Theoretical Mathematics & Applications, vol. 6, no. 2, 2016, 115-127
ISSN: 1792- 9687 (print), 1792-9709 (online)
Scienpress Ltd, 2016

New inequalities of the real parts
of the zeros of polynomials

M. Al-Hawari! and R. Brahmeh?

Abstract

In this paper, we find new inequalities of the real parts of the zeros of
polynomials, and a new inequalities of the zeros and critical points of

polynomials.
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1 Introduction

The problem of finding regions that contain some or all eigenvalues of
matrices or zeros of polynomials has a long history. For example Cauchy gave an
easily-calculated circular bound for complex coefficient polynomial zeros. Very
recently research on this problem was based on Cauchy’s work. For matrix

eigenvalues, Gerschgorin theorem is very powerful tool for improving existing
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bounds or computing new ones. It can be used to find disks whose union contains
all eigenvalues of a complex matrix. Such results may be applied to analyze the
stability or the relative stability of discrete-time systems. They may also be
applied to determine the eigenvalue distribution in certain disks for
continuous-time systems, by shifting the origin of the s-plane. In recent years,
numerous papers and comprehensive books have been published, for finding

circular bounds of polynomial zeros which have real or complex coefficients.

2 Preliminary Notes

Definition 2.1 [2] Let f be a polynomial of degree n >3, with complex

coefficients, and let z,z,,...,z, be the zeros of f.

n

Zl o ... 0
0 z, -~ 0 N :

Let D= — b and J be the identity matrix of order (n-1) and the
0 o -.. Zn—l

(n-1) x (n-1) matrix with all entries equal to 1, respectively. Then the (n-1) x (n-1)

derivative companion matrix of f is given by

C(f')zD(l—le+iJ,
n n

which is called a D-companion matrix of f.

Theorem2.1[3]. If A B,CeM,(C),then
[ABC], <Al <]

Lemma 2.1 [4].

If zany zero of P(z)=2z"+a,z"" +...+a,z+4,, then
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r 1 n 2
|z|£cosm+§[|an|+ /§|aj| j

For j=1,2,..,n, we have

Lemma 2.2 [5].

n-1
%[— Rea, —\/(Rean)2 +Z|aj|2 }+cosn—7[1 <Rez,
-1

n+

< %(— Rea, +\/(Rean)2 +ni|aj|2 ]+cosL
1

n+1

Lemma 2.3 [5]. If the zeros of P(z)=z"+a z""+..+a,z+a, are arranged in

sin 2k +1 -
1 2n+2 1
+_ e —_——

Zk:Rezj <1 —Rea, + (Rean)2+nzill|aj|2
i=t 2 j=1 2 2

suchaway thatis Rez, > Rez, >... > Rez,, then

sin

2n+2
for k=12,..,n-1 and

Zn:Rezj =Rea,.

j=1
Lemma 2.4 [7].

Let A,BeM,(C) be a conjugate normal matrices. Then

(Re(u(A)))+(Re(u(B))) -, Re(u(A+B)).

Lemma 2.5 [2].
Let A=[a;]eM,(C). if 0<p<2,then Y sP(A) <Y |ay|"
j=1 i,j=1

Lemma 2.6 [6].

Let A=[a;]e M, (C).Thenfor p >0, Z|/1j (A)|p < Y sPA).
=L =1
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Lemma 2.7 [1].

Let z,,z,,...,z, be the zeros of polynomials f of degreen >3 and w,,w,,...,w, ,

n

be the critical points of f. Then for p >1, we have

o |-

1 _

Sl )" <( S| (2 el ®
i1 i1 n

! 5 1 5 1

n-. p —
Sl [ <(-200 1) max, e ", @
i=1

= < = 2 1
)’ "g[ |zi|pJ"+\/”;1 2~ @)

i1 i1 n" o

3 Main Results

Theorem 3.1 If zis any zeroof p(z)=z"+rz""+..+rz+r, for any scalerr.

