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Abstract

In this work, we shall explain a new result concerning weighted
pseudo almost automorphic solutions for more general systems of non-
linear neutral infinite delay integral equations. We establish a new fixed
point theorem in the cone, which extend some existing results even in

the case of scalar version, and then, we apply it to prove our results.
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2 Positive weighted pseudo almost automorphic solution ...

1 Introduction

Since the work of Bochner in [7], almost automorphy, as a natural gen-
eralization of the concept of almost periodicity in the sense of Bohr [6], has
been of great interest for many authors to study almost automorphic solu-
tions to various equations including linear and nonlinear evolution equations,
integro-differential equations, delay integral equations, functional-differential
equations, etc. For more details about this topics we refer to the recent book
[22], where the author gave an important overview about the theory of almost

automorphic functions and their applications to differential equations.

The concept of weighted pseudo almost automorphic functions with values
in a Banach space, was introduced by G.M.N’Guérékata et al. [8] as a general-
ization of that of pseudo almost automorphic functions, which generalizes that
of pseudo almost periodic functions introduced by Diagana [13]. Since then,
these functions have generated lot of developments and applications. For more

details we refer the reader to [8, 13, 21, 22] and the references therein.

The study of the existence of almost periodic, almost automorphic, pseudo
almost periodic, pseudo almost automorphic, weighted pseudo almost periodic
and weighted pseudo almost automorphic solutions is one of the most inter-
esting topics in the qualitative theory of differential and integral equations. In
[25], we considered the existence and uniqueness of positive almost periodic

solution to the following system of nonlinear finite delay integral equations

x(t) = f(s,2(s),y(s))ds
0= o)) .

y(t) = / 35, 2(s), y(s))ds

—T2 (t)

which is a model for the evolution in time of two species with interaction.
Also, in [9, 10, 23, 24, 27], the existence of positive periodic solutions for other
forms of (1) was studied by using the method of upper and lower solutions or

by topological methods.

In this work, we investigate the existence and uniqueness of a positive

weighted pseudo almost automorphic solution for the following more general
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system of nonlinear neutral infinite delay integral equations

t

ot) = an(t)olt = ) + [ ea(tt = 5)(s,0().y()ds + (e ()
- @)

t

y(t) = az(t)y(t — 02) + / Ca(t,t = s)g(s, 2(s),y(s))ds + ka(t, y(t))

—00

Note that the existence of pseudo almost periodic solutions to the scalar version

of system (2)

t

z(t) = a(t)z(t — B) + / a(t,t —s)f(s,z(s))ds + h(t, x(t)) (3)

—00

was studied in [14]. Also, the existence of almost periodic, almost automorphic
and pseudo almost automorphic of various forms of (3) was studied by many
authors (see, e.g. [1, 2, 3, 16, 17] and references therein)

To the best of our knowledge, there is no work reported in the literature on
weighted pseudo almost automorphic solution to the system (2). Therefore,
motivated by the works in [14, 15], the purpose of this paper is to establish a
new fixed point theorem in partially ordered Banach spaces, which extend some
existing results even in the scalar cases, and then used to prove the existence
of positive weighted pseudo almost automorphic solution for (2). This paper is
organized as follows. In Section 2, we recall some notations and preliminaries.
Namely some basic results for almost automorphy and weighted pseudo almost
automorphy. Section 3, is divoted to extend and prove a fixed point theorem
in the cone. In section 4, we prove our results for the existence and uniqueness
of positive weighted pseudo almost automorphic solution. In the last section,

we give an example.

2 some definitions and Preliminaries

We denote by R the set of real numbers, by R* the set of nonnegative real
numbers, by € a closed subset in R? (¢ = 1,2) and by BC(X), where X is
a metric set, the space of continuous bounded functions defined on X with
values in R. we recall some definitions and notation for almost automorphy

and weighted pseudo almost automorphy.
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2.1 Almost automorphy

Definition 2.1 ([22]). A continuous function f : R — R is called al-
most automorphic if for every sequence of real numbers (S!))., there exists a
subsequence (Sy), such that

lim lim f(t+S,—S,) = f(t), Vt e R.

m—-+4oon—-+o0o

This limit means that

g(t)= lim f(t+S,)

n—-+o0o

1s well defined for each t € R and

ft)= lim g(t—S,), Vt € R.

n—-4o00

The collection of all such functions will be denoted by AA(R).

