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Abstract

This paper calibrates model parameters of the Vasicek process to Ghana’s
Treasury bill rate. The calibration was done by both the methods of least squares
and maximum likelihood. The key objective is to propose a simple but an
appropriate short-term interest rate model that could be used to value any security
that depends on Ghana’s Treasury bill rate. The 91 day Treasury bill rate dataset
from January 1988 to June 2015 were used. A major finding of the study was that,
the method of maximum likelihood resulted in a much lower estimate for the
volatility as compared to the method of least squares. Vasicek model is one
member of the family of one-factor short-term interest rate models. Future
research needs to compare the Vasicek to other members of the family.
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1 Introduction

In 2014, the Ghanaian economy encountered major challenges in the form of a
severe currency depreciation, extending energy crisis, worsening macroeconomic
imbalances, and increasing inflation and interest rates (see [1], [2]). One major
impediment in conducting business in Ghana is high interest rate (see [3]). The
current high lending rates in the country is not boosting investments and the
development of the private sector and economic growth in general (see [3]). On
March 19, 2015, Moody’s Investors Service downgraded Ghana’s sovereign credit
rating from B2 to B3 and the outlook on rating was flagged negative. The agency
assigned deteriorating debt dynamics and increased government liquidity risks

basically for the downgrade (see [4]). Credit rating is a measure used by a lender
to measure how likely a borrower is able to make scheduled payments on a loan. It
is therefore an evaluation of the credit worthiness of a company or a government
but not individual consumers (see [5]). The governor of bank of Ghana has
articulated the need for a more effective regulation on interest rates by the central
bank, as a way of reducing the high cost of credit in the country (see [3]). From
the above accounts, it is obvious that interest rate and its dynamics play a very
crucial role in the Ghanaian economy. Quite apart from that, generations of
reliable and economically acceptable future interest rate scenarios are essential
either for determination of capital requirements, for risk management purposes or
for pricing of financial instruments. A literature search regarding studies on
calibration of parameters of one-factor short-term interest rate models to Ghana’s
Treasury rate proved unproductive. Also, per the bank of Ghana’s governor’s call
for an effective regulation on interest rates, we contribute to the debate by
proposing a short-term interest rate model for valuing any security that depends on
Ghana’s Treasury rate. Interest rates on debt instruments such as Treasury bill
(T-bill) with maturities less than a year are referred to as short-term interest rates.
In the literature many short-term interest rate models have been proposed, for
instance Tables 5.1 and 5.2 in [6] show most common known models and their
properties. In pricing some securities such as options using the standard Black and
Scholes (see [7]) and Merton (see [8]) model, the short-term interest rate is known
to be constant but this is too restrictive in real world situation. Also if one were
able to predict the future, the reasonable interest rate would simply be the average
of the daily observed interest rate up to maturity. Since this is not the case,
mathematical models come into play. Therefore, it is extremely important to find a
good model that captures closely, the changes in interest rate over time. For
practical purposes, it is appropriate to model interest rates using stochastic
processes. In this study, model parameters were calibrated using the Vasicek
process ([6]) to Ghana’s Treasury rate. Calibration facilitated via the methods of
least squares (LS) and maximum likelihood (ML). We used the 91 day T-bill rate
dataset from January 1988 to June 2015 housed by the central bank of Ghana ([9])
because it has become a generally accepted benchmark for banks rates. The rest of
the paper is organized as follows: Section 2 briefly outlines the Vasicek process
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including the calibrating methods. Section 3 gives the main results, and section 4
concludes.

2 Vasicek Process

One-factor models are a prevalent class of short-term interest rate models in
investment and risk management. One-factor models are represented by the
following stochastic differential equation (SDE):

dr, = o(t, r,)dt + o(t, r, )dW, 1)

where ¢ and o are the drift and the diffusion terms of the interest rate process

respectively. W is a Brownian motion. The Vasicek model belongs to the class of
one-factor models. In spite of many extensions of the model in the literature, it is
still popular because of its tractability and its closed form solution. Vasicek (1977)
assumed that the instantaneous spot rate under the real world measure evolves as
an Orstein-Uhlenbeck (OU) process with constant coefficients. The SDE for the
Vasicek process is given by:

dr, = A(u—r,)dt + cdW, )

where p the long term mean, A the mean reversion rate or the speed of adjustment
to long term average, and o the volatility. If r, <p, the short-term rate is
expected to increase and if r, > p, the short-term rate is expected to decline. It can

easily be shown using Ito’s Lemma ([10]) with Y, = eM r, that the exact discrete
model corresponding to (2) is given by:

t+3
Mo =Ne " +pll—e ™) +oe 0t J‘e‘det 3)
t

where & represents time step. A simulation equation version of (3) for generating
sample paths which is an exact solution of the SDE in (2) is given as follows:

1_
Mg =Ne ™ +ul-e™)+o =€ Nos 4)

where N, is arandom number.
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2.1 Calibration Methods

The LS and the maximum likelihood estimation (MLE) methods were used to
estimate the parameters of the OU process to the 91 day T-bill rate dataset. The
estimation of these parameters is called calibration. In what follows, we discuss
the two methods.

