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Abstract

In this present paper we obtain a fixed point theorem in complete
probabilistic - Inner product space. To study the existence and unique-

ness of solution for linear valterra integral equation.
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1 Introduction

This paper is to obtain a new fixed point theorem in probabilistic A-inner

product space, where A is a t-norm of h-type, to study the existence and
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2 Application on Inner Product Space with Fixed Point Theorem

uniqueness of solution for linear Valterra integral equation in complete A-
PIP-space. Throughout this paper, let R = (—o0,+00), R+ = (0,+00), D
denotes the set of all distribution functions.

2 Preliminaries

Definition 2.1. A mapping F : R — R™ is called a distribution function if

it is nondecreasing and left-continuous with 2n}f%F (t) =0,sup F' (t) = 1.
€ teR

Definition 2.2. A probabilistic A-inner product space (briefly, a A-PIP-
space) is a triplet (X, F, A), where X is a real linear space, A is a t-norm and F'
is a mapping of X x X — D(F,, will denote the distribution function F(z,y)
and Fy,(t) will represent the value of F,, att € R) satisfying the following
conditions:

(PI—1—A)f.(0) =0
(PI—2— A)fx,y =Fya
(PI-3—-A)f,, =Ht)Vt>0&2=0

where
0 t<0
H(t) =
1 t>0
(PT—4—A)
f%y(i)v a > 0
Fam,y: H(t), a=20
1—F,(t+), a<0
(PI—5—A)

Foty o (t) = supA(F, .(s), Fy .(s), F,.(r),t € R,S+r=t,5 € R,r € R,

Definition 2.3. A t-norm A is h-type if the family of functions {A™(t)}o_,
18 equi-continuous at t = 1, where

Al (t) = A(t,t), A™(t) = A(t, A" (t)),t € [0,1],m = 2,3, ...
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Definition 2.4. Let (X, F,A) be a A-PIP-space.

1. A sequence x, C X is said to converge to x € X ifVe > 0,Va €
(0,1],3IN,whenn > N, Fy 4 —2(e) > 1—a.

2. A sequence x,, C X is called a Cauchy sequence if Ve > 0,Va € (0,1],3N,
when m,n > N, Fy _, . . (€)>1—a.

3 Main Results

Theorem 3.1. Let (X, F,A) be a complete A PIP space and A be a t-norm
of h-type. Let T : (X, F,A) — (X, F,A) be a linear mapping satisfying the

following condition.
F,, t +F,. !
. ( k (o, B) ) ( k(B.7) )

F,, !
| ( k(o) )

For all x,y,z € X,t > 0,a,7 € (0,+00) and k(a.y) : (0,400) % (0,400) —
(0.1) is a function. Then T has exactly one fized point xx € X. Further more

Fr,,. (1) (1)

for any xo € X The iterative sequence {T"xo} T converges to X,.

Proof. Firstly we prove that any zp € X. The sequence {z,,}_, isaT -

cauchy sequence where

{xn o ={z0, 21 =Txgecovcen. Ty = T Tgce }

Let us consider

¢ t
SEREIRS
Fr,,.(t)> k() k(6.7)
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or

t t
F:rfmx.z :Fxf;t Mo,z
o—T™xq (k(a’y) ) o—Tzo+T™xo, <k<a7> )
t

<1—k<a,w>>>FT . (tk( >>)
zo—T™x0,2 ]{Z(O{,’}/)

t
) FTxo Tm— 1zoz< (Oé,’)/)>)
t FT:J:O Txo+Txo—T" 1xg,2 ! )
k(a,7)

— k(7))
A zo Txg,z ( ]{Z(Oé,’}/) > )

FTxome—lxo,z (

H(1— k(o 8) t(1 =k (e7))
ZA(FxOMO,Z< ,) )vA(Ff”OT”*“O’y< k(a,7)

t
FTxome*2mo,z ( L (Oé, 7) ))
(

t(1—k(a,)) t(1—Fk(a,7))
> > A (FxO—Tmo,z ( k (Oé,’)/) ) ’A (FxO_TmO’y ( k (Oz,’}/) > ’

t(1—Ek(a,7)) t
s (O (L))
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Because of k (a,7) € (0,1), therefore we get

t(1—Fk(a,7)) < t
k(a,v) 7 k(o)