Then
r 1 2
z| < cos——+—(|r|++/nT
| | n+1 2(| | )
Proof.
—r —r —r —r|
1 0 0 0
The companion matrix of p(z)is C(p)=/0 1 0 - O
0 0 O 1]

r 1 <
By Lemma 1 we have |z| < cosm+5[|an|+ /;|aj2|] , and hence

|7 < cosﬁ+%(|r|+«/nr2). O
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Example 2.1

3
If p(z)=2"+rz’+rz’+rz+r, then |z|< cos%+5|r|_

Theorem 3.2 If zis any zero of p(z)=2z"+z""+..+z+1. Then

1 nz 1 Vs
E(_l_ 1+(n —1))+cosm <Rez;< E(—1+,/1+(n—1))+cosm

Proof.

-1
0

0

~1/2

_]/2'

0 12 . 0

ReC(D) - Y2 y2 0 12

Y2
~12 0 0 12 0

Thus, ReC(p)=S,+T,, where S, is partitioned matrix

Sn:{—l x}
x 0

t
with x:{—%,—%,...,—ﬂ ,and T isthe nx n tridiagonal matrix
[0 12 0 - 0]
/2 0 12 - 0
T, = R Col.
: : . .12
|0 0 0 1/2 0 |

The eigenvalue of S, are
1
4(sn)=5(—1+,/1+(n—1)),

ﬂn(Sn):%(—l— 1+(n-1)),

119
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and
4;(S,)=0 for j=12,.,n-1
It is well known that the eigenvalue of T, are

A4,(T,) = cosj—ﬁ for j=12,..,n.
n+1

and hence by Lemma 2 we have,

1 nz 1 Vs
E(_l_ 1+(n —1))+cosm <Rez< E(—1+J1+(n—1))+cosm

for j=1,2,...,n. O

Example 3.2

If p(z)=z'+2>+2z°+z+1then —%+cos4?ﬂsRezjs%+cos% :

Theorem 3.3 If A=diag(r,r,...r). Then > si(A) <nr?.

j=1

Proof . By Lemma 5, we have

Zn:sj"(A)s Zn:|aij|p
~ pa

i,j=1

Put |aij|=|r|, fori, j=1,2,...,n and p=2, we have Zn:sf(A) <nr?. O
=1

Theorem 3.4 Let A=[a; |e M, (C), have two eigenvalues. Then
2 2 2
A"+ 4] < (s,+5,)%
Proof. By Lemma 6, we have
n p n
YA <D sP(A).
j=1 j=1

By taking p=2, we have the result.
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Theorem 3.5 Let A=|a; |eM,(C),if 0< p<2. Then

ZHM A < Zn:|au'|p :
-1 i1

Proof. By Lemma5, we have

3 5P (A) < zn:|aij|".
=1 i

i,j=1

and by Lemma 6, we have
n p n
YA <D sP(A).
j=1 j=1
Hence, the result is hold

ij(A)r < 'j|ai,.|" | .

i,j=1

Corollary 2.1

Let A=[a, ]eM,(C). Then _z”;pj A < z a,[*

Proof . By Theorem 2.5, we havej_ .
JZ;V; A < i%|au|p

By taking p=2 in Theorem 5, we get the result. O

Theorem 3.6 If the zeros of P(z)=z"+rz" " +..+rz+rfor r=x+iyis any

complex number are arranged in such a way that is Rez, <Rez, <..<Rez,,

then
mn(2k+l)ﬂ
> Rez, Si(—X+Jx2+<n—1)(x2+y2))+£ _\2n+2) | 1
= 2 2 sin i 2

2n+2
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for k=1,2,..,n-1 and

Proof. By Lemma 3 we have

gn(2k+1)”

k n-1

2 Rez, Si{—Rean+\/(Rean)2+2|aj|2]+£ _\2n+2) | 1

o ? = 2 sin T~ 2
2n+2

By taking a; =r=x+iy for j=1,2,....,n , where x,yeR and Re(x+iy)=x.

