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Exact traveling wave solutions
for an important
mathematical physics model
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Abstract

In this article, we use the extended tanh function method to obtaine
the exact traveling wave solutions involving parameters of nonlinear
evolution equation which arises in several physical applications, for ex-
ample in sound waves in a plasma . When these parameters are taken
to be special values, the solitary wave solutions are derived from the
exact traveling wave solutions. These studies reveal that the symmetric

regularized long-wave equation has a rich variety of solutions.
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1 Introduction

Many models in mathematics and physics are described by nonlinear dif-
ferential equations. Nowadays, research in physics devotes much attention to
nonlinear partial differential evolution model equations, appearing in various
fields of science, especially fluid mechanics, solid-state physics, plasma physics,
and nonlinear optics. Large varieties of physical, chemical, and biological phe-
nomena are governed by nonlinear partial differential equations. One of the
most exciting advances of nonlinear science and theoretical physics has been
the development of methods to look for exact solutions of nonlinear partial dif-
ferential equations. Exact solutions to nonlinear partial differential equations
play an important role in nonlinear science, especially in nonlinear physical
science since they can provide much physical information and more insight
into the physical aspects of the problem and thus lead to further applications.
Nonlinear wave phenomena of dispersion, dissipation, diffusion, reaction and
convection are very important in nonlinear wave equations. In recent years,
quite a few methods for obtaining explicit traveling and solitary wave solu-
tions of nonlinear evolution equations have been proposed. A variety of pow-
erful methods, tanh - sech method [1]-[3], The exp(—¢(§))-expansion method
[4]-[6],The extended exp(—p(§))-expansion method [7], sine - cosine method
[8]-[9], modified simple equation method [10, 12],F-expansion method [13]-[14],
exp-function method [15, 16], trigonometric function series method [17], (%l)—
expansion method [18]-[20], Jacobi elliptic function method [21]-[24], Extended
tanh function method [25]-[27] and so on.

The objective of this article is to apply The extended tanh function method
for finding the exact traveling wave solution of the symmetric regularized long-
wave equation Which describe shallow water waves and plasma drift waves.
The rest of this paper is organized as follows: In Section 2, we give the de-
scription of extended tanh function method In Section 3, we use this method
to find the exact solutions of the nonlinear evolution equations pointed out

above. In Section 4, conclusions are given.



Mostafa M.A. Khater 39

2 Description of method
Consider the following nonlinear evolution equation
F(u, wgy gy Uggy Uggy -...) = 0, (1)

where F is a polynomial in u(z,t) and its partial derivatives in which the
highest order derivatives and nonlinear terms are involved. In the following,we
give the main steps of this method:

Step 1. We use the wave transformation

U(I,t) :’U,(f), gzx_6t7 (2)

where ¢ is a constant, to reduce Eq.(1) to the following ODE:

where P is a polynomial in u(§) and its total derivatives.
Step 2. Suppose that the solution of Eq.(3) has the form:

m

u(§) = ag + Z (ai ¢ +b; ¢_i) ) (4)

i=1
where a;, b; are constants to be determined, such that a,, # 0 or b,, # 0 and

¢ satisfies the Riccati equation

o =b+ o (5)

where b is a constant. Eq.(5) admits several types of solutions according to :
Case 1. If b < 0, then

¢ = —v/—b tanh(v=b &), or ¢ = —/—b coth(v/=b &). (6)
Case 2. If b > 0, then
¢ = Vb tan(Vb €), or ¢ =—Vbcot(Vbh€). (7)

Case 3. If b =0, then
1
b= —-. 8
¢ (8)

Step 3. Determine the positive integer m in Eq.(4) by balancing the highest

order derivatives and the nonlinear terms.
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Step 4. Substitute Eq.(4) along Eq.(5) into Eq.(3) and collecting all the
terms of the same power ¢°, i = 0, £1, 42, £3, .... and equating them to zero,
we obtain a system of algebraic equations, which can be solved by Maple or
Mathematica to get the values of a; and b;.

