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Vector Groupoids
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Abstract

The main purpose of this paper is to study the vector groupoids.

Several properties of them are established.
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1 Introduction

A groupoid is an algebraic structure introduced by H. Brandt (Math. Ann.,
96 (1926), 360-366). A groupoid can be thought as a set with a partially
defined multiplication, for which the usual properties of a group hold whenever
they make sense. C. Ehresmann (Oeéuvres completes. Dunod, Paris, 1950)
added further structures (topological and differentiable as well as algebraic) to
groupoids. Groupoids and its generalizations (topological and Lie groupoids,
sympectic groupoids etc.) are mathematical structures that have proved to be

useful in many areas of science [topology ([2]), analysis ([10], [9]), geometry (]3],
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[12]), algebraic and geometric combinatorics ([7], [11]), dynamics of networks
(15))-

In this paper we define the concept of vector groupoid. This is an algebraic
structure which combines the concepts of groupoid and vector space such that
these are compatible. The motivation for defining the vector groupoid comes
from the important properties possessed by a vector space on which it exists a
compatible structure of groupoid. Specifically, the set of units of the groupoid
is a vector subspace and the structure functions are linear maps. A vector
groupoid has all the properties of the groupoids and those of the vector spaces,
but it has its characteristic properties, too. The new concept of vector groupoid
has applications in geometry and other areas.

In Section 2 we discuss the groupoids and useful properties of them are

presented. The study of vector groupoids is realized in Section 3.

2 Groupoids

We recall the minimal necessary backgrounds on groupoids for our devel-

opments (see [1], [4], [6], [8] and references therein for more details).

Definition 2.1. ([3]) 4 groupoid G over Gy is a pair (G,Gy) of nonempty
sets such that Gy C G endowed with two surjective maps o, : G — Gy,
a partially binary operation m : Gy = {(z,y) € G x G | f(x) =a(y)} —
G, (z,y) — m(z,y) = x -y, where Gy is the set of composable pairs and

L which verify the following conditions:

amap i:G— G, x+—i(zr) =z

(G1) (associativity): (v-y)-z=x-(y-z), when the products (x-y) - z
and z - (y - z) are defined;

(G2) (units): for each x € G = (a(x),z), (z,B(x)) € Gy and we have
alz) - x=x-p(x) =xa;

(G3) (inverses): for each v € G = (x,27'), (z71,z) € G2y and we have

1

v tx=p), -2t =ax).

A groupoid G over Gy with the structure functions o (source), 5 (target),
m (multiplication), i (inversion) is denoted by (G, «, 8,m,i,Gy) or (G,G).
G is called the unit set of G. The map («, 3) defined by:

(a,B) : G — Gy x Gy, (o, B)(x) := (a(x), B(x)), = € G,
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is called the anchor map of G. For each u € Gy, the set a~'(u) (resp.
B71(u)) is called a—fibre ( resp. B—fibre ) of G at u € Gj.
A groupoid (G, Gy) is said to be transitive, if its anchor map is surjective.

We write sometimes zy for m(z,y) , if (z,y) € G).

In the following proposition we summarize some basic rules of algebraic

calculation in a groupoid obtained directly from definitions.

Proposition 2.2. ([6]) Let (G, a, B, m,i,Go) be a groupoid. Then:
(1)) au)=PFu)=u, uw-u=u and i(u)=u, Yu e Go;
(i) a(x-y)=a(x) and Bz -y)=p(y), V(z,y) € Gp;
(iti) a(z7V) =B(x), B =alx) ad (™) '=2x Voegd,
(iv) (cancellation law) If (x,y;), (i, 2) € G(2),i = 1,2, then:
(@) z-yp=x-10 = yp=wp; () wp-2=y-2 = p="14

(0) If (2.y) € Gay. then (y™,27") € Gy and (z-y)™ =y~ -2~

For any u € Gy, the set
Gu) = a~'(u) N B~ (u) = { € G | az) = B(z) = u }

is a group under the restriction of the multiplication m to G(u), called the

isotropy group at u of G.

Proposition 2.3. ([6]) Let (G,a, 3, m,i,Go) be a groupoid. Then:
(1) «@oi=p, foi=a and ioi=Idg.
(it) ¢ :Gla(x)) = G(B(x)), ¢(2) := a2z is an isomorphism of groups.