Hence, we get the result. o

Theorem 3.7 If Ae M, (C) be conjugate normal matrix, then
Re(@) o Re(u(A)).
Proof . By Lemma 4, we have
(Re(u(A)))+(Re(u(B))) -, Re(u(A+B)).
By taking B=A , we have.
(Re(u(A)))+(Re(u(A)]) =, Re(u(2n))
(2Re(u(A)]) -, Re(u(2n)

But Re(u(2A))=2Re(u(A)). Hence, we get the result. O

Theorem 3.8 Let z,,z,,...,z, be the zeros of polynomials f of degreen >3 and

n

W,

W,

,,-.»W,_, bethe critical points of f. Then we have
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«HJI- |

1ot
”n—22|zn—zi| - ©)

i=1

Proof.By Lemma 7 for p>1, we have

||C(f')||2=HD(|—3Jj+iJ < D(l—iJj e
n n |, nJl, In s
1 Z,
) [I —HJJH+ —J 2
-1 2
(8-
n-1 n 1
(S ) <( S 2
By square both sides we get the results of (4).
For (5), we have
W, =[pf1-23)+2 L 2
||C(f)||2_HD( Jj ngg D(I an2+ =

<

o)l

= ((n - 2) +i2j2 maxlsisn71{|zi |}+ (n__lj|zn |
n n
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(nzl*‘|wi|2 jz < ((n -2) "‘%)2 ma'xlsiSn_l{|Zi |}+(nT_1j|2n|

i=1
By square both sides we get the result of (5).

Now for (6) we have,

2,-2, 1,-%, - 1,1
1 1| z,-z2 z. -2, - 1 —1 1
C(f)=D+=(zJ-DJ)=D+=| " 2 ™ 7* | "2\ _D4ZE,
n n : : . : n
Z,—Z,, Z,-Z,, Z,— 72,
where
2,-7, 1,-1, 2,-17,
| BT 4oL z,-1,
L, =2,y ZL,— L, Z,—Z,,
Note that rank(E) < 1
1 1
n-1 n-1
p|P p |P n-1
S | s (Sl |+ "2l
i1 i1 n
1 1
n-1 =
p |P 1\ n-1
Z|WI| - (n_2)+_p) maxlgign—1{|zi |}+(_j|zn|’
i=1 n n
1 1
n-1 " n-1 o n-1
p|P p|P n-1 2
D R D A N e M
) n" i3

i=1 i

By Definition 1 and Theorem 1 and taking p=2, we have
2=HD[I—1J]+EEJ D[l—le
n n n
()
n 2
1
=) (n-1
= 2[z[ ] +| =l
i-1 n

I g
n

[et)

<

+

2 2 2

<l

I g
n
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= n-1
(S ) <[] (22
By square both sides we get the results of (4).
- D[|—13]+5l3
n n
13
n 2
r
(24 2 [ max ey " o)

S0 oo )

By square both sides we get the result of (5).

For (5), we have

<

(ot

2 2 2

IN

2

Now for (6) we have,

z,-2, 1,-%, - 7,-1

n 1
1 11 2. -2 2 —17 e 2. —1 1
C(f)=D+=(zJ-DJ)=D+=| " 2 " 7* | " 2\ _D4+ZE,
n n n
Z,=ZLy, Z,7 %, Z, =Ly,
where
Z,— 14 Z,— 14 Z,—1¢
E-— Z, -1, Z, -1, Z, -1,
Z,=ZLyy Z,7 2, Z, =L,
Note that rank(E)<1
Z,—¢4 1,—1, Z, =L, Z,—17, Z,—7 Z,— 7
E'E = Z,—-%2, 1,-1, Z,—Z,4 Z,—1, Z,—1, Z,—1,
_Zn -4, 7,-1, Z,—1Z, 1] Z,—Zy, Z,7 2, Z, =24,
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Silz-zf Xz -nf o Y-
~ zin:_11|zn—zi2 Z:|Zn—2i|2 z:ﬂzn—ziz

_Zi:l|zn_zi2 Zin:_ll|zn_zi|2 zmzn_ziz_
n-1

= Z|zn—zi|2JJ.
i=1

Hence, o(E'E)= {(n —1)2:11|Zn — zi|2,0} , where 0 is of multiplicity n-2. So

5, [1 E] = \/n _212:11|zn ~z,[s, (% E) =0 forj=23,..,n-2

n n
Now,
-1 :
(Sl | <lecrol,=[ps2e] <jol,+f3e
i=1 n 2 n 2
1
n-1 2 n-—1 n-1
(Sl |+ (2 -
= L I——
n-1 2 % n-1 2 % n-1 n-1 2
(Sf | < (Sl |+ 8-
i-1 i-1 L R——]
By square both sides we get the result of (6). o
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