Step 5. substituting these values and the solutions of Eq.(5) into Eq.(4) we
obtain the exact solutions of Eq.(1).

3 The Symmetric Regularized Long Wave Equa-
tion

Here, we will apply the extended tanh function method described in Sec.2
to find the exact traveling wave solutions and then the solitary wave solutions
The SRLW. equation [28].

Consider the SRLW equation be in the form

'U2
Vgt — VUgz + (_) — Ugzit = 07 (9)
2 xt

by using the transformation v(§) = v(x,t), since £ = x + kt. Where £k is

arbitrary constant to be determined later, we get
’U2 "
(l{:2 — 1) v —k (5> — k2" =0. (10)

By integration Eq.(10) twice with negligence of integral constant, we get

(K*—1)v— gvz — k%" =0. (11)

Balancing v” and v*> = m = 2, so that, we assume the solution of Eq.(11) be
in the form
2 bl b2
v(€) = ag+ a1 P + ax® +5+@' (12)
Substituting Eq.(12) and it’s derivatives into Eq.(11) and collecting the coef-
ficients of ¢*, i = 0,41, 42, £3, .... and set it to zero we obtain the system of
equation

1
-3 kas® — 6 k2ay = 0, (13)

—ka1a2 -2 k2a1 = 0, (14)
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1

(k’z — 1) a9 — 5 k (CL12 + 2&0@2) — 8]{32&2[) = 0, (15)
1

(K*—1)a; — 5 k(2a0a1 +2asby) — 2k*arb =0, (16)

(k*—1)ao — % k(ag® + 2asby + 2a1by) — k* (2bo 4+ 2a0b®) =0, (17)

1
(kz — 1) bl — 5 k (2 Clobl -+ 2@1[)2) -2 kzblb = O, (18)
1
(K*=1) by — 3k (b1® + 2 agbs) — 8k%bob = 0, (19)
—kbiby — 2k*b1b* =0, (20)
1
-5 kby? — 6 k2byb? = 0. (21)
Solving above system by using Maple 16, we get
case 1.
1 k-1 E?—1
b—_Z /{52 ,CLO:3 2 ,a1:0,a2:—12k,b1:0,62:0.
case 2.
1 k-1 1—k?
b= 4 0 = — sy = 0,03 = ~12k by = 0, by = 0.
case 3.
1 k-1 3k2—1 3 KP—2k2+1
16 k2 , Ao 2 L , A7 O7a2 kabl O7b2 64 kg
case 4.
1 k%2-1 1 k21 3 kt—2k*+1
:E ]{,‘2 , Qo 5 k‘ ,CLl:0702:—12k,b1:0,b2:—6—47.
case 5.
1k*—1 3(k?—1 3(k2-1)
b_—z kj2 ,CL():%,a1:07a2:07b1:0,b2:—1%.
case 6.
1k2—1 k2 —1 3 (k2 —1)
b: ZT,CLO: —T,al :O,agzO,bl :07b2:—1%

So that, we will study each case and get the exact traveling wave solution and

also the solitary wave solutions for Eq. (11).
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For Case 1.

The exact traveling wave solution be in the form:

k*—1

v(€) =3 — 12k ¢, (22)

the solitary wave solution be in the form:

case i. If b < 0, we get

o(e) =31

12k <_\/—_b tanh(v/—b f))Qa

or
k*—1

() =3 12k (—\/—_b coth(v/—b 5))2.

case ii. If b > 0, we get

v(€) =3 ka_ L 12k (\/5 tan(v/b f))Q,

or

v(§)=3 ka_ L 12k (\/l_) cot(Vb 5))2.

case iii. If b =0, we get

For Case 2.

The exact traveling wave solution be in the form:

!
ok

the solitary wave solution be in the form:

v(€) — 12k¢?, (23)

case 1. If b < 0, we get

o) = 1 _ka 12k (—\/—_b tanh(v—b g))Q,

or

o) = 1 _kkz 12k (—\/—_b coth(v/—b g))z,

case ii. If b > 0, we get

v(€) = 1_Tk2 — 12k (\/E tan(v/b 5))2,
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or

v(€) = 1_71{;2 — 12k (\/1—7 cot(vVb §)>2,

case iii. If b =0, we get

2
v(€) = ! _ka — 12k (%) .

