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Quasi 3-Crossed Modules

Ali Mutlu! and Berrin Mutlu?

Abstract

Using simplicial groups, quasi 3—crossed modules of groups are intro-
duced and some of the examples and results of quasi 3—crossed modules

are given.
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1 Introduction

Crossed modules have used widely so far, and in various context since their
definition by J. H. C. Whitehead in his investigation of the algebraic structure
of second relative homotopy groups. Areas in which crossed modules have
been applied include the theory of group presentation (see the survey [2]),

algebraic K —theory and homological algebra. Crossed modules can be viewed
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as 3—dimensional groups and it is therefore of interest to consider counter for
crossed modules of concepts from group theory.

Given the importance of chain complex in (Abelian) homological algebra
and need in many parts of mathematics to extend this to the non-Abelian case
it is not surprising that various non-Abelian extension of the Dold-Kan equiv-
alence have been studied in [4, 5]. For instance Ashley [1] examined simplicial
T—complexes and group T'—complexes and showed that these correspond to
Moore complexes which are crossed complexes. Briefly a (reduced) crossed

complex is crossed module

02 01

=0, —=C, Co G Co.
Conduché [6] considered a notion of 2—crossed module where the Peiffer

L are not necessarily trivial but it is covered by ele-

elements 2@/ - (za'z~')"
ments in the next level up. These objects form a category equivalent to that

of simplicial groups whose Moore complex has length 2.

1 1 1 NG, -2

NG, -2~ NG,

If G is not necessarily Abelian, a semi-direct decomposition can be found
that is made up of images of terms in NG. This semi-direct decomposition
was well known in low dimensions but it first seems to have been exploited in
higher dimensions by Conduché [6] who also gives a derivation of it.

In [4] Carrasco examined a notion of a hypercrossed complex of groups
and proved that the category of such hypercrossed complex is equivalent to
GimpGrp, the category of simplicial groups. For example if one truncated
hypercrossed complex at level n, throwing away terms of n—complex from
a category equivalent to equivalent to the n—hyper groupoids of groups of
Duskin [7] and give algebraic models for n—types. For simplicial group which
is group. T—complex in the sense of Ashley [1], the equivalence gives a hy-
percrossed complex which is actually a crossed complex whilst a subcategory
of the category of 2—crossed complex is equivalent to Conduché’s category of
2—crossed module.(see [14, 15, 16].)

In this paper, we give a definition of quasi 3—crossed module of groups and
some application of Peiffer commutators on Moore complexes of a simplicial
group. In particular for i > k& € {0,1,...,n + 2} we investigate to condition
of Moore complex of G. Let NG; = 1, where NG; = nﬂl Kerd; is a Moore

i=0
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complex of G, be a simplicial group. We examine the simplicial long exact

sequence and long exact Moore sequence respectively as follows respectively

dn+1,--,do dn,...,do
. d07d17d2 d(),dl
. S0,81
%’ _
Sny---80 Sn—1,..-80
and
-1 NG, NGy NG —— NGy .

Also we iterate the long exact Moore sequence which is correspond with
crossed complex, 2—crossed module, square complex, 2—crossed complex in
[15], categorical group. We use crossed complex which its tail consists of
quasi 3—crossed module, is called 3—crossed complex. This paper aim to give
between relation algebraic topology constructions and F{,)) Peiffer commu-
tators are defined in [11, 13]. Moreover the Peiffer commutators is important
role of these algebraic topology structures with Moore complex. Observe that
the Moore complex is relation between structure of algebraic topology and a

simplicial group.

2 Definitions and Notations

We remind that the following definition from Loday [10].

Definition 2.1. A categorical group or cat'—group is a group G together
with a subgroup N two homomorphism (called structural homemorphism) s,b :
G — N satisfying the following conditions
(i) s|y = by = idy
(i) [Kers, Kerb] = 1

A cat"—group (G, Ny,...N,) is a group G together with n subgroups
Ny ..., N, and 2n homomorphism s;,b; : G — N; satisfying the following
conditions.

