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Abstract

Riemann hypothesis (RH) is the conjecture that the real part of every non-trivial
zero of the Riemann zeta function is 1/2.

The main contribution of this paper is to achieve the proof of Riemann hypothesis.
The key idea to do it is to choose a counter-hypothesis to RH and show that it leads
to a (double) contradiction.
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1. Introduction

In his book [1] of 1748 Euler proved what is now named the Euler product formula.
This product is the result of the infinite sum

=" 10 = Ipingey (1-1/p%) ! for any integer variable s>1
where {P} is the infinite set of primes.

In his article [2] of 1859 Riemann extended Euler's result to the complex variable s
of the zeta function

{(s) = Hpin ey (1-1/p%) ! for any complex variable s#1
It is known that the real zeros of the function are the infinite set
{s1} = {-2m} for all integers m>0.

Riemann hypothesis (RH) can be seen as stating that
Probably, the infinite set {s2} of non-trivial zeros of {(s) can be written

{s2} = {1/2+ itn} where t, is real.

This conjecture is the first point of the eighth unresolved problem (among 23) that
Hilbert listed in 1900 [3] as well as the second unresolved problem listed in 2000
by the Clay Mathematics Institute [4]. As of 2020, this conjecture was still open. It
has been very well described by Bombieri [5].

2. Proof of Riemann Hypothesis

Various approaches were listed by Conrey [6] who says in his conclusion:

“A major difficulty in trying to construct a proof of RH through analysis is that the
zeros of L-functions behave so much differently from zeros of many of the special
functions we are used to seeing in mathematics and mathematical physics.”

That is why in the next lines, the many attempts of proof based on analysis of L-
functions are consciously ignored and an approach is chosen, based on the basics of
complex numbers. This proof is largely inspired by Deloin [7].

Proof. By definition, a complex number s is written

s = x + iy where x and y are real and i=V-1 1)
By changing the conventional coordinate system (x, y) of the complex plane into
the new one (x'=a-x, y'=y) where a is any finite real number, the complex numbers

can be written either

s' = X"+ iy" in the new system (2)
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or, using the change of coordinates

s'=(a-x) + iy 3)
Hypothesis. Now, we suppose that the infinitely many non-trivial zeros s, of {(s)
(with y> = tn) can lie at any x2 in the complex plane with the two exceptions that
they cannot lie on the real axis x or x* (reserved for trivial zeros s1), which gives

y#0andy'+0 (4)

nor on a unique vertical line x=a (where a is any real number) that becomes the new
imaginary axis y' by the change of coordinates. This gives

x#aandx'#0 (5)
Then, each non-trivial zero sz of {(s) could be written

Sh=X2+1y'2 withX2#0andy2# 0 (6)
or, using the change of coordinates

sh=(a-x2) +iy2  withxo#aandy2 #0 @)
Now, using the fact that - x> = i? x2, they could also be written

Sh=(at+i?x) +iy2=a+i(yz+ixe) Withxe#aandy2#0 (8)
or

sh=a+it withto =y> + i Xo, Xo £a and y2 # 0 9)
and we get the result, as t> has to be real, that x> has to be zero

X2=0 (10)
But this result xo = 0 is wrong for two reasons.

1- It means that the infinite set of non-trivial zeros has to be located on a
unique vertical line x2 = 0 which is a contradiction to our hypothesis that
excludes vertical lines by x2 # a (a being any real number),

2- This result x2 = 0 has been proven wrong 10% times by Gourdon and

Demichel [8] for the first 10*® non-trivial zeros s, for which x.= 1/2.

These two reasons mean that our hypothesis is wrong and respectively imply that



X2 =a and X2 =%
and thus that
xo=a=1/2

Finally, putting back this result in (7) with y» = t, we get
s'2 = (a- x2) + iy2 = ity

or, back in the conventional complex plane
S2 =Xz +1y2=1/2 + ity

which proves Riemann hypothesis.

3. Conclusion

R. Deloin

(11)

(12)

(13)

(14)

It has to be noticed and highlighted that this proof does not use, as guessed by
Conrey, any of the classical and internal analysis of {(s) with integrals, L-functions,
Fourier series, probabilities, etc. It uses only complex numbers, in response to the

complex variable s used by Riemann.
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