is concave. More precisely, let a € 1, h € V.
Then for sufficiently small real t and integers n > 1
d*¢
dt?n

(t) <0,

where ¢(t) = f(a + th).
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Remark 5.3. A more general version of this Theorem is considered in [4] in
C*-algebras settings. The corresponding Jordan-algebraic counterpart is also
true.

Proof. Given a € 2, h € V, consider two holomorphic functions
F(A) = f(a+ Ah),G(N\) = f(h+ Xa).

Note that F' is defined for A € C such that | A |[< 1/7 and G is defined for
A € C such that R\ > 7 or S\ # 0. Here

7= [Alllla”".

Indeed, consider

A(p) =a+ Ah—ipe, u € R.

Then RA(u) = a + RAh = P(a'/?)(e + RAP(a"?)h). Let Ay,... A\, be (real!)
eigenvalues of P(a~/?)h. Then 14+R )\, ... I4+RA\, are eigenvalues of P(a~Y2)RA(11).
If | RA || Aj |< 1 for all j, then RA(u) € @ and hence A(p) is invertible by
Theorem 5.1. Hence, a + Ah € U. The conditions | RA || A; |< 1 for all j are

satisfied if X

max{| A; |: j € [1,r]}

| A<
But
max{| \; |: j € [1,7]} < [|[P(a™?)h|| < [|P(a” )R] < |Alllla™"]

Hence, a + A\h € U if | A |< Similarly, for Aa + h, consider

1
l[Rlllla=t]"

Ay(p) =Xa+h —ipe, pu € R.

Since
RAL (1) = RAa 4+ h = P(a'/*)(RXe + P(a=?)h),

we have: RA{(n) € Qif RA+ A; > 0 for all j. This condition is satisfied if
RX > max{| A\; |: j € [1,r]}. But max{| A\; |: j € [1,r]} < 7. Consequently,
Aq(p) is invertible for ®A > 7. This means that Aa + h € U if RA > 7.

Furthermore,

Cx

A (1) = SAa — pe.
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Thus,for p < 0,3\ > 0, we have: SA;(u) € Q and hence, A () is invertible
by Theorem 5.1. This means that Aa + h € U, if I\ > 0. But then \a + h =
Ma+heUie , da+heU,if \#0.

Note that due to condition (iii)

G(p) = pF(p~"),p > 0.
Hence, by the principle of analytic continuation
G(A) = AF(A7Y), (19)

if RA > 7 (both functions are analytic for #\ > 7 and coincide for real A
greater than 7). Note,further, that the function A — AF(A™!) is analytic for
| A |> 7 and hence G can be analytically continued across the real axis from

—oo to —7. Consequently, GG is analytic in the complement of the cut
{AeC:SA=0,| X |< T}

Due to condition i), G is also the Herglotz function (i.e., A > 0 implies

SG(A) > 0). Due to (19) G is bounded by a constant times | A | at the

infinity. Hence, (see e.g. [1], section V.4)

G(/\):/_ %ﬁwn,

for all A in the complement of the cut {A € C: S\ =0,| A |< 7}. Here v is
a positive finite measure with support in [—7, 7], and &, 7 are some constants.
However,

T N2du(t)
At —1
for all A in the complement of the cut{\ € C: S\ = 0,| A |> 7~'}. But then
for n > 2

+nA+€

FO) = AGAY) = /

-7

n T n—2
dF()\>:_!/ e 2dv(t)
A" (1 — ta)nt

which is nonpositive when n is even and X is real and | A [< 771 [

—T

Let Z be a Jordan algebra over C. Given xz € Z, let p(Y) € C[Y] be the

minimal polynomial of z,

o) =T = x)

Jj=1
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Proposition 5.4. There exists a complete system of orthogonal idempotents
¢1...cp in ClY], i.e., c? =cj,cijc=0,7 #l,c1 +...cp = e, such that for any

polynomial q € C[Y],

k l/jf].
(x — /\ €)
=> q(”()\j)c,.

j=1 1=0

Futhermore,
(x —Nje)c; =0,7=1,...k.

This is Proposition 8.3.2 from [7].Note that spec(z) = {\1, ..., A}
An element x € Z is said to be semi-simple if its minimal polynomial has

only simple roots. For such an element

k

r = Z)\jCj’Q(J:) = ZQ()\j)Cj,q S C[Y]

j=1
An element x € Z is said to be nilpotent if ™ = 0 for some integer m.