Notice that some fundamental properties of almost periodic functions are
not verified by the almost automorphic functions, as exemple the property of
uniform continuity. A well known example of almost automorphic function not

almost periodic is
1

t) = sin .
f() 2+cost+c05\/§t

Lemma 2.2 ([22]). Assume that f,g € AA(R) and X is any scalar. Then
the following hold true:

i) f4+g, f.9. N, f-(t) = f(t+7), JN”(t) = f(—t) are almost automorphic.
ii) The range Ry = {f(t) : t € R} is precompact in R, and so f is bounded.

iii) If {f.} is a sequence of almost automorphic functions and f, — f uni-

formly on R, then f is almost automorphic.

iii) Equipped with the sup norm
11| = sup|f(t)]
teR

AA(R) turns out to be a Banach space.
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Definition 2.3 ([22]). A continuous function f : R x Q@ — R is called
almost automorphic in t uniformly for x in compact subset of @ C R ( respec-
tively for (z,y) in compact subset of Q@ C R x R) if for every compact subset
K of Q and every real sequence (Sp)m, there exists a subsequence (S,,), such
that

g(t,z) = lm f(t+ S,,x) (resp.g(t,x,y) = lim f(t+ S, z,v))

n—+400 n—-+00

is well defined for each t € R, x € K (resp.(x,y) € K) and

F(t.2) = lim g(t— Sn,z) (resp.f(t,,y) = lm gt — Sp2,9)), Vi € R,

n—-+o0o n—-+o00

The collection of all such functions will be denoted by AA(R x Q).

2.2 Weighted pseudo almost automorphy

Let U denote the collection of all functions (weights) p : R — (0, +00)
which are locally integrable over R such that p(t) > 0 for almost each ¢ € R.
For p € U and r > 0, we set

WMM—[MWt

Throughout this paper, the set of weights U, stands for

Uw={peU: lil_gl m(r,p) = oo}

Obviously, Uy, C U, with strict inclusions.
Let p € Us. Set

PAA)(R,p) ={f € BC(R): lim —— / |f(t)|p(t)dt = 0}.

r—+oom(r, p)

In the same way, we define PAAG(R x R, p) (PAA(R x Rt x R*, p)) as the
collection of continuous functions f defined on R x Rt (R x RT x RT) such
that f(.,z) (f(., x,y)) is bounded for each x € RT ((m,y) € Rt x RT) and

(t)dt = 0)

)p(t)

7‘—>+oom T—>+oom

uniformly in z € RT ((z,y) € RT x RY).
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Definition 2.4 ( [8] ). Let p € Usx. A functon f € BC(R) is called
weighted pseudo almost automorphic (or p-pseudo almost automorphic ) if it
can be expressed as f = f* + f¢, where f* € AA(R) and f¢ € PAA(R, p).
The collection of such functions is denoted by WPAA(R, p).

The functions f** and f€¢ appearing in definition above are respectively
called the almost automorphic and the weighted ergodic perturbation compo-

nents of f.

Example 2.5 ([26]). Consider the functions

1 1 eft<0
+ e and p(t) = /
2 + cost + cos /2t e Pt ift>0

f(t) = sin

If 0 < a < 3, we have f € WPAA(R, p) and f does not belongs to PAA(R),

the space of all pseudo almost automorphic functions.
In the followng lemma we give some properties of the space WPAA(R, p).
Lemma 2.6 ( [8, 20] ). Let p € Uy.
(i) WPAA(R, p) equipped with the sup norm is a Banach space .

(ii) If f = f2+ f© € WPAA(R, p) with f* € AA(R) and f¢ € PAAy(R, p),

then f**(R) C f(R).
(iii) If f € BC(R), then f € PAAy(R, p) if and only if for every e > 0

1
lim / o(t)dt = 0,
r—toom(r, p Mo (f)

where M, .(f) ={t € [-r,r] : |f(t)| > €}.

() If we consider that p = 1, then we obtain the standard spaces PAA(R).

Definition 2.7. A subset B of BC(R) is said to be translation invariant if
for any x € B we have x(.+ 1) € B for any 7 € R.

Lemma 2.8 ([19]). Let p € Us. Assume that PAAy(R, p) is translation
wnwvariant. Then the decomposition of weighted pseudo almost automorphic is

unique.
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Lemma 2.9. Let us fix p € Uy,.

1) Following the same reasoning as in the proof of [5] it follows that If
f,g € WPAA(R, p), then f.g € WPAA(R, p)

2) We know from Agarwal et al. [4] that if the limits
m(r +7,p)

t
lim supp< +7) < 00 and lim sup—————= < 0. (4)
im0 P(t) oo M1, p)

exist for each T € R. Then the spase PAAy(R, p) is translation invariant.

Definition 2.10 ( [8] ). A functon f € BC(RxRT) (f € BC(RxRtxR"))
is called weighted pseudo almost automorphic (or p-pseudo almost automorphic
) if it can be expressed as f = [+ f¢, where f* € AA(R x RY) and f€ €
PAAR X R, p) (f* € AARXRT xRT) and f¢ € PAA)(RxRT xR*, p)).
The collection of such functions is denoted by W PAA(RXRT, p) (WPAA(R x
RT x R*, p)).

Theorem 2.11 ([8, 18]). Fiz p € Us. Let 0,7 € WPAA(R,p) and
f=["+f e WPAAR X R, p) (f = f2+ f¢ € WPAAR xR* xR*, p)).
Assume both f and f* are uniformly continuous in any bounded subset K &
R (K € R x R*") uniformly in t € R. Then, f(.,0(.)) € WPAA(R,p)
(£(,0(),7()) € WPAA(R, p)).