(1) s;, b; restrict to identity on N;
(2) [Kers;, Kerb;| =
(3) sisj = s;si, bib; =b;b;, s;b; =b;s; for i# j.
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Further, recall the following original definition, which is given by Glenn in
[3].

Definition 2.2. An n—dimensional hypergroup (groupoid) (n > 1) is a
simplicial object G satisfying axioms.
n—HYPGP : G,, — A"(G) is an isomorphism fori =0,...,m and allm > n.
So

NGZ‘( nc Gm 180 AT(G)

1¢ inc Gm 180 AT(G)

where given a simplicial group G n > 1 and 0 < i < n, denote by A"(G)
the object universal with respect to having projections p; : AI*(G) — Gp_1 for
0 <i<mn, and j # 1 satisfying d;py, = dp_1p; for j <k, k#u.

An element of A7*(G) is in effect, a “hollow” n—simplex whose face opposite
v; is missing hence the term “open i—horn” for element of A7*(G).

If the map G,, — A"(G) sending to g to (dog,...,di—1,—,dit1,...,dnq)
is epic for each ¢+ = 0,...,n then G satisfying Kan extensions condition at
dimension n. If this map is epic for all n, G is called a Kan complex.

Now we recall hypercrossed complex pairings form [11, 13].

2.1 Hypercrossed Complex Pairings

In the following a normal subgroup N, of G,, is defined. We get the con-
struction of a useful family of pairings. We define a set P(n) consisting of
pairs of elements (a, §) from S(n) with aN g =0 and § < «, with respect to
lexicographic ordering in S(n) where o = (iy,...,41),8 = (Jm,..-,J1) € S(n).
The pairings that we will need,

Flays)
Nan#a X NGn,#ﬁ I NGn

SaXSg\L Tp

G, x G, —" G,

{Floy) : NGrgo X NGpyg — NG, : (a B) € P(n), n >0}
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are given as composites by the above diagram where

Sq = 8i ... 8,  NGp_po — Gy, sg =15, ...55 : NGp_yp — Gy,

l

p: G, — NG, is defined by the composite projections p(x) = p,_1...po(x),
where
pj(2) = 28;d;(2)7! with j=0,1,...,n—1

and p : G, x G, — G, is given by the commutator map and #« is the number
of the elements in the set of o and similarly for #/3. Thus

Floy®)(Ta, ys) = pi(sa X 58)(Ta, Ys),
= plsa(Ta), s5(ys)]-

We now define the normal subgroup N, of G, to be that generated by

elements of the form
Fays)(Ta; Ys),
where v, € NG,_4, and yg € NG,_4p. We illustrate this subgroup for

n = 2 and n = 3 to demonstrate what it looks like.

Example 2.3. For n = 2, suppose a = (1), f = (0) and
x1, y1 € NG1 = Kerdy. It follows that

F((g))u)(l’la y1) = pipolso(x1), si(y)],
= pilso(®1), si(y1)],
= [so(z1), s1(y1)] [s1(v1), s1(z1)],

which is a generating element of the normal subgroup Ns.

For n = 3, the possible pairings are the following

(3) ®)
@ Feoa Foey:

&) ) )
For  Foer  Foo

For all z; € NG, ys € NG, the corresponding generators of N3 are:

F(3)

F((E)O)(2)(‘r17 y2) = [s150(z1), sa(y2)] [s2(y2), saso(z1)],

ESy (@, 1) = [sasola), s1(y2)] [s1(ye), sosa(21)]

and all x9 € NGQ, Y1 € NGl,

Fiotom (@2 1) = [s0(@2), sas1(y1)] [sas1(n), 1(2)] [sa(2), 8281 (1)),
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whilst for all x5, y2 € NGb,

F (e, y2) = [so(@2), s1(p)] [s1(3), s1(22)] [sa(a2), s2(2)],
F((og))(z)(x% y2) = [so(x2), s2(y2)];
E (o, 12) = [s1(22), sa(y2)] [s2(a), sa(22)).

