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Compact and Fredholm composition operators

defined by modulus functions

Nidhi Suri ! and B.S. Komal 2

Abstract

In this paper we characterize Compact and Fredholm Composition

Operators on the spaces W (A4, f).
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1 Introduction

Let X and Y be two non-empty sets. Let F(X,C) and F(Y,C) be two
topological vector spaces of complex valued functions on X and Y respectively.
Suppose T : Y — X is a mapping such that foT € F(Y,C), whenever f €

F(X,C). Then we can define a composition transformation.
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Cr:F(X,C) = F(Y,0)

by
Crf = foT for every f € F(X,C)

If Cr is continuous, we call it a Composition Operator induced by T.
A convex function f : [0,00) — [0, 00) such that
(i) f(x) = 0if and only if x = 0
(i) fx+y) < F@)+ f(y) forall o> 0,y >0
(iii) fis increasing
(iv) fis continuous from right at 0.
Then f is called a modulus function. Let (a,;) be an infinite matrix of

non-negative real numbers such that

x
sup g g < OO
"og=1

and let W (A, f) be defined as

WaolA, f) = {{zx} € C5up Y anif(|zi]) < o0}

no—
Set
o0
2] a = sup > anrf(|2xl)
" k=1

It is well known that W, (A, f) is a complete topological vector space under
the topology induced by the paranorm ||z|| 4 s.
A bounded linear operator A from a Hilbert space H into itself is called

(i)  Compact, if the closure of the image of unit ball in H is compact i.e.

A(By) is a compact set, where By is the closed unit ball of H.
(ii) Fredholm operator, if the range of A is closed and the dimensions of kernel
of A and co-kernel of A are finite.

A study of composition operators on several function spaces like L (), C'(X),
H?(D),1 < p < oo has been the subject matter of intensive study over the
past several decades. It is known that no composition operators on LP()) is
compact see Singh and Kumar [7]. Compact and Fredholm composition oper-

ators on C'(X) are characterize by Takagi [10, 11], where Shapiro characterized
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compact composition operators on HP(D). Ajay Sharmal9] recently studied
compact composition operators on Bergman spaces.
In this paper we characterize Compact and Fredholm Composition Opera-

tors on sequence spaces defined by Modulus functions.

2 Compact Composition Operators

In this section we first characterize the bounded composition operators on
sequence spaces defined by Modulus functions. A necessary and a sufficient
condition for a composition operator to be compact is also investigated in this

section.

Theorem 2.1. Let T : N — N be a mapping. Then Cr : Wy (A, f) —
W (A, f) is a bounded operator if and only if there exists M > 0 such that

Z U < Mayy, for everyn € N,k € N

meT—1(k)

Proof: Take x € W (A, f). Consider

||Cr|

Af = s%pzankf(l(xoT)(k)D

= Sup Z Z anmf(|(x0T) (m)l)
" k=1 meT-1(k)

o0

= supZ( Z ) f(|7])

k=1 meT—1(k)

This proves that C7 is a bounded operator.
Conversely, suppose that Cr is a bounded operator. If sup, a,; = 0 for

every k € N, then there is nothing to prove. Suppose sup,, a,r, > 0 for some
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ko € N. Take x = ::;, where oy, ffl(sup;mko). Then
- ko (m)
||$||A,f = Sup Z A f ( )
" om=1 ako
sup a,, ko
-
sup a,, ko
But

§ anm

meT (k)
1Crzllay = sup(

n sup a, ko

> Cm

meT—1 (ko)
b, o 1
Sgp( ——— (1)

Now C7 is bounded. Therefore there exists M > 0 such that

[|Crz||ay < Ml|z]]ay

Hence in view of (1),

Z e < Mc, ¥V kEN

meT—1(k)
or
> bulm < Mbyep ¥V nand K
meT—1(k)
Hence

Z U < May, ¥V nand ke N
meT~1(k)

O

Example 2.2. Let a,;, be an infinite matriz defined by a,, = %k—lz Then

oo x 1
up D = 3 < o0
"ok=1 k=1
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Let T: N — N be defined by T'(1) =1 and T'(n) =n—1 for every n > 2.
Then

|Crellay = Sgp Z i f (| (2(T(F))])

= Supz Z anmf ( ))|)

" k=1 meT—1(k)

= Supz Z anmf ’xk|

k=1 meT~1(k)

= supz Z |$k|

" k=1 meT- 1(k

IN

|Cr]]a,s

ZSupZankf(WkD
"og=1
= 2||x||A,f fOI‘ every I c Woo(A7 f)

Hence C7 is a bounded operator. O]

Theorem 2.3. Let Cp € B(W (A, f)). Then Cr is compact if and only if
the set

Se)={k: Y aun>et ¥ nE€NIN{k:au#0
meT (k)
for any n € N} is a finite set for each € > 0.
Proof: We first assume that the condition is satisfied. We prove that Cr is a

compact operator. Let {g®}22, be a bounded sequence in Wy (A, f). Then
there exists M > 0 such that

9P |4y < M for every p > 1.
But

1Crg® Ny = Supzankf(\g(p)oT(k)D

= supz Z A [ ( ‘g )’))

" k=1 meT—1(k)

oo

= sup(Z( Z anm) £ (197 (K)]))