(1it) If (G, Gy) is transitive, then all isotropy groups are isomorphic.

Example 2.4. (i) Any group G having e as unity, is a groupoid over
Go = {e} with the structure functions a, f,m,i given by «(z) = B(z) =
e, i(z) =x ! for all z € G and m(z,y) = zy for all z,y € G.

(ii) Any set X can be endowed with a null groupoid structure. For this
we take: o= =1=1Idx and we define -z =2z, Vzr € X.

(iii) The Cartesian product G := X x X has a structure of groupoid over
Ax ={(z,x) € X x X | x € X} by taking the structure functions as follows:
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a(z,y) = (v,2), B(z,y) = (y,y); the elements (z,y) and (y',z) are
composable in G := X x X iff ¢ =y and we define (z,y)- (y,2) = (, 2)
and the inverse of (x,y) is defined by (z,y)~!:= (y,x). This is called the

pair groupoid. Its unit set is G := Ay.

Example 2.5. The symmetry groupoid SG(X). Let X # () be a set.
Consider
G=8SGAX)={f: A= A|D#ACX, fisbijective } and
Go:={Ids | 0 # A C X}, where Id, is the identity map on A.
Let Go) := {(f,9) € GXG|D(f) = D(g)}, where D(f) denotes the domain
of f. The structure functions «o,8:G — Gy, i : G — G and m:Gp) — G
are given by a(f) := Idpy, B(f) := Idpy, i(f) == f~' and m(f, g) := fog.
Then (G, Gy) is a groupoid, called the groupoid of bijective functions from
the subsets A of X onto A or the symmetry groupoid of the set X.
The isotropy group G(u) at u = Id4 is the symmetry group of the set A.
In particular, the symmetry groupoid of X = {xy,z9,...,2,}, is called

the symmetry groupoid of degree n and is denoted by SG,. Its unit set is
SGno={lda|0# AC X}}. The cardinals of these finite sets are given by:

=1

Definition 2.6. ([3]) By morphism of groupoids or groupoid morphism be-
tween the groupoids (G,a, ,m,i,Go) and (G',a/,5,m',i',Gy), we mean a
map f: G — G which verifies the following conditions:

(i) V(ny Gy = ([(@),fy) ey
(i)  fm(z,y)) =m'(f(z),f(y)), V (z,y) € G

Proposition 2.7. If f : G — G’ is a morphism of groupoids, then:
(a) f(u)€G), YueGy (b) f(z7)=(f(x)", Vored.

From Proposition 2.7(a) follows that a groupoid morphism f : G — G’
induces a map fo : Go — Gj, taking fo(u) := f(u), (V)u € Gy, i.e. the map
fo is the restriction of f to Go. We say that (f, fo) : (G, Go) — (G, G}) is a
morphism of groupoids.
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A groupoid morphism (f, fo) is said to be isomorphism of groupoids or

groupoid isomorphism, if f and fy are bijective maps.

Proposition 2.8. ([6]) The pair (f, fo): (G,«a,B,Go) — (G',d/, 5, GY)
where f: G — G’ and fo: Gy — G, is a groupoid morphism if and only if
the following conditions are verified:

(i) oof=fooa and [ of= fyo/p;
(i) f(m(z,y) =m'(f(x),f(y), V(z,y)€Go.

Definition 2.9. ([6]) A groupoid morphism (f, fo) : (G, Go) — (G', G})

satisfying the following condition:
V,y € G suchthat (f(z),f(y) € Glyy = (2,9) € G (1)

will be called homomorphism of groupoids.

Example 2.10. Let be the symmetry groupoid §G,, and the multiplicative
group {+1,—1} (regarded as groupoid over {+1}). We define the map

sgn®: 8G, — {+1,—1}, f € 8G, — sgn*(f) := sgn(f),
where sgn(f) is the signature of the permutation f of degree k = |D(f)].

We have that sgn®: SG, — {+1,—1} is a groupoid morphism.

Indeed, let f,g € Gy, where G = SG(A, X) such that D(f) = D(g) :=
Ay = {z;,...,z;,} € X, 1 <k < n. Then f and g are permutations of
Ay and f o g is also a permutation of Ag. Also, we have sgn(fog) =
sgn(f) - sgn(g). Hence sgnf(m(f,g)) = sgn*(f) - sgn*(g). Therefore the
conditions from Definition 2.6 hold.