We have examined the long exact Moore sequence
o— NG, —— -+ — NGy — NG; —= NGy *

for case 2 > 1 and for 0 <i<n+ 1. Thatis ---1 = NGy = Gy.

3 Illustrative Examples: Pre—2—Crossed
Modules and Quasi 3—Crossed Modules of a

Simplicial Group with Moore Complex

Before giving definition of quasi 3—crossed module it will be helpful to have
notion of a pre—crossed module and introduce description of pre—2—crossed
modules.

A pre—crossed module of groups consists of a group, M, a N-group M,
and a group homomorphism 0 : M — N, such that for all m € M, n € N

CM1) d("m) = nd(m)n~!. Now we may describe that definition of a
pre—2—crossed module of group.

A pre—2—crossed modules consists of complex of groups
L-2-M-2-N

together with action of N on L and M so that 0y, 0, are morphism of N—group
where the group acts an itself by *y, action of M on L written m - [ such that
with this action

L2 M
is a pre—crossed module and there is a second action of M on L via N denoted
™[, so that for all l € L, m € M, and n € N that "™ = ""[. Further there is

a N —equivalent function
L} MxM-—L
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called Peiffer commutator, which satisfying the following conditions:

2CM1, Op{w,y} = 2@y py~tz~!

2CM2, (i) {za',y} = 2O{a,y} {z,2"y(") '}

(i) {z.yy} = {z.9} ™ {z.y}

2CM3, ™{z,y} = {"z,"y}

for all z,y € M, n € N, [ € L. Let G be a simplicial group with the Moore
complex NG. Then the complex of groups

NGQ&NC%LNGQ

is a pre—2—crossed module, where the Peiffer commutator map is defined as
follows:

{,}I NG1><NG1 — NG2

(zo, 1) — so(xo)sl(xl)so(xo)flsl(:vo)sl(:vl)flsl(xo)fl.

It is obvious to pre—crossed module condition is satisfied. Indeed it is
sufficient to show that 0y, 0; are pre—crossed modules and pre—2—crossed
module axioms are verified. That is NGy acts on NG; via sg and NG, acts
on NGy via s1 and NGy acts on NGy via s;sg. Thus

01 ("xy) = 31(80($0)$180($0)_1) = 2001 (1) g "

62(”“:1:2) = 82(81(1‘1)$281($1)71) = l’lag(ﬁg)l'l_l

2CM1,:

a2{550, 331} = a2(30(560)51(551)30950_151(576’0)51(951)_131(330)_1),
= Sod1(Io)$180d1(5€0)_1$0($1)_1(l‘o)_l;
0@l ) wo(wy) " (w0)

Other two conditions are clear and where 0y, 0 are restrictions of d; d»
respectively.

Now we can give definition of a quasi 3—crossed modules of groups.

Definition 3.1. A quasi 3—crossed module of group consists of a complex

N —groups

03 02 o1

K L M N
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and 0z, 0s,01 morphism of N—groups, where the group N acts on itself by

conjugation, such that

K&)L

1s a crossed module and
) )
L-—=-M-=2sN

18 a pre—2—crossed module. Thus L acts on K and we require that for all
ke K, le L, meM andn € N that

() = ("(k)).

Furthermore there is a N—equivalent function
{, }:LxL—>K

Mutlu mapping is defined as follows

{li,la} = H(l, l2) = [s0(l1), s1(l2)][s1(l2), s1(11)][s2(11), s2(l2)],
if the following conditions are verified.

3CM1, 0O,,01 are pre—crossed module, Os is a crossed module

3CM2, L 2. M-2-N isa pre—2—crossed module
SOMS3, OsH(ly,ly) = %W s dy(ly) =192 dy(1) iyl !
3CM4, (a) H(l,05(k)) = [I, s2(k)]
(b) H(5(k)l,) = [s2(k), ]
3CM5, H(l,05(k))H(05(k)l,) =1
SCMG, H(03(k1), O3(k2)) = [k, ko]

where l1,ls € L and ki, ks € K

Theorem 3.2. (a) Let NG; = 1 for ¥Yi > 1 in the long eract Moore
sequence if and only if the long exact Moore sequence become only group i.e.,
Gy be a group.