Corollary 2.12 ( [20]). Fiz p € Us. Let o,7 € WPAA(R,p) and f =
foo + o € WPAA(R x R¥,p) (f = fo@ + f© € WPAA(R x R* x R¥,p)).
Assume both f and f* are lipschitzian in x € RT ((x,y) € RTxR" ) uniformly
int€R. Then, f(.,0(.)) € WPAA(R, p) (f(.,0(.),7(.)) € WPAA(R, p)).

3 Fixed point theorem

Definition 3.1 ( [12]). Let E be a real Banach space. A closed convex set

P in E is called a convex cone if the following conditions are satisfied

1. If v € P, then A\x € P for any A € RT;

2. Ifr € P and —x € P, then x = 0.



8 Positive weighted pseudo almost automorphic solution ...

A cone P induces a partial ordering < in E by x <y if and only if y—x € P.
A cone P is called normal if there exists a constant N > 0 such that 0 <z <y
implies ||z|| < N|yl||, where ||.|| is the norm on E. We denote by P the interior

set of P. A cone P is called a solid cone zf;’ # 0.

In the following theorem, we extend the results obtained in [14, Theorem
3.1] and [15, Theorem 2.1], used in the scalar case, to other used in the case

of systems.

Theorem 3.2. Let P be a normal solid cone in a real Banach space X.

o o

D+, Dy are linear operators from P to P and Ay, Ay, By, By : PXxPXxPxP —

P are operators with

Al(mauayag) = Bl(x7uay7€) + Dl(x)a
AQ(x,U,y,f) = BQ(I,U,y,f) + D2(y)

such that

(S1) Bi(.,u,y,§) is increasing and By(x,.,y,§), Bi(z,u, ., &), By(x,u,y,.) are
decreasing;
B2('T7 U, ., g) is increasing and B2<‘7 u, Yy, 5)7 B2('T7 5 Y, g)? BQ(xv u,y, ) are

deccreasing.

(S2) There ezist positive functions ¢1, ¢a defined on (0,1) X P x P x P such
that for each x,u,y,& € P and o € (0,1), ¢;(a, z,u,y) > a (i = 1,2)and

1 1
Bl(Ol.fE, aua ayaf) Z (bl(Oé,iC,'U,, y)Bl<x7uay7£)a

1 1
By(—, 1, 0,€) = dale, 2,1,) Bal, 1,5, €).

(S3) There exist xg, 2%, yo,y° € fo’ with o < 2°,yo < y° such that
zg < Ay (20, 2°,9°, 0), Ar (2, 20, Yo, 2°) < 2,
yo < As(2”, 4,90, 90), As(0, 40, 4%, 9°) < 3°
and for each a € (0,1)

inf ¢1(a,$,u,y) > Q,
Y€[Y0,y°],z,u€[zo,29] (6)
inf oo, z,0,y) > a.

z€[xo,z°),v,y€[y0,y°]
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(Si) There exist constants Ly, Ly > 0 such that for all z,u,y,&,& € P with
gl Z 527
Bi(%%!/afl) - Bi(x7u7y7€2) > _Ll(£1 - 52) (Z = 172>

o () [e) o )

ThenopemtorA:103><P><P><P><P><P—>103><]%deﬁnedby
A(r,u,0,y,&,v) = (Ai(z,u,y,£), As(z,0,y,v))
has a unique fized point (z*,y*) € [zo, 2°] X [yo,4°]; that is
Al o*, 0", o, 2%, y") = (2°,97).

(o]
Moreover, if (6) is true for all ug, u’, v, v’ € P with ug < u® and vy < v°:

inf Q,T,u,y) > a,
ye[vo,vo],z,ue[uo,u0]¢1( y)
inf o, z,v,y) > a.

CCE[uo,uO],’U,yE['UO,’UO]

Then (x*,y*) is the unique fized point of A in ﬁ X E
Proof. (From (S;) and the linearity of the operators Dy, Dy : P — P, we
obtain Ai(.,u,y,§), As(x,u,.,§) are increasing and Ay (z, .,y,§), Ai(z,u, ., &),
Ai(z,u,y, ), As(u,y,€), Aoz, .y, €), As(z,u,y,.) are decreasing.

Let A € (0,1]. Denote by

1 1 1 1
ey =sup{r >0: rAl(X:EO, Ao, AYo, Axo) < By (Azo, X:L'O, Xyo, Xxo) and
1 1 1 1
TAQ(Aan )‘yOJ X?JO7 /\?JO) S B2(Xx07 Xyov )‘y07 Xyo)}

and by
¢1’)\<7’,Q3, u7y) =r+ gA[(bl(Ta z,u, y) - T]?
¢2,)\(T7 z,v, y) =7r+ €A[¢2(T7$7 va) - T]?

for all 7 € (0,1),z,u € [Axo, 32°],v,y € [Ayo, 14
It is clear that 0 < e, < 1, and for each A € (0,1], r € (0,1)

inf gbL/\(ra T, u, y) >,
y€[Yo.y°],2,u€lzo0,20]
inf Ga(r,z,0,y) > T

z€[wo,x0],v,y€[y0,y°]
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Also, we have