The map sgn* : 8G,, — {+1,—1} is not a groupoid homomorphism. In-

deed, for X = {x1,x9, 23,24} consider

Ty T X3 Tl T3z X4
f= and g = .
Ty X3 T g4 X3 Tq1

Then sgn®(f) = +1, sgnf(g) = —1 and (sgn*(f),sgn*(g)) € {+1,~1} x
{+1,—1}. But f and g are not composable in SG,, since D(f) # D(g).
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3 Vector groupoids
Let V' be a vector space over a field K.

Definition 3.1. In what follows, by vector groupoid, we mean a Vi groupoid
(V, o, B,i,m, Vi) which verifies the following conditions:

(3.1.1) Vo is a vector subspace of V;

(3.1.2) «a,B:V — Vy are linear maps;

(3.1.3) i : V. — V is a linear map such that x+i(z) = a(z)+ B(z), Vz €
Vv

(3.1.4) The multiplication m : Vigy = {(x,y) € VXV | a(y) = B(z)} —V,

(z,y) — m(z,y) = zy, satisfies the following conditions:
1. x(y+z—p(z)) = xy+az—z, Va,y,z € V such that a(y) = B(x) = a(z);
z(ky+(1—k)B(x)) = k(zy)+ (1 —k)z, Yo,y € V such that a(y) = B(x);
3. (y+z—a(x))r =yr+ze—x,Ve,y,z € V such that a(z) = f(y) = B(z);

4. (ky+(1—k)a(x)z = k(yz)+ (1 —k)x, Yx,y € V such that a(z) = (y).
From Definition 3.1 follows the following corollary.

Corollary 3.2. Let (V,a«,3,m,i,Vy) be a vector groupoid. Then:
(1) The source and target o, 3 : V — Vi are linear epimorphisms.
it)  The inversion i :V — V is a linear automorphism.

zu) The fibres a~'(0) and $7(0) and the isotropy group

V(0) := a1(0) N B71(0) are vector subspaces of the vector space V.

Example 3.3. Let V be a vector space. If we define «q, By, 70 : V —>
V, apg(x) = Bo(z) = 0, ip(x) = —z, and the multiplication mg(x,y) = = + y,
then (V, ap, By, mo,i0, Vo = {0}) is a vector groupoid called wvector groupoid
with a single unit. We will denote this vector groupoid by (V,+). Therefore,

each vector space V' can be regarded as vector groupoid over Vo = {0}.
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Example 3.4. A vector space V has a structure of null groupoid over V
(see Example 2.4(ii)). In this case the structure functions are a = =i = Idy
and z-x = z for all z € V. We have that V; = V and the maps «, 3,7 are
linear. Since x + i(x) = = + = and «a(z) + B(x) = = + = imply that (3.1.3)
holds. It is easy to verify the conditions (3.1.4) from Definition 3.1. Then V/

is a vector groupoid, called the null vector groupoid associated to V.

Example 3.5. Let V' be a vector space over a field K. We consider the
pair groupoid (V' x V, a, E,fﬁ,z Ay ) associated to V (see Example 2.4(iii)).
We have that V' x V is a vector space over K and the source a and target 5
are linear maps. Also, the inversion i : V x V — V x V is a linear map and
(z,y) +i(z,y) = a(x,y) + Bz, y). By a direct computation we verify that the
relations 3.1.4(1) - 3.1.4(4) from Definition 3.1 hold. Hence V' x V' is a vector

groupoid called the pair vector groupoid associated to V.

Example 3.6. The vector groupoid V?(p,q). Let V be a vector space
over a field K and let p, ¢ € K such that pg = 1. The maps o, 3,7 : V2 — V2,
alz,y) = (x,pzr), B(z,y) = (qu,vy), i(z,y) = (qu,pzr) together with the
multiplication map given on Vé) ={((z,v),(qy,2)) | z,y,2 €V} C VZ x VZ
by (x,v)-(qy, z) := (z, z) determine on V% a structure of vector groupoid. This
is called the pair vector groupoid of type (p,q) and it is denoted by V?Z(p, q).