(b) Let NG; =1 for Vi > 2 in the long exact Moore sequence if and only if
the long exact Moore sequence be crossed module that is ---1 — NG7 — NG,
1s a crossed module.
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(c) Let NG; =1 for Vi > 3 in the long exact Moore sequence if and only if
the long exact Moore sequence become a 2— crossed module i.e, ---1 — NGy —
NGy — NGy is a 2—crossed module.

(d) Let NG; = 1 for ¥Yi > 4 in the long exact Moore sequence if and only
if the long exact Moore sequence be quasi 3—crossed module ---1 — NG5 —
NGy — NGy — NGy is a 3—quasi crossed module (3—crossed complez).

(e) Let NG; = 1 for ¥i > n+1 in the long exact Moore sequence if and
only if the long exact Moore sequence become an n—crossed complex that is,
---1 - NG,, - NG,_1 — -+ = NG3 —» NGy — NG; — NG, is an
n—-crossed complex.

(f) Let NG; =1 for¥i >n+ 2 in the long exact Moore sequence if and only
if the long exact Moore sequence be a T'—complex.

(g) Let Fioyp)(wa,ys) = 1 hypercrossed complex pairings are described in

[11, 13] if and only if the long exact Moore sequence be a crossed complex.

Proof: (a) Suppose that NG; = 1 for Vi > 1 and so the long ex-

act Moore sequence obtains as follows: -1 — 1 - 1 — - — 1 —
1 = 1 —= NGy = Gy. This is because of the long exact simplicial sequence
do,...,d3

do,dy,d2 do,d1
1=—=1=—"23@, - Therefore NG, = Kerd} is a subgroup of Gy.

S0

50,51
On the other hand, if a € Kerd}, then NG, = 1 since dy(a) = 1. Moreover it
is a cat’—group. (see Brown-Loday [3].)

(b) If NG; =1for Vi >2 (1 <i<mn+2)in the long exact Moore sequence
then the long exact Moore sequence obtains as follows ie., ---1 -1 — 1 —
o+ —=>1—=1—= NG, - NGy = Gy be a crossed module. (see [12] and [10].)

On other word, recall that F, 3(z4,ys) = 1 in [11, 13], then for a = (0), [ =

(1)

F((()Q))(l)(l'l,yl) = NGl X NG1 — NGQ
F((o2))(1)<x1>y1) = so(z1)s1(yn)so(x)si(zry oy t) =1

since NG7 — NG, be crossed module i.e, NGy acts on NG together with

Ty = so(x1)y1so(x) ! verifies crossed axioms such as,

O ("yr) = 101 (y)
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and
81(11)y1 — Sod1<x1)y130d1(xl)_1 = $1y1931_1 (al by restriction dl)
do,did2 4 4
(see [12, 13]) Also the long exact simplicial sequence ...|1 —%1—= ¢, be
50,51 50

correspond to cat!—group which is proved in [10] by Loday. Recall that the
structural morphism s and b are given by dy = s, b = do. Axiom (i) of
cat! —group follows that relations between face and degeneracy maps. To prove
axiom (ii) it is sufficient to see for x € Kerd; and y € Kerdy the element
[s1(z1)s0(w0) ™", s1(y1)] of NGy where sg, s; are degeneracy maps and in fact
its image by ds is [1,y]. So [Kerd;, Kerdyg] = 1, since 0,NG5 = 1 and also
1—truncated hypercrossed complex, 1—hypercrossed complex and 1—crossed
complex see Carrosco and Cegarra [5] and [12] respectively.

