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Pollution in porous media:
non permanent cases

Lamine Ndiaye!, Alassane Sy'? and Diaraf Seck!?

Abstract

In this work, we focus on pollution transfer in porous media. We
prove that the pollutant transfer can be modeling by a non linear evo-
lutive system. We used the mathematical frameworks presented on [5]
to solve the non linear problem. And so we build a numerical scheme,
based on topological optimization to get the representation of the pol-
lution in the non permanent case. To end the paper, we give some

numerical results.
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1 Introduction

In this beginning of the third millennium, we are in front of two major

I Laboratoire de Mathématiques de la Decision et d’Analyse Numérique - UCAD-Dakar,

e-mail: laminendiaye23@yahoo.fr
2 U.F.R. Sciences Appliquées et des Technologies de I'Information et de la Communica

tion, Université de Bambey BP 30, Bambey, Sénégal, e-mail: azou2sy@hotmail.com
3 Faculté des Sciences Economiques et de Gestion UCAD-Dakar Sénégal,

e-mail: diaraf.seck@ucad.edu.sn

Article Info: Received : October 28, 2011. Rewvised : December 19, 2011
Published online : April 20, 2012



34 Pollution in porous media: non permanent cases
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Figure 1: Example of pollutant transfer in porous media

challenges: they are mainly the global warming and the access of the drinkable
water for a great part of the population (particularly Subsaharian Africa).
Indeed, in one hand, the galloping industrialization favors the rejection (by
factories, vehicles, ...) of an important quantity of carbon monoxide (C'O3) in
the atmosphere. The latter is in a great part, responsible of the air pollution
and consequently of the global warming on the earth. In another hand, the use
of chemical manure and pesticides in farming areas involves the infiltration of
chemical products (thus of polluters) in the sub-soil which can reach the water
layer. It is in this context that we are proposing a mathematical model and
resolution method allowing us to study problem of the transfer of pollutants

in porous media.

In [5], we studied the distribution of a pollution in a unsaturated porous
media. We considered the stationary evolution case of the fluid under some
reasonable hypotheses. And in the model, we used strongly some experimental
laws accepted by the scientific community to overcome difficulties appeared in

the modeling of the pollution phenomena.

And we use mainly topological optimization and some nonlinear techniques

in partial differential equations to have theoretical and numerical results.

The goal of the topological optimization problem is to find an optimal
design with an a priori poor information on the optimal shape of the struc-

ture. The topological optimization problem consists in minimizing a functional
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J(Q) = J(Q,uq) where the function ug is defined, for example, on a variable
open and bounded subset (2 of R". For o > 0, let Q, = Q\W, be the set
obtained by removing a small part xo + ow from 2, where xy € {2 and w C R"
is a fixed open and bounded subset containing the origin. Then, using general
adjoint method, an asymptotic expansion of the function will be obtained in

the following form:

J(Qg) = §() + f(0)g(x0) + o(f(0))
éiirg)f(g) =0, f(o) >0

The topological sensitivity g(zo) provides information when creating a small
hole located at zy. Hence the function g will be used as descent direction in
the optimization process.

The paper is organized us follows: the section 2 deals with the modeling of
pollution in porous media. In section 3, we give some mathematical framework
to prove that the the non linear problem which arise from the modeling gets
a solution . In section 4, we study the problem of pollution transfer as a

topological optimization one, in the section 5, we give some numerical results.

2 Modeling

In [5], we presented the modeling of a pollution problem and we study the
model under some realistic hypotheses. In order to be completed, we present
the model. Our aim in this work is to weaken the hypotheses done in [5] and
to get additional results.

Let D be a porous medium. Let us introduce, for x € D and t € (0, 1).
The effective porosity (¢, ) is given by

dVv,
d‘/total
where dV] is an element of the volume of the fluid and dV,,,,; an element of

e(t,x) =

the total volume ;

o(t,x) the porosity given by
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where dV, is an element of the volume of the vacuum and

q the Darcy velocity vector given by
q=¢cV

where V' is the velocity vector of the fluid.

() is considered as an elementary domain of a porous domain D.

We have M(Q,t) = |,dm; dm is an element of the mass of the fluid.

dm = p(t,z)e(t,x); p(t,z) is the fluid density of the solution.

For our model we will use these notations: p,[kg/m?3| the fluid density of the

solution given by

- dmsolution
Ps S —

- dvsolution
W (t,x) the fraction of the mass (concentration):

d sotute
W(t,z) = —solute

dmsolution

AMgorution 18 an element of the mass of the solution and dmgyyue is an element

of the mass of the pollutant.

Remark 1. [t is acceptable to consider the same model for the air pollution.