If p=¢q =1, then the vector groupoid V?(1,1) coincides with the pair
vector groupoid V' x V.
If n is a prime number and p,q € Z,, such that pg = 1, then Z2(p, q) is

called the modular or cryptographic vector groupoid.

Example 3.7. Let V be vector space. One consider a, 8,4 : V3 — V3 and
m Vg = {((w1, 29, 23), (w2, 92, y3))|xi,y5 € V, i = 1,2,3, j = 2,3} = V?
defined as follows:
alxy, g, x3) := (x1,21,0), B(x1, 22, 23) 1= (22, 29,0),
i(x1, 29, x3) := (g, 21, —13),

(71, 9, 23) - (2, Y2, y3) = (T1, Y2, 23 +y3) and V= {(z,2,0) |z €V}

Then (V3, «, 8,m, i, V) is a vector groupoid.
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In the following proposition, we give, in addition to those in Proposition

2.2, other rules of algebraic calculation in a vector groupoid.

Proposition 3.8. Let (V,«, 5, m,i, V) be a vector groupoid. Then:
(i) O-x=x, Vexea0) and x-0==z, Vz e p710);
(it)  For all x, y € 374(0), we have x — a(z) =y — a(y) = = y;
(iit)  For all z,y € a=*(0), we have x — B(z) =y — B(y) = x = y.
Proof. (i) If x € a=*(0), then a(z) = 0 = 3(0). So (0,z) € V(9) and, using
the condition (G2) from Definition 2.1, one obtains that 0 -z = a(z) - v = .
(ii1) Let z,y € a~(0) such that z—3(x) = y—B(y). Then a(z) = aly) =0
and x —y = (x)— B(y). Since « is linear map and applying Proposition 2.2(i),
one obtains that

0=a(r) —aly) =alr—y) =a(B@) - By) = B(x) - By) =z —y,

and so = y. Similarly, we prove that the assertions (ii) hold. O]

Proposition 3.9. Let (V,a, 8,m,1,Vp) be a vector groupoid. Then:
(i) tg:at(0) — B7H0), ts(x) := B(x) — x is a linear isomorphism.
(it) to: B7H0) — a7 1(0), to(z) := alz) —x is a linear isomorphism.

Proof. (i) For x1,29 € V and ky, ks € K we have

t/g(k’liﬁ + kQIg) = 5(1{31331 + k’g.’Bg) — (k‘lflfl + k‘QZEg) =
= ki(B(z1) — 1) + k2(B(22) — 2) = kutp(w1) + katg(x2).

Hence ¢4 is a linear map. Let now z,y € o '(0) such that t5(z) = t5(y).
Applying Proposition 3.8(iii), one obtains = y, and so tz is injective. For
any y € $71(0) we take z = a(y) — y. Clearly z € a~'(0). We have

ta(x) = Blaly) —y) — (a(y) —y) = aly) — B(y) — aly) +y =y,

since f(y) = 0. Hence tz is surjective. Therefore ¢4 is a linear isomorphism.

(74) Similarly we prove that ¢, is a linear isomorphism. O]

Definition 3.10. Assume that (Vi, Vi) and (Va, Vo) are vector groupoids.
A groupoid morphism (resp. groupoid homomorphism) f : Vi — V, with prop-
erty that f is a linear map, is called vector groupoid morphism (resp. vector
groupoid homomorphism).
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A vector groupoid morphism f : V3 — V5, with property that f is a
bijective linear map is an isomorphism of vector groupoids.
In the following theorem we give a procedure for to introduce a structure of

vector groupoid with a single unit on the isotropy group of a vector groupoid.

Theorem 3.11. Let (V,a, 3, m,1,Vp) be a vector groupoid and u € Vi any
unit of V. The following assertions hold.

(1) V(u) endowed with the operations @, : V(u) x V(u) = V(u) and
®u : K x V(u) = V(u) given by:

r@,y=c+y—u, VYVazyeV(u (2)

k@ue=kr+(1—ku, VkekK, zeV(u), (3)

has a structure of vector space over K.