(c) Let NG, =1 for Vi > 3 then the long simplicial sequence

do,...,d4
_—

do,d1,d2,d3
- do,dy,d2 do,d1
1 Go G, Go
< < S0
~en o1 50,51
$0,581,52
-
8054183
be and the long exact sequence of Moore complex ---1 — NGy - NGy —

NGy is a 2—crossed module with F((o:f))(ﬁ) (Ta,ys) = 1 for o, B € P(3). So the

Peiffer lifting is defined as follows:
{,} : NGl X NGl — NG2

{z1, 1} = so(z1)s1(y1)so(x1)s1(zryy tay ') =1

and thus 2—crossed module conditions are also satisfied in [12, 13]. For suf-
ficient condition, it is obvious from 2CM2, 2CM4(a) and (b) of 2—crossed
modules axioms give us F((ag))(ﬂ) (Ta,yp) = 1 implies NG3 = 1. Moreover El-
lis and Stenier showed crossed square equivalent to cat?—group. Here we say
cat?—group axioms verified i.e., axioms (a) and (b) of cat®*—group follows from
relations between face and degeneracy maps. To prove axiom (b) it is sufficient
to see for € Kerd; and y € Kerd; the element [[[K[, K;] of NG5 and its
IJ

image by ds is [x,y] = 1. As NG5 = 1 it follows that [Kerd;, Kerd;] =1 for
see details in [13, 17].
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(d) Let G be a simplicial group with the Moore complex NG. Then the
Moore complex of groups

o)) 01

NG3/04(NGyN Dy) =~ NGy

NG, NGy

is a quasi 3—crossed module of groups, where also D, is the normal subgroup

generated by the degenerate elements.

Now we can define Mutlu map is define as follows:

{ , }I NGQXNGQ — NG3/(94(NG4QD4)
(T2, y2) > [so(z2), 51(y2)][s1(22), 51(y2)][52(72), s2(32)]

here the right hand side denotes a coset in NG3/0,(ING4 N Dy) represented by
an element in NGj3.

(3CM1,) Let 0, 0, are pre—crossed modules and so NG; acts on NGy
via s; and NGy acts on NGy via so. Thus 01 (*°y;) = 9;(so(zo)y180(z0) ™) =
2001 (y1)wg " = 01 (y1) and 0o(y2) = Da(s1(y1)yesi(yn) ™) = yida(yo)yr ' =
"1 0(ya).

It is readily checked that the morphism 05 : NG3/0,(NG4 N Dy) — NGy is
a crossed module i.e., NGy acts on NG3/0,(NG4 N Dy) via s3 and we have
OsF2y3) (23, y3) = 5905(23)y35203(y3)w3ys "wz b = 1 via mod O4(NGy4 N Dy).
Thus 04F(2)3) (23, y3) = 5203(23)y35203(y3)

r3y5 'r5 ' mod 0,(NG4 N Dy) so 95(*3ys) = O5(s3(w3)ysss(w3) ™) = 2305(ys) s "
and %7y3 = 5,05(73)y35205(w3) ' = x3y375 " is obtained.

(3CM2,) NGy — NG; — NGy is a pre—2—crossed module, where Peiffer
map is defined as above.

(o, 1) — so(wo)s1(1)s0(wo) ™ s1(0)s1 (1) 51 (20) ")

(3CM3,)

OsH(za,y2) = %202 g1dy(yo) 1202 51dy(ys) ™" “2ynys .

(3CM4,) (a) Using the hypercrossed complex parings are defined in [11, 13]
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and then

1= 0550 (23, 95) = [sods(ws), s1(y)][51 (1), s1ls(3)]
[s2d5(23), 52(y2)][52(y2), 23]
mod 0y(NG4 N Dy)
is calculated. Thus we have
H(05(x3),y2) = [sods(x3), s51(y2)][s1(y2), s1d5(x3)]
[sad3(x3), s2(y2)] mod O4,(NG4 N Dy)
and therefore we obtain
H(03(x3),y2) = [x3,82(y2)] mod 0,(NG4N Dy)
= 3y, 15!, (definition of the action)

