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A Study of Pal-Type Interpolation
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Abstract

In this paper, we consider an interscaled set of nodes, which are the
zeros of two different polynomials. Then we obtain the explicit forms of
interpolatory polynomials and prove the convergence theorem such pal-

type interpolation.
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1 Introduction

In 1975, L.G. Pal [4] introduced a new type of interpolation on the zeros of
two different polynomials. He considered two system of real numbers {z;}}_,
and {m’,;}z;é , which are the zeros of W, (z) and W/ (z) respectively, then
there exists a unique polynomial P (z) of degree at most 2n — 1 satisfying the

interpolation properties
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(1.1) P (z1) = yr, (k=1,2,..n)
' Paf) =y, (k=1,2,..n—1)
formula of this polynomial.

and gave the explicit

Later on many authors have dealt with the above method of interpolation
on the various set of nodes 7.e. on the real line or unit circle. In 2006, M.
Lénérd [3] considered the weighted (0,2) pal-type interpolation problem on
the zeros of Legendre polynomial P, (z) and gave the explicit formulae. In
a paper V.Srivastava, N. Mathur, P Mathur [5] have considered a new kind
of Pél-type interpolation. In other papers author [1,2] has also considered
(0,1;0) and (0;0, 1) interpolation on the unit circle.

In this paper, we consider two pairwise disjoint sets {z},_, and {yx},_;,
which are the zeros of P, (x) and II, (z) respectively with two additional con-
ditions i.e. the function is also prescribed at £1. The Pal-type interpolation
on these set of points means the determination of the polynomial, say @, (x)
of degree < 2n + 1 satisfying the conditions:

Qn(rr)=ar; k=0(1)n+1
Q, (Yr) = Br; k=1(1)n
where a8 (k=0(1)n+1) and S;s ( k =1(1)n) are arbitrary real numbers.

(1.2)

In section 2 we give some preliminaries, in section 3 we give explicit rep-
resentation and in sections 4 &5 estimates and convergence of interpolatory

polynomials are respectively given.

2 Preliminaries
We shall use some well known facts about Legendre polynomials.
(2.1)  I(z)=(1-2*) P, (2)
(2.2) Il () =—n(n—-1)P,_1 ()

(2.3) (1—2?) P/ (z) —2zP) (x) + n(n+1) P, (z) = 0.
(1—2)T (z) +n(n—1)10, () =0

(2.5) Hy, (z) = [*, 2", (z) dz
(2.6) {z™"P, (w)};:yj =0, for j=1(1)n.
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We shall require the fundamental polynomials of Lagrange interpolation on

zeros of P, (z) and II,, (), i.e

= P (2) or k = n
(26) L) = o S k=)
@7 () = — @) for k=1(1)n .

(z —yx) 17, (&)

For -1 <z <1.
(2.7) |P, ()] <1

1
2n\ 2
29 Im@l < (%)
Let 7, = cosf, (k= 1(1)n) be the zeros of the n'* Legendre polynomial
P,, with 1> x; >y > .... >z, > —1, then by [6]

(2 10) (1 - xk)2 2 k2n_27 k= 1, ceny [%}
' Q—2)’>(m—k+1)°n2% Ek=[2+1..,n

(2.11) |2} (2)] = ck~2n?, k=1,..,[2]
' Pl (x)| > cln—k+1)"20%,  k=[2]+1,..,n

Let I (2) be defined in (2.7) , then

2n—1

(2.12) kZ::l [l (z)] < clogn.

For more details, one can see [6]

3 Explicit representation of polynomials

We shall write @, (z) satisfying (1.2) as

n+1

(3.1) Qn (7) = ]CZ::OO%AIC (z) + kilﬁkBk (z)
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where A () and By (z) are fundamental polynomials of first and second

kind respectively each of degree < 2n+1, uniquely determined by the following

conditions:
For k=0(1)n+1
(3.2) { Ap (25) = 05y J = 0.(1)n+ 1,
Al (y;) =0, =1(1)n.
fork=1(1)n

Theorem 3.1. Fork=1(1)n
(3.4) By (x) = 27" P, (z) {agJx () + b Hy, (x)}
where

(3.6) Je (z) = [7, 2", (z) do

1
Py ()

fjl "l (z) dx
fjl "1, () de

(38) bk = —ag

Proof. Let
(3.9)  Br(x) =a"Py(x)q(2),
where ¢ () is a polynomial of degree at most 2n + 1.

One can check that By (z;) =0, for j =1(1)n.
Similarly from (3.9) ,using the 2"¢ condition of (3.3),i.e.
(310)  Bi(y) ={o7"Pu(@)},ey, ¢ () + {27 B (@) }omy, 0 () = O,

using (2.6) , we get

(3.11)  y;"Pu(yy) 4 (y5) = Ok
Hence we have

(3.12) ¢ (z) = 2" {apli () + beIl, (x)}.
On integration , we get (3.4)
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Again
By, () = axdr;
we get (3.7) .For x =1, we get (3.8) , which completes the proof. O

Theorem 3.2. Fork=1(1)n

(1- x2) 1T, (z)

(3.9)  Ap(r)= (1= mz)nngi]}glz(k ;37) *
A=), (o) B () O () el ()}
where

— ) IT, (2) + 1L, (2)

(x — xx)

dx

(3.10) Sp(x)=— [ x"(l
(1 — 27) 1T}, ()

with dk = — Hn (.Tk)
ﬁﬁgrw%%@wfmaww
_ T — Tk
(3.11) ¢ = [, (o) dr

Fork=0,n+1

(3.12) A (z) = ,

(313) Ay (2) =

Proof. Let Ay (z) = ((11__;2@))1}[_[:(%:)) Ly (x) +
"R, (x)
A=) T (o) By () 4 () T et}

Obviously Ay (z;) = 6, J = 1(1)n and Ay (1) = 0 gives ¢x. From the
second condition of (3.2) , we get Sk (x). Similarly one can find Ay (z), for
k=0,n+1. N
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4 Estimation of Fundamental Polynomials

In this section, we prove the following:
Lemma 4. 1 Let Ak( ) be defined in theorem 2, then
(4.1) Z]Ak ( 21 ogn), fork=1(1)n

3

(4.2) |Ak(x)|:O< a) fork=0,n+1.

Lemma 4.2. Let By () be defined in theorem 1, then
41) S |Bi(x)| =0 (n 1ogn>, fork=1(1)n
k=1

Lemmas 4.1 and 4.2 can be proved owing to conditions (2.7) — (2.12) and
the results in [6].

5 Convergence

In this section we prove the following.

Theorem 5.1. If f: R — R is continuously differentiable function , then
n+1

(5.1) Qn () = > f(zg) A (x), for =1 <z <1
k=0

satisfies the relation

(5:2)  |Qu (@)~ f (@) = O (niw, (f.1)logn) .

Remark Let f(z) € C"[—1,1] and f’€ Lip o, > 5, then sequence {Q,}

converges uniformly to f (x) , follows from (5.2) provided

(53)  wa(f,2)=0(n"1").

To prove Theorem 5.1, we shall need the following:
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Let f(z) € C"[—1,1].Then there exists a polynomial F), (z) of degree <
2n — 2 satisfying inequality :

(54)  |f (@) = Fu(@)] < e (fi7)-
Proof. Theorem 5.1 Using (5.1),(5.3) — (5.4) and Lemmas 4.1 and 4.2, we
get (5.2) . O
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