In this case, the porosity is a constant.

2.1 The conservation of the mass of the solution

We have

d - d o dvsolutiond
Msolution = PsAUsolution = Ps d Vtoal
Vtotal

= pse(t, ) dviotar

Msolution(Qut) :/dmsolution:/psgdx-
Q Q

The principle of conservation of the mass stipulate that the variation of the

mass in €2 is equal to the flux through the boundary of €2 with velocity V.

A M gotution (2,
solutwn( ? ) — _/ psé‘VVdO'.
dt 19)

Hence,

/g(pse) —i—/ pseVvdo =0
Ot 0
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By the Green formula we obtain

/(%(pse) + div(peV))de =0 YV QCD
0

Hence
d(pse)
ot

+ div(psq) =0 inD (1)

2.2 Conservation of the mass of pollutant liquid

Here, we consider for example that our pollutant liquid is: water + chemical

concentration (it is homogeneous). By the formula given W (¢, z) we have
dmsolute = W(t, I>dmsolution = W(t7 I)ps (ta Z’)&T(t, x)dvtotal

M(Q7t) :/dmsolute:/Wpsgdl’.
Q Q

We use the principle conservation of the mass. This imply that

9,
/(E(Wpﬁ) + div(Wpsq + J))dz = 0,
0

where J is the flux of dispersion diffusion. Hence

9]
a(Wpse) +diviWpsq+J) = 0 VQCD

%(Wpse) +div(Wpg+J) =0 inD (2)

2.3 Conservation of the momentum

If the porous medium is homogeneous the Darcy law is given by
K
q= —E(Vp + psges);

where e3 is third vector of the canonical basis of R?; p is the pressure, ges = § is
the gravity field, K the intrinsic permeability tensor, p the dynamic viscosity
and K/p hydraulic conductivity.
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If we have some weak concentration the flux of dispersion diffusion J is
determined by the Fick law

J = —p,DVIWV

where D be the tensor of dispersion diffusion.

Finally we have a system of equations

% + div(pg) =0
A 1 din(p,Waq + J) =0
J =—p; DVW
g =1 (Vp+ psges)
where €, ps, W and p are unknowns.
And it is almost impossible to get mathematical solution for the above
system. So we are going to introduce in the next two section two approaches

to overcome these difficulties, of course, under reasonable hypotheses.

2.4 Preliminaries considerations and some hypotheses

In this subsection, we are beginning by introducing some experimental
laws and setting hypothesis. Mainly we introduce laws of the behaviors of the

density ps and the effective porosity.

Remark 2. i- p; = p(T,p, W). For our study we suppose that ps satisfy the
relation

ps = poexp(Br(T —To) + Bp(p — po) + W)
here Br, B, et v are constants ; p designates the pressure of the flurd, T' the
temperature and W the concentration. py = p(To, po,0) is a reference density;
Ty and po are respectively the reference temperature and the reference pressure.
This expression is used in engineering science see for instance [9)].

11- The porosity € of the medium can be given by many laws. We can quote
[12]
1. The Garner law(1958) given by

& — &y
1+ (ah)f

£ =&, for h >0

€ + &, for h <0
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2. The Brooks and Correy law (1964) where
h s
e= (g5 — 8T)(h—) +e.  for h<Mh
0

e = a.h® + bh* + ¢, for h;<h<0

€ =g for h>0
3. The Van Genuchten law (1980) where
€= (gs—gr)(1+(ah)5)7+€T for h <0

€=¢, for h >0

with 7 =1—1/8.

h is the pressure measured relatively at the atmospheric pressure and expressed

in columns of water.

To fix the idea we will use the Van Genuchten law for our model.
Solving these equations in the porous medium is very difficult. To overcome
these difficulties, we do the following hypothesis to get some simplification.

e H-4 p, is a constant.

Replacing ¢ by its expression in the first equation of (3) we obtain the

expansion of the divergence

0 K . K :
prihe dw(EVp) - psgdw(geg) =0 in ]0,1[xQ (4)

Replacing g and J by their expressions in the second equation (3) and

after simplifications we have

K K
2(5W)—div(W;Vp)—psgdiv(;Weg)—div(DVW):O in 0, 1[x

ot
()
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e H-5 The hydraulic conductivity tensor is a constant positive:
(% = (I3, > 0) and D is a constant positive (D = alz,a > 0.)
Using the hypothesis (H-5) the equations (4) and (5) become respectively

%—%Ap:() in 0, 1[xQ (6)
and
0 K K ow
FW) = Zdiv(WVD) — pog— 8 — gAW =0 i
at(e ) de( Vp) psgu 5, @ 0 in]0,1[xQ2 (7)