1 1 1 1
5,\141(X330, ATo, AYo, )\xo) < Bl()\iUo, XJUO, XZ/O, XHUO),
1 1 1 1
exAa(Azo, Ayo, Xyo, Ayp) < BQ(Xan Xyo, AYo, Xyo)-
L L,
It follows that for all y € [Ayo, W |, x,u,& € [Axy, e ]
1 1 o141,
5,\A1(37>U,y>§) < EAAl(Xw ,)\$07>\y0>)\$0) < Bl(>\930, X%’ ’Xy ,Xﬂf )
S Bl(xaua:%g)

1 1
and for all v, y,v € [Ayo, Xyo], T € [Axo, Xxo]

1 1 1
BQ(X:E(]? Xyoa )\y()’ Xyo)

< By(z,v,y,v).

IN

1
exAa(z,v,y,v) < exAs(Azo, Mo, Xyo, AYo)

1 1
Therefore, for all r € (0,1), x,u,& € [Azo, Xxo],y € [A\yo, Xyo]

1 1 1 1
Ai(re, —u,-y,§) = Bi(re,—u,-y,§) + Di(rz)
ror ror

¢1(r, z,u,y) Bi(z, u, y,§) + rDi(z)

rAi(z,u,y, &) + [o1(r,z,u,y) — 1] Bi(z,u, y,§)
rAi(z, u,y,&) +exli(r @, u, y) — r]Ai(z, u,y, )
= ¢ia(r,z,u,y)Ai(z, u,y, §).

IV

v

1 1
Similarly, fo all » € (0,1), = € [Azo, XZEO], v, Y,V € [\yo, Xyo], we obtain

1 1
AQ(;x, ;v,ry, v) > ga(r, v, v,y) Az, v,y,v).

Now, we prove that for each ¢ = 1,2 and x,u,y € ﬁ, there exists a unique
point in ;’, which we denote by ®;(z, u,y), such that

Ai(x,u,y, @i(z,u,y)) = D4z, u,y), i =1,2.
Fix x,u,v,y € ;’.Then, there exists A € (0, 1] such that z,u € [Azo, %xo] and
v,y € [A\yo, iyo]. Let

Al(xauayag) + ng
1+ 14

A?(xav7y7€) +L2€ >

\Ifl(ac,u,y)(f): 1+ L, ,EeP.

’ \I/2<£,U,y)(£) =
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It is clear that Wy (z,u,y)(.), Va(x,v,y)(.) are operators from P to P and by
(S4) they are increasing in P. From (S;)-(S3) we have for every A € (0,1)

1 1
Al(xau7ya )\ZL'()) 2 Al()‘x(b X:L‘()) Xyoal'O)

> ¢1(/\7x07xouy(])Al(Ime?yO?mO) Z )\Io.

And if A =1, we have A;(z,u,y, o) > xo. Thus, A;(z,u,y, \xg) > A\xg, VA €

(0, 1]. Similarly, we obtain

1
Al(ﬁauvlya Xx ) <

1 20
A

And analogously, one can show that

1 1
A, 0,9, Ago) 2 Mo, As(w, 0,9, Ty %) < Xyo.
It follows that
L o L o
Uy (2, u,y)(Axg) > Az, \Ifl(x,u,y)(xx ) < P
7)
1 1 (
\1’2(%%9)0\90) Z )‘yOJ \I/2<$,U7y)(xy0) S Xyo
Set
X;Luy = wl<x7u7y)(X;luyl) ::‘luy @b ('CE u y)(U;;JI)
1
0 0 20
Xmuy = )\LL'(), Uxuy = X
:I:vy = wz(fﬂ v y)(Ynyl) xvy ¢ <x7u7y)(vx7;;1)7
1
0 0
Yooy = Mo Vauy = N

Next, a similar proof to [28, Theorem 2.1] yields that ¥;(z,u,y)(.) has a
1
unique fixed point ¢4 (x,u,y) € [Axo, Xxo] and Wy (z,v,y)(.) has a unique fixed

1
point ®o(z,v,y) € [Ayo, Xyo], that is
Ai(z,u,y, @1(x,u,y)) = P1(z,u,y) and As(x,v,y, Po(x,v,y)) = Pa(z, v, ),

with
X0 — Pi(z,u,y), U, — O1(x,u,y) as n — 400,

Tuy ruy

Y:’g)y - (I)2(:C>U7y) VxT:)y — (I)Q(ZL','U,y) as n — +0o0.
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Now, if & (x,u,y) is a fixed point of ¥y (z,u,y)(.) in P, then there exists €
(0, A) such that &) (z,u,y) € [Bzo, %xo]. Since, by the above proof, ¥ (z,u,y)
has a unique fixed point in [z, %xo], it follows that @ (x,u,y) = ®1(x,u,y).