(b) Again using the hypercrossed complex parings in [11, 13] then

1= 04F (g 1) (2, 73) = [s0(y2), s1ds(ws)][s1d3 (). 51 ()]
[52(y2), s2d3(3)][x3, 52(12)]
mod Jy(NG4 N Dy)

is found. This equality also holds

H (y2, 03(x3)) = [s0(y2), s1d3(xs)][s51d5(w3), 51(y2)]
[$9(y2), s2d3(x3)|mod 0,(NG4 N Dy)

and so this implies that

H (ys,05(x3)) = [s2(y2),x3] mod 0,(NG4N Dy)

which is commutated. Thus the results of (a) and (b) of 3CM4, is given
as above.
3CM5,

H(03(x3),y2) H(y2, 03(x3)) = [23,52(y2)][52(2), 23] = 1

3CMG6, Using by [11, 13] we may also be written this equation as

1= 0uF @), (s, 9) = [s0ds(x3), s1d3(ys)][s1ds(w3), s1d3(ys)]
[82d3($3), 52d3(y3)][?/3, 903]
mod 04(NG4 N Dy).

Using the equation is obtained as

H(05(x3), 05(y3)) = [sod3(x3), s1d3(y3)[s1d3(ys), s1ds(x3)]
[s2d3(3), s2d3(ys3)]

mod 04(NG4 N Dy).

Here we yield

H(03(x3),05(y3))

[ZL’3, yg] mod 84(NG4 N D4>
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(e) If NG, =1 for Vi > n+ 1 in the long exact Moore sequence, then the

long exact Moore sequence be an n—crossed complex with F ((;lfﬁl)) (z,y) = 1.

Recalling by [11, 14] we have the trivial map as follows:

F (@,y) = NGusiy—a X NGapn)—ps — NGy,

So NG, also be an abelian group for n > 2 since

n+1
1 = an—i-lF((nj—l))(n)(xay)

— sn_ldn(x)ysn_ld(x)_1xy_lx_

fry ¢£ln—<‘—11)dn(x)y x/y_laj_l

= [y,LC].

1

(n+1)

Here NG is a simplicial chain complex where NG, is abelian for n > 2, ¢,

is action of NGy on NG, for each n > 1 and 0, is NGy—group homomorphism
defined as

"HNGn/an—i—lKn—l—lHNGn—l/anKn NG3/84K4*>

NG2/83K3 NG1/82K24>NG0

is obviously a crossed complex, K; = NG; N D;.
To prove the opposite of it NG, /0n+1K,41 be abelian group for n >
2, then

Out F (@) = suadal@)ysnrda(@) Loy~ ta”

= lya]=1

1

Thus F((g)z;i(x,y) = 1 implies that NG,,.; = 1. This is also an n—truncated
complex. (see Carrasco and Cegarra[5).)

(f) Let NG; = 1 for Vi > n + 2 in the long exact Moore sequence if and
only if the long Moore sequence be a T—complex. To proof see Ashley [1] and
Carrasco and Cegarra [5].

(g) Let F ((;L)z;; (a,ys) = 1 in the long Moore sequence if and only if the long
exact Moore sequence become a crossed complex. Il

Example 3.3. 3—truncated complex is a quasi 3— crossed module.

Therefore we have following results.
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Corollary 3.4. If NG3/04(NG4 N Dy) = 1, then NGy — NG; — NGy
corresponds a 2— crossed module. (see [12, 13])

Corollary 3.5. If NGy =1, then

03 02

NG3/0(NGy 1 Dy) —2- NGy~ NG,

1s a 2—crossed module with defined Peiffer map as

{ s }I NGQXNGQ — NG3/(94(NG4QD4)
(2, y2) > si(w2)s2(y2)si(@2) sa(ya)sa(r2) ' s2(y2) ™