Using the equation (6), the equation (7) becomes

0 K K ow

—W — —VWVp —pg————aAW =0 in ]0,1[xQ (8
5 MV Vp P9 O in ]0,1[x€2  (8)
To the equations (6) and (8) we are going to add boundaries conditions

adapted to pollution in porous medium. We obtain finally some bound-

aries and initial value problems given by

% _BAp=0 in  ]0,1[xQ
£(0,z) = &g in Q
E=¢ on  ]0,1[x0Q\ Iy
€ =g, on 10, 1[xT"y

and

e — EVWVp — gpsgaa—vj — DAW =0 in ]0,1[xQ
I — 0 on 0, 1[x9Q\I'

o (10)
W=V on ]0,1[xI}
W(0,z) =W, in Q

where I'; C 002

e H-6 The evolution is isotherm.

Let us recall that by hypothesis (H-4) ps is constant and is given by the

expression
ps = poexp[Br(T —To) + By(p — po) + W]
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Using hypothesis (H-4) we can find a relation between p the pressure and W

the concentration:
Ps
log o Bp(p — po) +W.

then )
Ps
p=po+ 5 [log— —yW]
ﬁp £o
We deduce

Vp=—LVW, and Ap=——LAW
Bp BP

Remark 3. In the particulary case of permanent evolution, applying the hy-
pothesis (H-4)-(H-6) and replacing Vp by its value in (9) and (10) we obtain:

—Ap = 0 in
= (11)
p=—==t—— on ON\I
p=0 on I}
and
BIVW | = Bp,gQ¥ — %AW =0 in Q
%—V: =V on 0O\ (12)
W=0 on Iy

Here, the boundary condition of (11) is obtained with the Van Genuchten law.
This case was studied in [5].

In the follows, we will focus our effort on the two following cases:

Oe(t,x)
L. thee #cte and =5~ #0

2. and the case £(t,z) = go(z) and I a9 > 0: eo(x) > o, Vz € Q then

Oe(t,x)
5~ = 0.

In the second case, it follows from the first equation of (9) that Ap =
0 = AW = 0 and the system (9) writes AW = 0 with adequate boundaries
conditions.

The second equation of (10) becomes
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We can combine furthermore the systems (10) and (9), and we get

g0 Y + %\VW\Q pgg VAW = 0 10, 1[xQ
%—Vf(o,x) = Vo(z) 10, 1[x0Q\I'; (13)
W(t,x) 0 ]0,1[XF1
W (0, z) = Wi(x) Q

Without losing of generality in the arguments, we suppose that %—VZ =0. As
AW = 0, we can add to the first equation of the above system AW and the

system (13) writes

B+ o VWP + ZAW = 0 10, 1[x 2
2r(0,z) = Vo(z) ]0,1[x00\T (14)
W (t,x) = 0 10, 1[xTy
W (0, x) = Wi(x) Q
In the first case, replacing Ap by —%AW, the system (9) writes
SHEAW =0 in ]0,1[xQ
£(0,2) =¢g9 in Q (15)

£E=¢ on  ]0,1[x90Q\ Ty
€ =¢; on  ]0,1[xI}

In order to solve (10), we suppose that there exists, ag > 0 such that V e(t, z) €
10, 1[x€; e(t,z) > ap > 0 and dividing the first equation of (10) by (¢, x), it

writes

ow Ky 1

VW|? — —AW =0 16
T —|[VW| (16)
Setting w = 771 (14) writes
W+ (VW —DAW) = 0 10, 1[x©
I (z,0) Vo o ]0,1[x0Q\I', an
W(.T,t) =0 ]0, 1[><F1
W(x,0) (x) Q
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3 Well posedness of the non linear problem

We give here a mathematical framework which allows us to solve non linear

model. The same technique is used in [5, 10] in the stationary case.

Proposition 1. Let W (t, x) be the solution of (17), setting u(t, x) := ¢(W (¢, x)),

then u(x,t) is the solution of the following partial differential equation,

ol — DAu(t,e) = 0 in 0, 1[x0
R = wu(t,r) on ]0,1[x00

if ¥(x) is a solution of the following ordinary differential equation.