2.1.1 Method of Least Squares
Assume a linear relationship between r.,, and r, with an error term ¢ as
follows:

g =9, +6,r, +¢ (5)

0, and 6, are easily estimated using the well-known ordinary least squares

(OLS) method. Note that e is independent and identically distributed Gaussian
random variable. The OLS estimates and the standard deviation of the error term
are given by:

élzm éozr_y_elr_x S —0,(nry, —1,1,)
n n n(n—2)

n n
rxzzrk—17 y:Zrk’rxx:zrkzl’ Xy zrklrk’ vy Zrk'

k=1 k=1 k=1
The relationship between (4) and (5) is as follows:

6o
1-0,

0
0, =e7 :k:—lngl, 0, =pd-e™®)=>p=

2In9
s(e) = G,/ =0=5(8) |- S1_0)

2.1.2 Method of Maximum L.ikelihood
Assume N, in (4) has a standard normal distribution, then the conditional

and

distribution of r,,; given r, isgiven by:
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2\

The log-likelihood function of {rk }E=o (see 6) is given by:

(1, 2,6)=> I f(r|rs; i, 2,6)
k=1
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To obtain the MLEs of p,A and &2, we take the partial derivative of (7) with

~2

respecttop, A and 6° and then set each of them to zero as follows:

ol 2.8) _ al(u,k,é):o ol(w, A, 6)
ou /Y o6

=0.

The MLEs are then given as:

n
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With little algebra and appropriate substitutions of previously defined quantities, it

is easy to arrive at the following ML equations:
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where p=e?.

3 Main Results

Figure 1 shows the time plot of Ghana’s 91 day T-bill rate dataset from January
1988 to June 2015. Broadly speaking, the rate exhibited both increasing and
decreasing trends within the period in retrospect. The minimum rate of 0.0913
(9.13%) was recorded in October 2011 while the maximum rate of 0.4793
(47.93%) was observed from January 1997 to November 1997. Distributional
analyses indicate that the rate data was not only moderately skewed to the right
(coefficient of skewness = 0.40) but also platykurtic with a kurtosis measure of
-0.72. A distribution is said to be platykurtic if the kurtosis is less than 3 implying
less kurtosis than the normal distribution.
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Figure 1: Time plot of Ghana’s 91 day T-bill rate

The summation quantities from the 91 day T-bill rate dataset are as follows:

r, =85.71789 , r, =85.70719 , r,, =26.33226 , r,, = 26.28565
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and T, = 26.32699.

These quantities make it possible to retrieve the Vasicek model parameters in (2).
Table 1 compares these parameter estimates based on the LS and the ML methods.
The retrieved parameters based on the LS are shown in the first three rows of
column 2 of the table, while the ones based on the ML are displayed in the first
three rows of the third column. Both LS and ML methods resulted in the same
values for p and . However, the method of ML produced a much lower o value

as compared to the method of LS.

Table 1: Comparison of Calibration Methods

Parameters LS ML
T 0.25674 0.25674
A 0.13001 0.13001
s 0.05687 0.00837
0, 0.00277 ;
0, 0.98922 i
5(e) 0.01633 -

Figure 2 displays plots of some trajectories of the Vasicek process using the
parameters displayed in table 1 and assuming the current short-term rate ;, is the
June 2015 rate of 0.2517 (25.17%). The first plot illustrates the process based on
the LS calibration method while the second plot shows the evolution of the
process emanating from the ML method. The process contingent on the LS
appears to be more volatile and exhibits some probability of negative rates as
compared to the model centered on the ML method.
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Vasicek Process Trajectories with Least Squares Method
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Figure 2: Vasicek Process Trajectories

4 Conclusion

Results of the study suggests the Vasicek process with calibration via either LS or
ML as a potentially effective short-term interest rate model for valuing any
security that rely on Ghana’s T-bill rate. A major finding of the study was that, the
method of ML resulted in a much lower estimate for the volatility as compared to
the method of LS. It therefore follows that, the process contingent on the LS
appears to be more volatile and exhibits some probability of negative rates as
compared to the model centered on the method of ML. The findings herein have
implications for future research. First, the current study did not take into
consideration other short-term interest rates such as the 182 day T-bill rate. The
inclusion of the 182 day T-bill rate for a complete appreciation of short-term
interest rates dynamics in Ghana is warranted. Second, the Vasicek model is one
member of the family of one-factor short-term interest rate models. Future
research needs to compare the Vasicek model to other members of the family.
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