Proof: Indeed the function is satisfied 2—crossed module axioms.
2CM1: To prove easier since O3{xa, 4o} = 2@2yy woyy tas .
20M2: Let 84 (xg,yQ) = d4(F 1)) (T2, Y2)) = [s1d372, S2d3Yyo]
[$2d3ys, 32d3x2][x2, yg] So O4F (1)(2 (mg, y2) =1 moddy(NG4 N Dy).
Then {05(x2), 05(y2)} = [y2, x2] is obtained. (see [11, 13])
2CM3: (i) {xawh, yo} = »{x, yz} {29, 2oty '}
(i) {2, 4205} = {xza 1/2} w2203 {1y, yh}
2CM4: (a) Let O4F (1 32) (Y3, x2) = da(Fl1y(3,2) (Y3, ®2)) = [s1d3Ys3, S222)]
[s92, Sodsys]|ys, sexe] =1 mod Oy(NG4N Dy). Then
{0s(y3), w2} = [s2(w2), 2] = y3 y5 " is obtained by the definition of action.
(b) Let F((gi)l)@)(ﬂfmys) ds(F31)2) (T2, y3)) = [s172, sadsys|[s2d3ys, s272]
[saa, ys][ys, S1x2]. So F(S,)l)(Q) (x2,y3) =1 moddy(NG4 N Dy). Then
{22, O3(ys)} = [51(w2), ysllyssa(w2)] = - y "ys y5 '
is found.
2CM5 {@, O3(ysH{Oa(ys), w2} = (z-y) “yy~' =20Dyy -y
is calculated by the definition of the action.
2CM6 "{z,y} = {"x "y}.
Now we consider the following diagram of morphisms

NGQ X NG2

.

NG3/84(NG4HD4) NG2

NG;.

83 a2
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The group NGy acts, in two way on the group NG3/0,(NG4 N Dy) by
conjugation via s; and via sy both within G3. The action via s; will be de-

noted by x -y = si(x)ysi(z)™!

and the action via s, will be denoted by
Ty = sy(x)ysa(x)~!. The action of NG; on NGj3 is given as follows: from
equality [s1(x) tses1da(z),y] =1 mod NG3/0,(NG4N Dy), there is a com-

mutative diagram

NG3/84(NG4 N D4) X NG2 HNG3/84<NG4 N D4)

| !

NG3/64(NG4 N D4) X NG1 *>NG3/64(NG4 N D4)

given by

(y x ) ———z -y = sy(x)ysi(z) "
(x X Oa(y)) — 022y — $281do(x)ysesidy(z) ™!
which gives an equality

928y — sos1dy(x)ysesida(x) ™! = s1(z)ysy(z) 7t

Let us define the map p by p(z,2") = 2@’ z(z")z~! for x, 2’ € NGs, that
is the Peiffer commutator in NG9 corresponding {x,z'}. Thus if the map p is
a trivial map then dy : NGy — NG, is a crossed module.

Now if the long Moore sequence is iterated as follows, then two results are
obtained where K; = NG, N D;.

1*>NGn/8n+1Kn+1*>NGn_1/8nKnNG1/82K2*>NGO

Corollary 3.6.

¢ Op_
] NGy /O 1 Kiopt — 2 NGyt 275 NGy 1 1

15 a 2—crossed module with defined Peiffer commutator

{Zp-1, Y1} = Sk—1($k—1)8k(yk—1)8k—1($k—1)_18k($k—1y;;11$,;11)

the 2—crossed module conditions are clearly verified.
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Corollary 3.7.

9 k-1
---1*>NGk/ak+1Kk+1*k>NGk—1;

Or—2 Ok—3

NGy_s NG5 1 e 1

1S a quasi 3—crossed modules, where the Mutlu map is defined as follows:

k
{l’kq, ykfl} = F((O))(1)<5kala ykzq)

It is obvious that quasi 3—crossed modules conditions are satisfied.

We can follow the same procure as we make in Corollary 3.7 in order to

get to result.

Corollary 3.8. The category of quasi 3—crossed modules is equivalent to

the category of simplicial groups with Moore complex of length 3.
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