By the property of a distribution function, we have

Foo—Tao,z ( ! ) > Foo—Tuwo,z ( t1 = k(@) )
A\ k(a,7) ’ k(a,)

By the property of t-norm, we obtain

on—T’"moz t

’ ( k(a,7) )
N (F ) (t(l—k(aﬁ))> A<F ] (t(l—k(ow)) ))
= ro—1T'x0,2 k’(O[/y) 9 xo—1'x0,2 k?(Oé,’}/)

Aoy A (Fyyr tA=klwy) ) p t(1—k (o, 7))
...... 5 xo—1xo,2 k‘(a,'y) y L xo—Tx0,2 k;(a’,y)

_ Am_l on—Two ; 13 (1 —k (Oé’ ’7))
’ k(a,7)

So for any positive integer m, n we have

t
t
> Fmomexoanmome-%nxo Lntl (Oé fy)

t
> Fxo— Mxo,x0—1™x0
= Tmao,zo—T ( B2 (a, ) )
t(l—k
Z Am_l F$0—Tma70 xo—T™xqo ( (a7 V))
) k.?nJrl (Oé, 7)
t(1—k 2
Z Am—l Am—l on—T;to,xo—T;to ( - (Oéafy))
kT (a,7)

2
ZA2m—2 on—Ta:o,zo—Ta:o t(12 ]f(aﬁ)) ‘
k2 (o, )

Note that A is a t — norm of h-type, the family of functions A™(¢)>_, is equi-

continuous at t = 1, and the distribution function F is nondecreaseing with
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supteR F(t) = 1, then we have

100 k(a,)

. ) t(1—k(a,7))*
2m—2 ’
> nh_{{.loA (Fm—Two,:co—Tévo ( k20 (a0, )

By (A - P1-3), we have lim (T"zq — T"*"zy) = 0. so {T™zo},._, is a Cauchy

n—o0

sequence in X. By the completeness of X, let z,,, = z. € X(m — 0).

i t
].lm FT"{L'() ,Tm+nx0 ,T"xo ,TernxO <

Secondly, we prove that X, is a fixed point of T. Because of

k(a,7)

t
> ..... >Fx —1 2o, Tx—1 Tx )
= s Tt (kl(a,7)>

t
infTwi,x*fo* (t) Z F:m'flfoifl,x*sz* ( >

Then we have

t
lim in—Twi,m*—Tx* <t> 2 lim F:L‘o—T:l‘o,:L‘*—Tx* . =1
i—00 i—00 k? (a’ fy)

Fa:* —Txsw,xe—Tx; ! Z A Fx*—xi,x*—Tx* ! (1 —k <a’ ,Y)) 5 in—Txi,:c*—T:L‘* (t)
k (e, 7) k(e 7)

Because z; — x, (when i — o0), A(...) is equi-continous at (3.1) and

Fyz.—1s, (t) = 1, we have

t
lim Fx*foi Tu—TTx = I,Vt > 0.
i ’ k()

Hence

t
F.Z’*—TZ*,m*—TJ?*
( k (v, ) )

t(1—k(a,
A (Fx*—Txi,a:*—Ta:* ( ( ( 7)) > 7FTxi—T:c*,x*—Tx* (t))

v

k(a,7)

A (Fz*—Tx-:c*—Tx* ( t(l —h (O‘/’/}/)) ) 7FTx-—x* Ty —TTx ( ' >)
) k(a, ) s k(a,7)

v
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t

SO Fx*fo*,m*fo*
( k(e 7)

have z, = Tx,.