Proof. Let u(t,z) = ¢(W(t,x)), then

ou B ow

o =9 W) Vu=¢(W)VW, Au= ¢"(W)|VW]* + ¢/ (W)AW.

ou ow B

S = oG = s | reaew - Zaw]

D
W W))W+ D () AW
ou
o _
= u _ gAu = —|VIV]? {qﬁ’(W)f(t,x) + ggb”(W)}

S D) VI + Zdu = 2 (W) 9P

ot

It follows that % — gAu = 0 since ¢ solves the ordinary differential equation

D
# (W) f(t,2) + —¢"(W) =0 (20)
In order to compute ¢, let us suppose that the integral
s t
/ #da<oo. Vit e [0,1], Vs>0
0

and we set

 [Fefltx) ,  ef(t,x)
Ks(t,x)—/o Tda—sT
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(20) implies

s ¢//(U)
o ¢'(0)

] 9)
to=nidon] -n

= —K(t, z) (21)
It follows that ¢/(s) = ae %) where a = £¢/(0).
w w W
| os=a [" et = ov) - o0 =a [ et
0 0 0

Conversely, if ¢ is in the form (21) and wu(t, z) the solution of (18), the function
W(t,x) = ¢ (u(t,z)) is solution of (17), see [5] for details. O

4 Topological optimization for the non perma-

nent problem

For all o > 0, we set Q, = Q\w, where w, = 2+ ow, w € R" in a reference
domain and @, =]0, 1[x£2,. The interior boundary of @, is noted 3,.

The topological optimization problem consists to minimize the function
Iw) = [ Wolet) = Witz do (22
Q

where W, be solution of the problem in the perturbed domain: W, solves

( agg + |VWQ|2 + )‘AWQ = 0 Q@
AW, = 0 Qo
oW,
¢ = 1 O\
EY 0 ]0, [Xa \ 1 (23)
W,(0,x) = V() )
W, = 0 2,
L W,(0, ) = Wo(z) Q

and Wy(t, z) is a target function.

In order to get a linearized problem (23), let us consider the same change
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of variable as in the above section, u, = ¢(W,). The system (23) becomes

( % — Au, 0 in oy
3“&;9(5795) — 0 on ]O, 1[X89\F1
w,(0,2) = uolz) on I . (24)
u,(t,x) = 0 on 2

\ u(0,z) = w(z) in {

Then the topological optimization problem consists now to get the asymptotic

expansion of the functional

Ty(t) = / 167 (gt ) — 6 (ualt, 2)|de (25)

where u, = ¢(WW,) is the solution of (24) and ug = ¢(W).
The result which gives the existence, the uniqueness and the regularity
of u, is standard partial differential equations theory, for the proof, see for

instance [1] and [3].

Theorem 4.1. Let up(z) € L*(Q) and ui(z) € L*(QQ), then there exists a
unique solution u,(t, ) of (24) and:

ug € C([0,00[, L*(€2,)) NC([0, 00[; H*(Q,) M Hy (€2)) NC(]0, 00, L*(€)). (26)

More ever,

u, € L*(0,00; Hy) NC(Q, x [0,00[), V § >0 (27)

and

1 1
5”“@(1)’@2(0@) "‘/ ||Vug(t)||%2(szg) = ||U0||%2(Qg) + ||U1||%2(Qg)‘ (28)
0

And the associated problem posed on the non perturbed domain has a unique

solution u which satisfies:
u € C([0, 00[, L*(2)) N C([0, co[; H*(2) N H(2)) N C*(]0, 00, L*(Q)).  (29)

More ever,

u € L*(0,00; H)NC(Q x [§,00[), ¥ 6 >0 (30)

and
1 2 ! 2 2 2
Sz +/0 IVu(®)[|72) = lluollz2) + [lutllz2@)- (31)
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In order to get the topological derivative of (22) we have to prove the

following result.

Theorem 4.2. Let u, be solution of (24) and w a solution of the associated
problem posed on the non perturbed domain, then there exists a function
f(0) >0, lim, o = 0 such that

[ug(t) — u(t)||L2(e) = o(f(2)) (32)

Proof. Without lost the generality, we suppose that I's = (). Let u,(t,z) and

u(t, z) be solution of

w(t,r) — Au(t,z) = 0 in 10, 1[xQ
u(t, x) = 0 on ]0,1[x00Q\I"y (33)
u(0, z) = wup(z) on Q
—‘9“5?/"”) = wui(x) in QO x
( _augg:,x) —Au, = 0 in Q,
Duig 47) = 0 on ]0,1[x0N\T,
u,(0, ) = wup(x) on x () (34)
u,(t, ) = 0 on ¥,
[ (0, 7) = w(x) in Q

In order to prove the theorem, we will use homogenization method.
Let

() =, (1) = { e

0ifzr €w,

It is evident if o — 0, A2 — A% =Tg(z), the systems (33) and (34) write

w(t, ) — div(A%(2)Vu(t,z)) = 0 an ]0,1[xQ
u(0, x) = wup(x) on Q (35)
8“é%x) ur(z) in Q

which variational formulation is

Find v € W such that
du(t) 0 —
< ot 7U>H1(Q),H3(Q) + [, AY(2)Vu(t, z)Vo(x)dz = 0
inD'(Q), Yv € Hi (Q)

a“é‘i’x) =uy(x), w(0,7)= ()