(17)  The vector space (V(u), By, ®y) together with the restrictions of maps
a,B,i to V(u) and the multiplication ©, : V(u)@y = V(u) x V(u) = V(u)
given by:

POy = (- (Wt Yoy € Vi) (4)

has a structure of vector groupoid with a single unit.
(171) (o, 0) : (V(0),{0}) = (V(u),{u}), where ¢ and ¢y are given by

o(x)=x+u, YreV(0) and ¢i(0)=u (5)
s an isomorphism of vector groupoids with a single unit.

Proof. (i) Using the linearity of the maps a and  we verify that the
operations @, and ®,, given by (2) and (3) are well-defined. For instance, for
z,y € V(u) we have a(x @, y) = a(x+y —u) = a(r) + a(y) — a(u) = u, since
a(x) = a(y) = a(u) = . Similarly, 5(z @, y) = u. Hence x @, y € V(u). It is
easy to verify that (V(u),®,) is a commutative group. Its null vector is the
element v € V' (u). The opposite ©, 2 of z € V(u) is o,z =2u—x.

For x,y € V(u) and k, k1, ks € K, the operation ®,, verify the relations:

(@) k@u(z@®uy) = (k®ux)Bu(kBuy); (b) (k1tke)@uz = (k1®@uz)Bu(k2®@u);
() k1 ®y (ko @y 1) = (k1k2) @y x; (d) 1®, 2 =z (here 1 is the unit of K).
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Indeed, we have k®, (v @y y) = k(zDyy)+(1—k)u = k(z+y)+(1—-2k)u
and (k®,z) @, (k®,y) = (k@uz)+ (Eduy) —u=Fk(z+y)+ (1—2k)u.
Hence the equality (a) holds. In the same manner we prove that the equalities

(b) — (d) hold. Therefore (V,®,,®,) is a vector space.

(#7) From (i) follows that the condition (3.1.1) from Definition 3.1 is sat-
isfied. The restrictions of the linear maps «, f and i to V' (u) are linear maps.
Also, for any x € V(u) we have = @, i(x) =z +i(x) —u = az) + p(z) —u =
a(x)®, B(x), since z+i(r) = a(z)+ B(x). Therefore, (3.1.2) and (3.1.3) from
Definition 3.1 hold.

Let z,y € V(u). The operation ®, given by (4) is well-defined. Indeed,
applying the linearity of maps a and [ we have
afz Ouy) = oz —u) © (y —u) +u) = a((z —u) ©(y —u) +alu) =
alr —u) + a(u) = a(xr) = u. Similarly, we have f(z ®, y) = u and so
rOuy € V(u).

If x,y,2 € V(u) then the following equality holds:

(€) 2 Ou(yBuz®u (Sub(2))) = (2 Ouy) Bu (¥ Ou 2) Bu (Sut))-

Indeed, since f(z) = u and ©,x = 2u — x, we have
(1) 2Ou(YBuz®u(CuB(2))) = TOu(YBuzBu (Out) = TOL (Y BuzBuu) =
=20, (YBu2) =@ —u)O(Yduz—u)+u=(r—u)O((y—u)+(z—u))+u.
Replacing in the equality (3.1.4)(1) the elements z,y, 2 € V(u) respectively
with  —u,y —u,z —u € V(u), we obtain the following equality
(f) @G—uw)o(y—u)+(z—-u) =(z-uw)Oy—u)+(@—u)O(z—u) = (r—u),
since f(z —u) = 0.
Using the relation (f), the equality (e.1) becomes
(€.2) 2Ou(YDuzBu(0ub(2))) = (r—u) O (y—u)+(z—u) ©(z —u) +2u—=z.

On the other hand we have

(e3) (T Ouy) Bu (T Oy 2) By (Cu2)) = (2 Ou y) Bu (7 Oy 2)) By (2u —2) =
=X OuY+TOuz—u) B, 2Uu—2) =2,y +rOyz—1=
=x-—uw)OW—u)+(r—u o (z—u) +2u—uwz

Using (e.2) and (e.3) we obtain the equality (e). Hence, the relation
(3.1.4)(1) from Definition 3.1 holds. In the same manner we can prove that
the relations (3.1.4)(2) — (3.1.4)(4) from Definition 3.1 are verified.
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(7i1) Taking v = 0 in the relations (2) — (4) we obtains that (V(0), @, ®o) is
a vector space and (V(0), «, 8, ®o, %, {0}) is a vector groupoid with a single unit,
where x@oy = x4y, kQox = kz, tOoy = x-y, = forallx,y € V(0),k € K.
The map ¢ : V(0) — V(u) is bijective. For each x € V(0) we have

(o p)(z) = oz +u) = ar) + a(u) = u = ¢o(0) = po(a(x)) = (0 © @) (),
that is a o ¢ = ¢y o a. Similarly, we have o ¢ = pyo .
Also, for all z,y € V(0) we have

prOoy) = (oY) tu=z-y+u=(z+u) O,y +u)=¢) Oup(y).