For Case 3.

The exact traveling wave solution be in the form:

C3k*-1
2k

3K —2k*+11
—1ke - G (24)

v()

the solitary wave solution be in the form:

case 1. If b < 0, we get

3k — 1 SH 241 1
0(6) = 512 D tanh(V 5 ) (—v/=b tanh(v/=b €))”
or

3k — 1 3 K2k :
o) =5 +12k\/__bcoth(\/—_bi)—6_4 & . (—v/=b coth(vV=b &))"

case ii. If b > 0, we get

i .
=3 e G
tan

_3kP—1
2k

K — 2k + 1 1
— 12kVb coth(vVb €) — 5 i

64 k3 (—\/—_b cot(\/gf))w

v(§)

case iii. If b =0, we get
k-1 1 E*—2k2+1 1
_3 19k < ) 3 +

U(é—) 92 L - 64 k:g <l>27
3
For Case 4.

The exact traveling wave solution be in the form:

§

1K1
2k

3k —2k2+1 1

o(© e

— 12ke — (25)
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the solitary wave solution be in the form:
case i. If b < 0, we get

1k — 3 Kt 2k2 11 1
12kv/—b tanh ,
R S =T}
or
v(€) = 1 kzk +12kvV—b coth(\/_ﬁ) 3 K -2k 41 L

k3 (=v/=b coth(v/=b §))27
case ii. If b > 0, we get

1k?—

v(€) = 5 k: — 12kVD tan(Vb €) — 3 K2k !

k3 (\/Z_) tcm(\/l_) f))27

1/{:2
k:

3k4—2k2+1 1

— 12kVb coth(Vb €) — 3 7
<—\/—_b cot(vV/b f))

v(€) =

case iii. If b =0, we get

1k2—-1 (1) 3 kY —2k2+1 1

uE
3
For Case 5.

The exact traveling wave solution be in the form:

3R -1) 3(R*-1)°1

we) === - 1 (26)

the solitary wave solution be in the form:

case 1. If b < 0, we get

U<€)_3(k;2—1)_§(k:2—1)2 1
-k 4K (/D tanh(vV=D €))

or

3(k2—1) 3(k2-1)° 1
k 4K (—/=D coth(vV=D €))*

case ii. If b > 0, we get

U<€):3(k2—1)_§(k2—1)2 1
k 4 k3 <\/6 tan(\/g 5))27
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or

o= 3E-D -1 1
k 4 K <\/E cot(vVb 5))2
case iii. If b =0, we get v(§) = S(ki_l) — %(kQ,;;l)Q (11)2
For Case 6. ‘
- -1 3K -1)71
v(&) = L T4 k3 E’ (27)

the solitary wave solution be in the form:

case i. If b < 0, we get

U(g)_—(kQ—l)_§(l€2—1)2 1
-k 4K (/D tanh(vV=D €)Y
U(g):—(k2—1)_3(k2—1) 1

v(£>:—(k2—1)_§(k2—1)2 1
k 4 k3 (\/Etan(\/l_)f))Q’

> U(€>:—(k2—1)_§(k2—1)2 1
k 4 k (\/T)CO??(\/T)&))Q

)
@)

Remark: A1l the obtained results have been checked with Maple 16

(1)

case iii. If b= 0, we get v(§) = ——

_3
4

by putting them back into the original equation and found correct.

4 Conclusion

The extended tanh function method has been applied in this paper to

find the exact traveling wave solutions and then the solitary wave solutions of
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the symmetric regularized long-wave equation . Let us compare between our
results obtained in the present article with the well-known results obtained by
other authors using different methods as follows: Our results of the symmetric
regularized long-wave equation are new and different from those obtained in
[28]. The obtained exact solutions can be used as benchmarks against the

numerical simulations in theoretical physics and fluid mechanics.
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