(36)
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aué’a—(tt’x) — div(A%(z)Vu,) 0 in Q,
u,(0, ) = wup(x) on (37)

u,(t, x) = 0 on X%,

u,(0, ) = w(x) in xQ

which variational formulation is
Find u, € W such that
Bug(t) > o _
, U + [, A%(z)Vu,(t,z)Vou(z)de =0
(5900 oy T Jo ANVl 2) V() )
inD'(Q), Vv € HS(Q)
2009 — iy (), uyl0,2) = uo(x)

Then we use the result below to conclude L]

Theorem 4.3 (Theorem 11.4 of [3]). Let u, be the solution of (36) and A° be

defined as above, then the following convergence hold

{ i) u, = u weakly € L*(%, (39)

ii) A®Vu, = AVu weakly € (L*(Q))"

where u is the solution of (35) and f(o) is given by:

Boundary condition in the hole | f(o) | g(x,t)

Neumann 2D TO —2Vu(z,t).Vuy(z,t)
Neumann 3D sm0® | —3Vu(z, t)Vuy(x, )
Dirichlet 2D % u(z, t)v(x,t)
Dirichlet 3D Ao | u(z, t)vo(x,t)

4.1 Main Result

In this subsection, we use topological optimization tools in order to get the
asymptotic expansion of the cost function J,(u,(x,t)) which is the main result
of this section. But we will not focus on the details of theses tools. The reader
interested to this tools can refer to [7],[5].

Theorem 4.4. Let j(o) = J,(u,) be given by (25), where u,(z,t) is solution of

(24). Let vy be solution of the adjoint problem which weak formulation writes

ag(vo,§) = —=DJ(u)§, VvV €V
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where D.J is the derivative of J which respect J and a(.,.) be the weak formu-

lation associated to (13). The J has the following asymptotic expansion

J(0) = J(0) + f(0)(da(u, v0) + d5(v0)) + o(f(0))

4.1.1 Variation of the cost function

Proposition 2. Let J,(uy(z,t)) the functional defined by (25), the J admits

the following development:

T(tg) — J(u) =2 /Q (4 — upug)dz + f(0)5 +0(f(0)  (40)

Proof.
Jo(uy) — J(u) = / [u, — ud|2dx — / |u — ud||2dx
Q

Qe

:/ (o — wal® = Ju — uql’] dx—/ lu — ug|*dy
Q

Yo

:/ |ug|2dx—/ |u|2dx—2/(u—ug,ud>dx
Q Q Q
—_—
Ee(uy) E(u)

— / lu — ud]2d’y
EQ

The proof of (40) reduces to prove that |E¢(u,) — E°(u)|| = o(f(0)), because,
it is well know that fzg |u — ug|?>dy = o(f(0)), see [11]. Then we conclude by

using the following result, which proof can be found in [3]. ]

Proposition 3. Let E(u,) and E(u) be the energies associated to the systems
(37) and (39), then the following estimate holds

1E2(ug) — E°(u)lly = o(f(0))
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5 Numerical Results

In the numerical results, we set e = 1, §(z) = 1 so that,

1

§a) = D) s (ta) = e
Thus, we solve numerically
% —ZAu(t,z) = 0 in]0,1[xQ
w = wup(x) inS2 (41)
u(0, z) = w(x) inf)
It follows that
_ 1
Wit.a) =67 (ult. o) = — o loa(-uta)f (o) (42

Remark 4. As fzg |u — ug|®dy = o(f(0)), il follows that 6; = 0. When w =
B(0,1), 6a(u,v) = 2mu(t,x)ve(t, x), il follows that the topological derivative is
given by

g(t,xg) = 2mu(t, xo)vo(t, z0); VYV (t,x0) € (0,1) x Q.
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Example 1: here, we impose homogeneous Dirichlet boundary condition
(u(0,2) = 0 on 0N)

ufLx) for hamogeneous Dirichel 05 WiLx) for homogeneous Dirichlet
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Figure 2: Left: Left: u(z,t) , Right: W (z,t)
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Figure 3: Left: u(z,t) Adjoint state, Right: Topological derivative

Example 2: here, we impose non homogeneous Dirichlet boundary
condition (u(0,x) =1 on 0N)
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Figure 5: Left: u(z,t) Adjoint state, Right: Topological derivative
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