Hence, the conditions (i) and (4i) from Definition 2.6 are satisfied. It is

easy to verify that ¢ is linear. Then, ¢ is a vector groupoid isomorphism. [J

We call (V(u), o, B, ®u, i, Vo(u) = {u}) the isotropy vector groupoid at u €
Vo associated to vector space (V(u), @y, ®y).

Example 3.12. The anchor map (o, ) : V. — Vi x Vi is a vector groupoid
homomorphism between the vector groupoid (V, «, 5, m, i, Vy) and the pair vec-
tor groupoid (Vo x Vp, @, 5,771,7, Ay,).

Indeed, if we denote (o, B) := f and consider z,y € G such that (f(z), f(y))
e (Vo x Vo)(2), then B(f(x)) = a(f(y)) and we have

B(x)) = aly), ie (z,y) € V).

For (x,y) € Vig) we have f(m(z,y)) = f(zy) = (a(zy), B(zy)) = (a(z), B(y))
and m(f(z), f(y)) = m((a(z), B(x)), (a(y), B(y))) = (a(x), 5(y)). Hence, the
conditions (7) and (i7) from Definition 2.6 are verified.

Let now z,y € V such that (f(z), f(y)) € (Vo x Vb)2). Then B(f(z) =
&(f(y)). Since f(z) = (alx), Ax)) and [(y) = (aly), Bly)) we deduce that

(B(x), B(x)) = (ay),aly)). Hence B(z) = aly) and (z,y) € Viz). Therefore
the condition (4) is satisfied and f is a groupoid homomorphism. Using the

linearity of o and f3, it is easy to verify that f is linear. Hence, f is a vector

groupoid homomorphism.



12

Vector Groupoids

References

1]

[10]

[11]

[12]

R. Brown, From groups to groupoids: a brief survey, Bull. London Math.
Soc., 19, (1987), 113-134.

R. Brown, Topology: Geometric Account of General Topology, Homotopy
Types and the Fundamental Groupoid, Hal. Press, New York, 1988.

A. Coste, P. Dazord and A. Weinstein, Groupoides symplectiques, Publ.
Dept. Math. Lyon, 2/A (1987), 1-62.

P.J. Higgins, Notes on Categories and Groupoids, Von Nostrand Reinhold
Mathematical Studies, 32, London, 1971.

M. Golubitsky and I. Stewart, Nonlinear dynamics of networks: the
groupoid formalism, Bull. Amer. Math. Soc., 43(3), (2006), 305-364.

Gh. Ivan, Algebraic constructions of Brandt groupoids, Proceedings of the
Algebra Symposium, ”Babes- Bolyai” University, Cluj-Napoca, (2002), 69-
90.

C.K. Johnson, Crystallographic groups, groupoids and orbifolds, Work-
shop on Orbifolds, Groupoids and Their Appl., Univ. of Wales, Bangor,
(September, 2000).

V. Poputa, Some classes of Brandt Groupoids, Sci. Bull. of ”Politehnica”
Univ. of Timisoara, Tom 55(66), Fasc. 1, (2007), 50-54.

A. Ramsey and J. Renault, Groupoids in Analysis, Geometry and Physics,
Contemporary Mathematics, 282, AMS Providence, R.I., 2001.

J. Renault, A Groupoid Approach to C*-Algebras, Lecture Notes Series,
Springer—Verlag, 793, (1980).

R.T. Zivaljevic, Groupoids in combinatorics-applications of a theory of

local symmetries, Algebraic and geometric combinatorics, Contemporary
Math., Amer. Math. Soc., Providence, RI, 423, (2006), 305-324.

A. Weinstein, Groupoids: Unifying internal and external symmetries, No-
tices Amer. Math. Soc., 43, (1996), 744-752.