Also, we have the uniqueness of ®5(x, v, y) in j% Moreover, by a similar proof to
step 2 and step 3 of [15, Theorem 2.1], one can show that ®;(.,u,y), ®o(x,u,.)
are increasing and ®4(z,.,y), ®1(x,u,.), P2(.,u,y), ®1(x,.,y) are decreasing.
Therefore,
Oy (az, lu, ly) A (ax, lu, ly, Oy (az, lu, ly))
a a« a

(6%
1 1
Al(Oé.T, aua aya (I)1<.’L', u, y))

AV,

¢1,/\<aa x,u, y)(p1($7 u, 9)7

1 1
for all a € (0,1), x,u € [Axo, Xxo], y € [Ayo, Xyo]. Also, we obtain

1 1
(I)z(ax? au’ ay) > ¢2’)\(CY, xT,Uu, y)q’z(fﬂ, U, y)7

for all a € (0,1), x € [Axo, %xo], u,y € [Ayo, %yo].

Finally, ®;, @, satisfy all hypotheses of [25, Theorem 2.7]. Thus, the opera-
tor @ : ]%XZODXZODXZOD — I%XIOD defined by ®(z, u,v,y) = (P1(z, u,y), Po(z,v,y))
has a unique fixed point (z*,y*) € [zg, 2°] X [yo,y°]; that is

O(x™, 2,y y") = (2%, 9").
Hence

Al®, 2,y y", @a(a”, 2%, y7), P (2™, Y%, y7))

= (Ai(@" 2"y, @a(2", 2%, y7)), Ao (2™, 4", y", 22", 9", y")))
= (®1(z", 2%, y"), P2 (2", y", y"))

=®(2", 2%y y") = (27, y7).
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4 Weighted pseudo almost automorphic solu-
tion

In this section, our goal is to prove the existence and uniqueness of weighted
pseudo almost automorphic solution for (2). Throughout the rest of this paper,
we consider p € Uy such that PAA(R, p) is translation invariant and that

the functions f and § in (2) admit the decomposition

[t 2, y) =t z)f(t z,y) and g(t z,y) = hao(t,y)g(t, 2, y).
As in [14, Lemma 3.2], we have the following lemma.

Lemma 4.1. Suppose that f € WPAA(R xR, p) and one of the following

two conditions holds:

(i) f(t,.) is increasing in RT, and there exists ¢ : (0,1) x (0,4+00) — (0, 1]
such that p(a,x) > a and f(t,ax) > p(a,x)f(t,z) for allx > 0, a €
(0,1) and t € R.

(i1) f(t,.) is decreasing in R, and there exists 1 : (0,1) x (0,+00) — (0, 1]
such that ¥(a,z) > a and f(t, 22) > ¢¥(a,z)f(t,x) for allz > 0, a €
(0,1) and t € R.

Then, for each [a,b] C (0,+00), there exists L > 0 such that
F(tw) = f(t0) < Liu— o], ¥t € R, Yu,0 € [a,b].

Lemma 4.2. Suppose that f € WPAAR x RT x R, p) and one of the

following two conditions holds:

(i) f(t,.,y) is increasing in RY, f(t,x,.) is decreasing in R, and there
ezists ¢ : (0,1) x (0,+00) x (0,400) — (0,1] such that p(a, z,y) > «
and f(t, 0z, Ly) > pla,2,9)f(t,y) for all 2,y > 0, o € (0,1) and
teR.

(i) f(t,.,y) is decreasing in RY, f(t,z,.) is increasing in RT, and there
exists 1 : (0,1) x (0, 400) x (0,400) — (0,1] such that Y(a,z,y) > «
and f(t,aw,ay) > wlo,,9)f(ta,y) Jor all 2y > 0, a € (0.1) and
teR.
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Then, for each |a,bl,[c,d] C (0,+00), there exists L > 0 such that

‘f(@ T1,Y) — f(t,x27y2)‘ < L”(Uﬁl,yl) - (9527y2)’|
= L(|lzy — 22| + [y1 — val),

Vt € R, Va1, 29 € [a,b], Yy1,y2 € [c,d].

Proof. Suppose (i). Let [a,b],[c,d] C (0,+00). Since f € WPAA(R x R x
R*, p), we have

sup sup  f(t,x,y)
L _ tERxE[a,b},‘yE[Cyd} < _I—OO-
min(a, c)

Let x1, 22 € [a,b], y1,y2 € [, d]. If 21 > x5, y1 < 4o, then

ft,zr,0n) — f(t,22,92) > 0> —L|[(x1 — 22, y1 — y2)||-

If 21 < x, y1 < yo, then

Jtwny) = f(aa ) = J( " wn ) = J(tae,pe)

2
A xr
> fl(t, — 13, —2y1) — f(t,72,90)
o) Iy
X
Z Qp(aj_lvm%yl)f<t7x27yl) - f(taanyQ)
2
xXr
Z x_lf(ta T2, y2) - f(t,$2,y2)
2
t
= —|]}1 — l’2|—f( 7$2’y2) Z —L|I'1 — T2