> — 1(i » 00,Vt >0). By (A—PI—-3), we

If there exists a point y* € X such that y, = T'y,, then

t
Fx**y*,x**y* (t) = FT:E**Ty*,Tx**Ty* (t) 2 Fx**y*,x**y* < k2 (a 7) )

In the same way, we obtain

" t
Fz*—y*,m—y* (t) Z Fz*—y*ya:*—y* ( k‘2 (O{ 7) ) 2 ..... Z fz*—y*,ac*—y* ( k,QTL (OZ ,y) >

So Fy,—y. ze—y. (t) = 1(n — 00,Vt > 0). By (A - PI-3), we have z, = y..

Therefore x* is the unique fixed point in X.

Finally, we prove that the sequence {7}, xo} T-converges to x, for any zq €

X. Because of

FTx* —Trxg,x«—T" lxg (t)

t
Fa:— " lxg,rx—1"
AT o T 1°<k;2(a,7)>
t
- FTx*—Tnflzo,Ta:*—Tnflxo k;2 (Oé ,_)/)
t
F:c— n=2xg,rx—1 " 4T
S 2°<k4(04,7)>

t
> > Fr, 29,20 ( k> (e, y) )

F:p*fT”:po,:p*fT"ZBO (l)

v

v

We have

n—00 n—00 f2n (Oé,

t
lim FCC*—T”CC(),:C*—T":C() (t) 2 lim Fx*—$07$*—$0 ( ) ) =1
f>/
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t
Similarly nh—>noloF —Trag—Tray (t) > nh_}r{)lo Fo\ —20,2.~20 < k2 (o, ) >

t
lim Fy, 4z o
. moee T ( (o, ) ) 1
. hm F:c*—T"xoxo—T"xo (t) 2 — — 1

lim F, s zn—a0
n—o00 ’ k;2n (a/’ 'y)

oS0 T"xg — xo (n — 00) This completes the proof.

4 Application

Theorem 3.1, we utilize this theorem to study the existence and uniqueness
of solution of linear Valterra integral equation in complete A - PIP — space.

Let [a, b] be a fixed real interval. We define linear operation in L?[a, b],

(z+y)(t) = z(t) + y(1)), (ax(t) = ax(t)

Then L?[a, b] is a linear space. We lead inner product into

L.t (w) = | () (1) d

Hence (z,y) is a finite number, (., .) satisfies all conditions of inner product and
L?[a,b] is a inner product space by (., .) Because L?[a, b] is infinite dimension

and completeness. Define a space (L? [a, b,], F, A), where
F: L3[a,b,c] x L3[a,b,¢] — D,Fx,y, 2(t)=H({t——(x —y— 2)).

Then (L? [a, b], F, A) is a A - PIP — space. In fact, let {xn} be a Cauchy
sequence in (L? [a, b], F, A). Then for any € > 0, A € (0, 1], IN, when m, n
> N, we have F, .. . s, (6) > 1 — X because of

B zm—zn (€) = H (€ — (T — Ty Ty — ) P(11))
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We have .
/ [(zm — xp) (t)]2 dt — 0,

And then z,, — z,, — 0, So w,is a Cauchy sequence in L?[a,b]. By the com-
pleteness of L?[a,b] we have xn — zx € L?*[a,b]. Hence x, € L*[a,b], F,A). So
(L?[a,b], F,A) is a complete A - PIP — space.

Theorem 4.1. Let (L?[a, b], F,A) be a complete A - PIP — space. Then

the following conditions are satisfied:
i) [H(x(s) = 2(s),t)ds < x(t) — 2(t),Ya(-) € L?[a, D]
ii) Let T be a linear mapping and defined as follows

(Tx) (t) = f(t) +/ k(t,s)z(s)ds

Where f € L?[a,b] is a given function k(t,s) is a continuous function
defined on a <t < b< ¢, a<s<t \isa constant, we denote

max k(t,s) = M.

a<t<b,a<s<t

Then when AM € (0, 1), T has a unique fized point in L? [a,b]. Furthermore,
for any xy € L*[a,b], the iterative sequence {T™xo} T - converges to the fized

point.
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