Proposition 5.5. FEvery element x € Z can be uniquely written in the form
T = l,L_I + :C”
with ', 2" € Clzx], 2’ is semisimple and z" is nilpotent.

If f is holomorphic in an open set U of C containing spec(z), we can define
(following [7], p. 152)

k )
f) =33 T o), (20)
Note that f(x) € C[z] and if f, g are two such functions, then

(f9)(z) = f(x)g(x).

Proposition 5.6.

@) = 3= [ F2)ze =)

where C' is a closed contour in U surrounding spec(z).
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Proof. Consider the function
1
AN)=—,2eC :
6.0 = 15 A€ C\ {2}

Then

k ,/j,1 1
1 (x — \je) [! B
k l/j—l
Z (z — Nje)’
== (Z—)\j)”l J
Hence,
1 f(z)(ze_x)—ldz_iyjzl(x_)\e)lc.i/ M
21 Jo B pl T omi Jo (2 = M)

By residue theorem:

2mi Jo 2 — At !

]

Remark 5.7. Due to Proposition 5.6 one can develop a standard functional

calculus on Z similar to,e.g. , [9], chapter 9.

Consider a holomorhic branch
InA=In| X | +iarg, (21)
where —7m < argA < m. We ,then, can define
N =exp(plnA),pe C,Ae C\R_.

Recall that R. = {A € C: SA = 0,0\ < 0}. f U = {2z € Z : spec(z) C
C\ R_, we can define In z, 27 using Proposition 5.4 or Proposition 5.6. Since,

according to our definitions,

2 p(In N\
AP:Z%,)\GC\R,

J=0
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we will have correspondingly (according to standard functional calculus; see
e.g.[9], chapter 9).

2P = ij<ﬁz ) =exp(plnz),z € U.
7=0

We will need yet another characterization of functions In z, 2? on U.

Proposition 5.8. We have:

Inz = /0 OO[T i T (e + 2)']dr, (22)
o) (e 25

zelUO<a<l.

Proof. We will prove (23). Note that

i teo 1 1
o — sin(ma) / o \dr,
Q@ 0 T T4+

A€ C\R_,0 < a < 1, since both sides are holomorphic functions on C\ R_

which coincide for real positive A (see e.g. [2], p. 106 ). Let z € Ui.e.,
spec(z) = {A1,..., A} € C\ R_. Then by Proposition 5.4:

(te+2)~ ZJZ: @Z)(l( 5)¢,
7j=1 1=0
where )
Pr(d) = T4+ A
Consequently,
p =TI [T o€ et 2y i
sin(ma) Tee 1 - VJ1<Z_>\€)Z L
; [/ (G = = 300 B | e
(24)
By (23)

d\n T a
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n > 1. Combining (23), (24), (25), we obtain:

r Vj—
3= 3o+ 3 M oy, - o
7j=1 =1
where the last equality is due to Proposition 5.4. O]

Lemma 5.9. For z € U,
In(z7!) = —In(2).

Proof. By (22)

+o00 e e z
In(z 1) = /0 [T 1 (re + 2z Y dr = /[ —Z(z+ =(z+ =) )dr.

Further,

Consequently,

+oo e
In(z71) = /0 i[—1 gy + (z4e/7) Ydr

Making change of variables 7 = 1/7, we obtain the result. O

We now return to the case Z = VC (ie. , the complexification of an

Euclidean Jordan algebra).

Lemma 5.10. If z € Tq, then In(—z) = —ime + Inz. If —z € Ty, then

In(—z) =ime + In z.

Proof. 1f p(Y) € C[Y] isa minimal polynomial for z, then p(—Y’) is a minimal
polynomial for —z. Consequently, by Proposition 5.4, if

r zzj—l
nz=3" 5" B 000, spectz) = D, A,
7j=1 1=0
then )
T (—r )
n(-2) = 33 AT o)
7j=1 1=0
But
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Consequently,

r

In(z) = In(—2) = Y [InX; — In(=X)]e;.

j=1
Since by (18), SA; > 0,5 = 1,...,r for z € Ty, the result follows (see
(21). O

Proposition 5.11. Given z € Ty, we have:
Inz € Tg,ime —Inz € Ty,.

Proof. If z € Tq then Te + 2z € Ty for all real 7. Hence, — (e + 2)™! € Ty
by Theorem 5.1. But then Inz € Tg by (22). We also have that —27! € Ty,

Hence,
In(—27") = —In(—2) = —(—ime + Inz) = ime — Inz € Ty,
where we used Lemmas 5.9,5.10. ]
Proposition 5.12. If z € T,0 < a < 1, then 2* € Tg, —exp(iam)z* € Ty.