X2
> —L||(z1,91) — (22, y2)]|-

Similarely if z1 > x9, y1 > yo. If 1 < 29, y1 > ys, then

f(tﬂCh yl) - f(ta T2, y2) = f(t7 Exm @92) - f(tvx% yz)

T2 Y2
. X
2 mln(_la %>f(t7 1’2,?/2) - f(t7 X2, 92)
T2 Y1

> —L||(z1,y1) — (z2,92)||-

Thus, f(t, x1,51) = f(t,22,92) = —L|[(z1—22, y1—y2) | for all 21, 23 € [a,], 41,2 €
[c,d] and t € R. Then by changing the role of (x1,y;) and (z2,ys), we obtain
||f(t,$1, yl) - f(tv IQ’y2)H < LH(Il — T2, Y1 — y2)|| for all z1, 2, € [(l, b]’yh Y2 €
[c,d] and ¢t € R. The proof in the case of f satisfying (ii) is similar. O
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Lemma 4.3. Let ¢ : R x RT™ — R be such that the function t —
c(t,.) is in WPAA(L*(RT),p). we assume that there exists b € L'(R™)
such that |c*(t,s)| < b(s) for all t € R and almost everywhere in R*. If
f e WPAA(R, p), then the function

t
h(t) = / c(t,t — s)f(s)ds
is in WPAA(R, p). Furthermore the almost automorphic component of h is
given by
t
he(t) = / Ut t — s)f*(s)ds

Proof. 1t is easy to show that h** € AA(R). In addition, by a similar proof of
[3, Lemma 5.4] and using the fact that PAAy(R, p) is translation invariant |

one can show that lim I(r, p) = 0, where

r—-400

10 = [ ettt )56 = ettt ) sty
This means that h € WPAA(R, p) and h*(t) = ffoo " (t,t —s)f*(s)ds. O

Next, we list the following assumptions that we will use them throughout

the rest of this paper.

(Hy) aj,as € WPAA(R, p) and hy, hs, ki, ks € WPAAR x RT,p) are
nonnegative functions such that h{*, h3®, k{*, k$* are uniformly con-
tinuous in any bounded subset K € RT uniformly in s € R. Also,
f,g € WPAA(R x R* x Rt p) are nonnegative functions such that
. g% are uniformly continuous in any bounded subset K € RT x R*

uniformly in s € R.
(Hs) For all s € R, f(s,.,v),9(s,x,.), are increasing and f(s,z,.), g(s,.,),
hi(s,.), ha(s,.), ki(s,.), ka(s,.) are decreasing. Moreover, there exist

constants Ly, Ly > 0 such that for i = 1,2

ki(svg) - ki(87lj) > _Lz(§ - V)v Vs € R7 \Vlé > v =>0. (8)
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(H3) There exist ¢1, 99 : (0,1) x (0,400) — (0,1], 91,1 : (0,1) x (0, +00) X

(0, +00) —

(0, 1] such that

ax) > 901(a7x)h1<8717>7 f(s,ozx, éy) > ¢1(a7$ay)f(57$ay)7

_‘T) > QOQ((X,QZ)hQ(S,.I’), 9(57 él’,&y) > 1/12((1/,1',y)f(87513,y),

(,01'(04,1') > Q, %’(Of,if,y) >, 1= 1727

Va,y > 0,Ya € (0,1),V¥s € R. Moreover, for any 0 < a < b < 400 and
O<e<d< +o©

| f ’ ) > s
7”7“6[@11%7246[0@]901(& u)¢1(a x y) o

inf  gafon wnlo,) > @,
z€[a,b],u,y€lc,d]

for every o € (0,1).

c1, co are functions from R x RT to R* and the function t — ¢;(t,.) is
in WPAA(L*(RT), p) for i = 1,2 . Moreover, there exist by, by € L'(R™)
such that |c%(t, s)| < bi(s), i = 1,2, for all t € R and almost everywhere

for s € RT.

Now, we are ready to present and prove our results for the existence and

uniqueness of positve solution.

Theorem 4.4. Assume that (Hy)-(H,) hold. Moreover, for each T > 0

there exist 01,09 € (0, 7] and there exist 7y > 01, T > 0y such that

(i)

(i)

supay (t
teR

supap(t
teR

t
%HE&:/ Cl(t,t — S)hl(S,Tl)f(S,O'l,TQ)dS 2 01,
€ —00
: (9)

inf/ co(t, t — s)ha(s, 2)g(s, 71, 09)ds > o3.

teR

)71 —|—Sup/ t,t — s)hi(s,01)f(s,1,09)ds + ki(t, 1) < 71,
teR J — oo
t
T2 +sup/ t t—s hg(S 0'2>g<870-1,7—2)d5+k2(t,7-2) S Ta,
teR J — oo

(10)
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Then, system (2) has exactly one weighted pseudo almost automorphic solution
(x*,y*) € P x P.
Proof. 1t consist to prove that all hypotheses of Theorem 3.2 are satisfied for

adequate operators A; and Ay. Denote by P the following set in the Banach
space WPAA(R, p)

P = {x € WPAA(R, p) : z(t) > 0, Vt € R}.