" k=1 meT-1(k)
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= sup Z Z anmf |g(p )‘))

" keS(e/2) meT—

+ (> Z anmf (l9®(K)])

keSS’ (e/2) meT—1(k)

sup Z Z Canf ’g(p )D
)

keS(e/2) meT—1(k

+osp Y 2 amf 97 (k)])

keSS’ (e/2) meT—

Msup 3 ankf|g<p><k>|

" keS(e/2)

+ —Msup Z ani f( |9 (>|)

keS’ (e/2)

Msup > awf(lg® (k)]) + M (1)

" keS(e/2)

IN

IA

IN

Since S(£) is a finite set and {g®} is a bounded sequence, we can find a

subsequence {g")} of {¢g®®} such that

sup Z anef(|gP(K)]) < =— ¥V r>1

" keS(e/2)
Then using (1), we find that

M M
HCTg(pT)HAf < 764—76 =Me VY r>rg

Thus every bounded sequence has a convergent subsequence. This proves that
Cr is a compact operator.
Conversely, if the condition of the theorem is not satisfied, then for some

e > 0 we can choose an infinite sequence {k, : r € N} in S(¢) such that

for infinite many values of k,
Set
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Then ||z*|| =1, and

ICra™ || = sup(

" mer-1(ky)

sup a,k,
n

sup(ea,k,)

> n

—  supayk,
n

= €

This contradicts the compactness of C'r. Hence the condition must be satisfied.
O

3 Fredholm Composition Operators

noindent
The main purpose of this section is to characterize Fredholm Composition

Operators.

Theorem 3.1. Let Cp € B(Wy(A, f)). Then Cr is Fredholm if and only
if
(i) N|T(N) is a finite set
(ii) There exists 6 > 0 such that

Z Qpm > 0y for everyn,k € N

meT—1(k)

(1ii) The set E ={n € N : T (T (n)) > 2} is a finite set, where §(FE) is the
cardinality of the set E.

Proof: Suppose N|T(N) is a finite set. Then ker Cr is finite dimensional.
Next, if the condition (ii) is true, then we prove that ran Cr is closed. Let

x € ranCr. Then there exists a sequence {x(”} in ran Cr, such that 2® — g
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since 2 € ranCr we can write 2(?) = Cpy® for some y® € W, (A, f). Thus
{CTy(p }pzl is a cauchy sequence. Therefore for every e > O, there exists a

positive integer poy such that
|Cry® — Cry || <€ ¥V p,q > po.

In other words,
SUD Y i (47 (T () — (T (1)) < eforeveryp, g > py

or equivalently, for all p,q > pg, we have

€ > Supz Z anmf |y ) (k>|)

k=1 meT—
> dsup Z ankf(\y(”)(/f) —y D (k)|)
"ok=1

This proves that {y®} is a Cauchy sequence in Wy, (A4, f). But W (4, f) is
complete. Therefore there exists y € Wy (A, f), such that y®) — y as p — oo.
From continuity of Cr, we have Cpy® — Cry as p — oo or z® — Cry.
Hence x = Cpy. This proves that the range of C'r is closed.

Next, if E is a finite set, then obviously ran C7 is finite co-dimensional.
Hence C7 is Fredholm.

Conversely, suppose Cr is Fredholm. We prove that conditions (i) - (iii)
are true. If the condition (i) is not true, then e, € kerCyp for every n €
N|T(N) which shows that ker Cr is infinite dimensional, a contradiction.
Hence N|T(N) must be a finite set.

Next, if F is an infinite set then we can choose infinitely many pairs
(myg, ny) such that

T(ng) =T (mg)
Define
Ky - WA, f) = C
by
Kmk,nk(f) = f(my) — f(ng)
Then K,,, n, is a linear functional on W, (A4, f). Clearly

CT( M, nk)(f) = Kmk,nk(CTf)
= (Crf)(my) = (Crf)(nk) =0V f
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Therefore K,,, ,, € kerCy which proves that ker C7. is infinite dimensional.
Hence E must be a finite set.
Finally, we prove the condition (ii). If the condition (ii) is false, then for

every positive integer ¢ there exists ny, and k, such that

1
Z Anym S zangké

meT— 1 (k[)

Take x* = Z%, where ay, = f71( ). Then ||zf|| = 1. But
£

sUpan, i,

1
HCTx||—sup Z " ana ké<£—>()as€—>oo.

meT—

This shows that C7r is not bounded away from zero and Cp has not closed

range. This is a contradiction. Hence the condition must be true. O]

Example 3.2. Let T : N — N be defined by T(n) =n+1 for alln € N
and (ank)yop=y be the matriz defined by

L. ifk<n
Ank =

0 i k>n
Then
o oo 1
Dotk =) =
k=1 k=1
or

G 1
sup E App, = sup{ﬁ} =1

Now N|T(N) = {1}, which is a finite set.
Also
> mer-1 (k) Anm Qg g1

1
n3
= — =4 =1, for 2<k<n.
Qnk Qn K n3

Thus Ran Cr is closed. Also ker Cr = span{e;}. Therefore ker Cr is
finite dimensional. Clearly Ran Cr = span({e, : n € N} — {e1}) so that
(RanCr)*+ = span{e;}. Which proves that RanCy is finite co-dimensional.
Hence C7 is Fredholm. O
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