Proof. By (23), 2% € Tg. Besides, u = —z7! € Tq. Hence, u® € Tg. Conse-
quently, (—u®)~! € Tg. However,

u® = exp(alnu) = exp(aln(—z")) = exp(a(ite — Inz)) =

exp(ami) exp(—aln z).

Hence,

(—u®)"! = —exp(—ami) exp(alnz) = — exp(—ian)z®.

Thus, — exp(—iam)z® € Tg. O

Proposition 5.13. Let u,v € T, — exp(—ia)u € T, —exp(—if)v € T, a >
0,8>0,a+ 0 < 7. Then

tr(uv) C {\ = pexp(if),p > 0,0 < 0 < o+ [}.
Proof. Let u = uy + tug,v = v1 + tv9;u;,v; € V,j = 1,2. Then

Str(uv) = tr(uive) + tr(ugvy).
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Furthermore,
exp(—ia)u = (cos a + sin a) + i(cos auy — sin auy ).
Hence, the assumptions imply:
Uy — cot aug € Q, uy € €,

and similarly
v1 — cot Bug € Q, vy € €.

Consequently,

tr(uyvy) = tr(P(vg)Y?uy) > cot atr(P(v)Y?uy) = cot atr(uqvy).

Similarly,
tr(uguy) > cot ftr(uqvs).
Hence,
N B sin(a + )
Str(uv) > (cot a + cotB)tr(ugvy) = Snasnd tr(ugvg) > 0.

Consider

u' = exp(—ia)u,v’ = exp(—if)v.

Then by assumptions: —Ju' € Q, —3v" in€, S(exp(ia)u’) € Q, S(exp(if)v') €
Q). Consequently,

' = exp(ia)u, v’ = exp(i3)v

satisfy original assumptions. Hence, by what we have already proved:

Str(u'v') > 0,

or

Str(u'v') <0,
i.e., Str(exp(—i(a + B))uv) < 0. Let tr(uv) = pexp(if), —m < 6 < w. Since
Str(uv) > 0, we have 0 < 6 < w. Then

tr(exp(—i(a + B))uv) = pexp(i(f — (o + 7)),

Str(exp(—i(a + B))uv) = psin(d — (a + 3)) <0

implies 0 < a + . n
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Remark 5.14. Note that, if assumptions of proposition are satisfied, they
also satisfied for a—e, —e for some small positive €. Consequently, proposition
holds true , if a + 6 = .

Example 5.15. Consider
fi(v) = tr(exp(h +1Inv),h € V,o € U C VC.

If v € Ty, then Inv,ire — Inv € Ty by Proposition 5.11. But then, since
Sh = 0, we also have h + Inv,ire — (Inv + h) € Tq. By (18)

spec(h +1Inv) C{A € C: 7> 3\ > 0}. (26)
If (26) is satisfied, then
spec(exp(h +1nv)) C {A € C: 3\ > 0}.

This obviously implies that S fi(v) > 0, if Sv € Q. It is also clear that fi(pv) =
pfi(v),¥p > 0,v € U. By Theorem 5.2 the restriction of fi on § is concave.
This is out Theorem 3.8.

Example 5.16. Let fo(u,v) = tr((P(k)uP)v'™P), (u,v) € U x U C VC x
Ve =2 (VxV)® Here 0 < p < 1,k € V are fized. If (u,v) € T x Tg,
then u? € To,v'™P € Tq, —exp(—ipm)u? € To,—exp(—i(1 — p)m)v!™P € Tqy
by Proposition 5.12. It is clear that P(k)uP possesses the same properties as
uP. Hence, by Proposition 16 S fo(u,v) > 0 for (u,v) € Tog x Tqg = Taoxa-
It is also clear that fo(0,7) = fo(u,v) and fo(pu, pv) = pfa(u,v) for p > 0.
Consequently, the restriction of fo on € x Q is concave. This is our main
Theorem 3.1.

6 Conclusion

In this paper we developed a Jordan-algebraic version of E. Lieb inequal-
ities. As an application, we proved a version of noncommutative Bernstein
inequality. Possible further applications include optimization, statistics and

quantum information theory through the Jordan-algebraic version of quantum



34

E. Lieb convexity inequalities and Bernstein inequality...

entropy. It also would be interesting to see what asymptotic properties of

random matrix ensembles admit Jordan-algebraic generalizations.
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