It is not difficult to verify that P is a normal and solid cone in WPAA(R, p)
and
P ={x € P: 3¢ > 0such that z(t) > ¢, Vt € R}.

Consider the nonlinear operator A(x, u,v,y,&,v) = (A1(x,u,y,§), As(z,v,y,v))
with

Al(xvuayvg) = Bl(xauvyag) + Dl(..'lf), AQ('vaa?%V) = BQ(ZL‘,U,y, V) + DQ(y)

such that for all x,u,v,y,&,v € Pandt € R

t

By(x, u,y,£)(t) —/ cr(t,t — s)ha(s, u(s))f (s, 2(s),y(s))ds + ki (¢, (1)),

—0o0
t

By(x,v,y,v)(t) = / ca(t,t — s)ha(s,v(s))f(s,z(s),y(s))ds + kao(t, v(t)).

and
Di(z)(t) = ar(t)z(t — B1), Da2(y)(t) = caa(t)y(t — Ba).
By Lemma 2.9, it is easy to show that Dy, D, are linear operators from P to P.

In addition, it follows from (H;)-(Hjs), Lemma 4.1, Lemma 4.2 and Theorem
2.11 that

B (). o)), £ 2().0(), 9 2(), () € WPAA(R, p), Ve, y € P.

Also, since ki(t,.) and ky(¢,.) are decreasing in R™ and satisfying (8), one can
obtain for ¢ = 1,2

|k2(t7§> - kl(tu V)| S Ll|€ - V|7Vt € R7V§,V 2 O)

Which with (H;) and Theorem 2.11 , yields that k1(.,£(.)), ko(.,£(.)) € WPAA(R, p), V€ €
P. Combining this with Lemma 2.6, Lemma 2.9, Lemma 4.3 and (H,) we ob-
tain Ay (z,u,y,§), As(x,u,y,§) € WPAA(R, p) for all z,u,y,& € P.
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Next, we prove that B;,By : P x P x P x P — P. Let z,u,y,§ € P.
Denote

e = infx(t) and 7 = max{supu(t), supy(t)}.
teR teR teR

Then,
1itgﬂgBl(x,u,y,f)(zﬁ) > inf/ 1ttt — s)hi(s,u(s)) f(s,x(s),y(s))ds

teR J_ o
t

> inf/ 1ttt —s)hi(s,7)f(s,e,T)ds.

teR J_ o

By (9), there exist 01,09 € (0, 7] and there exist 7 > 01, T2 > 0y such that
t

litnﬂg c1(t,t — s)hi(s,m1)f(s,01,T2)ds > o7.
€ —00

Suppose that ¢ < oy, 7 > 71, T > 7 (the other cases are similar and easier to

prove), then

t
inf By (z,u,y,)(1) > inf / er(tt = $)ha(s, =) f(s, —o1, —m2)ds
€

teR J_ oo ! 01 T2
t
1 . g T3
> ?mm(a—l, ?)%gé/oocl(t,t —s)hi(s,m)f(s,01,72)ds
> EHlilfl(i, 2)01 > 0.

T oy T

Thus, Bi(z,u,y,§) € P and hence Ai(x,u,y, 5) € P. Analogously, one can
show that Ay(x,u,y, §)€Pf0rall:v u yfeP
Now, let us prove (S57)-(S4) of Theorem 3.2. It is easy to see that (S;) and

(Sy) follow from (Hj). To prove (Ss), suppose z,u,y,& € ﬁ and a € (0,1).
Set

a(x,u,y) = min{inf z(s), inf u(s),inf y(s)},

seR seR seR
b(x,u,y) = max{sup x(s),sup u(s),sup y(s)}.
seR seR seR

Then, 0 < a(z, u,y) < b(z,u,y) < +ooand z(s), u(s),y(s) € [a(z,u,y),b(z,u, y)]
for all s € R. We difine

¢i(a7xuu7 y) = inf @i(%V)%(%ﬁ;ﬂ% L= 172

B,PY,T]G [a(z7u’y)?b(m7u’y)]
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By (H3), we have

Bufas, Su w0 = [ (s, Su()f(s.an(s) u(s)ds + ka(t.€(0)

> dulona,uy) / (s, u(s)) £ (5, 2(s), y(s))ds + b (8, £(2),

—0o0

which means that

1 1
Bl(Oé]}? au7 ay7§) Z ¢1(aﬂx7u7y)Bl<x7u7y7§)

for each z,u,y,& € P and a € (0,1). Similarly, we obtain
1 1
BQ<5I7 EU7 ay, 5) Z ng(Oé, T, u, y)BQ('rv u,y, 5)

for each z,u,y,§ € Pand o € (0,1). Finally, (S3) follows from (9), (10) and
(Hj3). The proof is completed. O

In the following corollary, we give a concrete way to obtain the constants
T1,Te, 01,09 of the previous theorem. First, let us introduce some notations.

We set uniformly in ¢t € R and p, q € [0, 1]:

f(t,z,y)

.. Y (ta u)
et T T Ihoraeo (), iminf = g oo (1),
t,x ha(t,u
lmaup 0+>¥ = =), limsup 1) _ o),
z,y)— (400, U—

lim inf gt zy) g +)(t), liminf halt.u) _ h (1)
(,y)—(400,0t)  YP o0 s e oot
t hao(t
lim sup g(t, z,y) ,a:p, v) = O+ (@) lim sup—2( ;u) = hg"“ (t).

(z.y)—(0F,400) Y u—0t U

Corollary 4.5. Assume that (Hy)-(Hy) hold. Moreover there exist p,q €
[0, 1] such that the following conditions hold:
(1)
t
%gg/ ci(t,t — 8)h1,g100(5) fp,(0+ 100y (5)ds > 1,
- (11)
inf/ ca(t, t — 5)ha,q,400(5) Gp,(+00,01)(5)ds > 1.

teR J_
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(i)

sup/ 1t t—s) hqo (5) /00 (5)ds < 1,

teR 0o

¢
sup/ o(t,t — ) hq0 (5)gP ") (s)ds < 1, (12)
teR

o0

=supa,(t) <1, i =1,2.

)
teR

Then system (2) has exactly one weighted pseudo almost automorphic solution
(x*,y*) € P x P

Proof. We prove that hypotheses (i) and (ii) of Theorem 4.4 are satisfied
From (i)" and (ii)’, there exist ¢ > 0 verifying

t
%gﬂg/ C1 (tvt - S)(hl,q,,Jroo(S) - 5)(fp,(0+,+oo)<8) - 8)(18 > 17

t
sup/ ci(t,t — s)(h(f’m(s) + &) (fPH0 (5) + e)ds < 1.
teR J oo
It follows that there exist numbers 6, M with 0 < 0 < 1 < M such that

h(s,u) > (hig4+400(s) —e)u?, Yu > M, Vs € R,
f(s,2,9) = (fp0t400)(5) —€)a?, Vo <6, Vy > M, Vs €R

and

h(s,u) < (h
fs,2,y) < (f°

907 (s) + e)ul, Yu < 6, Vs € R,
($200%) (g) 4 e)a®, Vo > M, Vy < 0, Vs € R.

Let 71,79 > M, 01,09 € (0,0] with 67 <1 —a; and 0 <1 —@,. Then

t
%nﬂf{:/ Cl<t;t_ S)hl(SaTl)f(S,O'l,TQ)dS
RS

t
> %gﬂ%/ c1(t,t = 8)(higto0(s) = )T (fp 0+ +00)(5) — €)oTds
> 1ol > o0y.

This prove the first inequalitie of (9). We follow the same reasoning to get the
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second inequalitie. On the other hand,

t
aiT + Sup/ ci(t,t — s)hi(s,01) f(s, 71, 00)ds + ki(t, 1)

teR

t
< @m + sup / cr(tt— 5) (R (s) + )l (/20 (s) + e)rhds + Ky (1, 0)

teR

IN

arm +oiri + ki(t,0) < (@ + o) + ka(2,0).

Since ki(.,0) is bounded, we can choose a sufficiently large constant 7; such
that (@ 4+ of)m + k1(¢,0) < 71. This prove the first inequalitie of (10). To
prove the second inequalitie, one can follows the same reasoning. The proof is
ended. Il

5 Example

Example 5.1. Consider system (2) by setting, for all (¢, z,y) € RxR*t xR*
and a € (0,1)

1
p(t) =€, an(t) = as(t) = 3 b1 =02 =1,
1 a y+3)In(z+1)
t,x,y) = 1 + cos? !
1 y) =1 2+smt+81n\/_t }\/ y+1
1 o[ +3)In(y + 1)
tx,y) = 1 + cos® t\/
gltzy) =1 2+smt+sm\/_t J r+1
r+3
Cl(tvs> :C2<t78) - m7 h1<t7$) :hg(t,l’) - 3 IL“f‘l and
1+sint
kl(t,af):kg(t,.T): 1+

Take p = %,q =0, Ly = Ly = 1 and define

_Jernerse) [+ D+ 30) nar + 1)
g01(Oé,.T)— \/( a)(x+3) 9 ¢1( ) 73/) \/ (y+a)(y+3) Il(l’ )
)
)

= DU (e, = ¢ S D@ 3a) Inlay + 1)
g02(04’3/)_\/(eroz)(eri%) dvalony) \/ (z+a)(e+3)nly+1)
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It is easy to verify that for i = 1,2

W=

901'(05,1') > Qs wi<avfcvy) > 04%7 h’i,O,JrOO(t) = 17 h?’0+<t> = \3/§ and

1
_l’_
2—|—sint—|—sin\/§t

e’t,

g%,(+oo,0+)(t) =1+ COS2

5
ke
+
8
—~
~+
N—
I

Falteo07) () = gz (0T He0) (1) =

Then,we have all hypotheses of corollary 4.5 are verified. Hence, system (2)

with the above functions has a unique positive weighted pseudo almost auto-

morphic solution.
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