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Harmonic multivalent meromorphic functions
defined by an integral operator

Amit Kumar Yadav!

Abstract
The object of this article is to study a class Mpy(p) of harmonic

multivalent meromorphic functions of the form f(z) = h(z)+g(z) , 0 <
|z| < 1, where h and g are meromorphic functions. An integral operator
is considered and is used to define a subclass My (p, a, m,c) of My (p).
Some properties of My (p) are studied with the properties like coefficient
condition, bounds, extreme points, convolution condition and convex

combination for functions belongs to My (p, a, m, c) class.
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1 Introduction and Prelimnaries

A function f = u + v, which is continuos complex-valued harmonic in a

domain D C C, if both u and v are real harmonic in D. Cluine and Sheil-

I Department of Information Technology Ibra College of Technology, PO Box : 327,
Postal Code: 400, Alsharqiyah, Ibra, Sultanate of Oman, e-mail: amitkumar@ict.edu.om

Article Info: Received : July 2, 2012. Revised : August 2, 2012
Published online : December 30, 2012
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small [3] investigated the family of all complex valued harmonic mappings f
defined on the open unit disk U, which admits the representation f(z) = h(z)+
g(2) where h and g are analytic univalent in U. Hengartner and Schober [4]
considered the class of functions which are harmonic, meromorphic, orientation
preserving and univalent in U = {z : |z| > 1} so that f(co) = oo. Such

functions admit the representation

f(2) =h(z) +g(2) + Alog |z|, (1)
where

h(z) = az + Zanz_”, g(z) =pz+ anz_”
n=1 n=1

are analytic in U = {z=|z] > 1}, a, B, A € C with 0 < |5] < || and w(z) =
F=/ [ is analytic with |w(z)| < 1 for z € U. > denotes a class of functions
of the form (1) with a = 1,8 = 0. The class Y.}, has been studied in various
research papers such as [5], [6] and [7].

Theorem 1.1. [4] If f € >, then the diameter Dy of C\ f(U), satisfies
Dy >2|1+b.
This estimate is sharp for
f(z) =2z+b/Z+ Alog 7|
whenever |bi| < 1 and |A] < (1 - |bl|2)/|1+b1|, |b1] = 1 and A = 0, or

by = —1 and |A| < 2.

A function is said to be meromorphic if poles are its only singularities in
the complex plane C.
Let M, (p € No = {1,2,...}) be a class of multivalent meromorphic func-

tions of the form:

h(z) = =2+ anip 12" 0y > 0,004 € C,z € UT=U\ {0}, (2)
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Definition 1.2. A Bernardi type integral operator I (m > 0,c > p) for

meromorphic multivalent function h € M, is defined as :

I.h(z) = h(z)

— 1 z
ILh(z) = sz';; / 10 h(t)dt
0
_ 1 z
7 h(2) C;%f / I () dE, m o> 1.
0

The Series expansion of I)",h(z) for h(z) of the form (2) is given by
I.h — ZHm Unip1 2P (e >p,m >0), (3)

where

o™ (n) = (ﬂy (4)

n+p+c

Note that 0 < 0™ (n) < 0™(1) = (ﬁ)m
For fixed integer p > 1, denote by My(p), a family of harmonic multivalent

meromorphic functions of the form

f(z) = h(z) +9(2), z€ U, (5)

where h € M,, with a_, > 0 of the form (2) and g € M, of the form

wa 2P, 1 €C, 2 € UL (6)

In the expression (5), h is called a meromorphic part and g co-meromorphic
part of f. The class My (p) with its subclass has been studied in [1] and [8] for
a_, = 1. A quite similar to the above mentioned integral operator was used
for harmonic analytic functions in [2].

In terms of the operator defined in Defininition 1.2, an operator f € My(p)
is defined as follows:

Definition 1.3. Let f = h + g be of the form (5), the integral operator
I f(2) is defined as

Ly f(2) = Lh(z) + (=1)"Ig(2),z € U (7)
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the series expansions for I h(z) is given by (3) with a_, > 0 and for 1,7.g(2)
with g(z) of the form (6) is given as:

Img(2) = 3 0" (0)bysp1 2" (e > pym > 0). (8)
n=1

Involving operator I, define by (7), a class My (p, o, m,c) of functions
f € My(p) is defined as follows:

Definition 1.4. A function f € Mg(p) is said to be in My(p, o, m,c) if
and only if it satisfies

Re M >a, ze€ U,0<a<l1l, ¢>p, meN. (9)
I;r"’c+1 (Z) ) 9 — 9 9

Let M#(p,a,m,c) be a subclass of My (p, o, m,c), consists of harmonic mul-
tivalent meromorphic functions f,, = hy,, + Gm, where h,, and g,, are of the

form

oo

a_ —

hm(Z) = Z_pp — E |an+p_1 2P 1, a—p > 0
n=1

and (10)

gm(2) = <_1)m+lz |bn+p1] 2L

n=1

2  Some results for the class My(p)
In this section, some results for My (p) class are derived.

Theorem 2.1. Let f € My(p) be of the form (5), then the diameter Dy
of clf (U*) satisfies
Df Z 2 ]a_p| .

This estimate is sharp for f(z) = a_,z7P.
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Proof. Let D¢(r) denotes the diameter of c¢lf(U?)(r), where
Ul(r) ={2:0< |z <r, 0 <r <1} and

Dj(r) := max|f(z) = f(=2)|.

|z|=r

Since D}(r) > Dy(r), it follows that

27
w/ N2 1 ; 9012
[D;(n)]” = §/|f(7“€9)—f(—7’69)| do
0
i 2 00 B
—a_ —_ .
=4 | 7“22;’| + Z (’a2n+p—2|2 + |b2n+p—2|2) r2(2n+p=2) , pis odd
L n=1 ]
| |a—p|2 - 2 2 2(2n+p—1) .
= 4 12D + Z (laznsp—1]” + [b2ngp1l”) , pis even
L n=1 ]
]a,p|2
> 4%l
> 2

noted that as r — 1, Dy(r) decreases to Dy, which concludes the result. O

Remark 2.2. [{/Taking p = 1,a_, = 1 and w(z) := f(1/z) in Theorem
2.1, same result as Theorem 1.1 has been obtained for w(z), which is of the
form (1) with A = 0.

Theorem 2.3. If f € My(p) be of the form (5), then

[e.e]

2 2 2
Z(n+p - 1) (|a’n+P*1| - ’bn+p71| ) > p|a,p\ .

n=1

Equality occurs if and only if C\f(U*) has zero area.

Proof. The area of the ommited set is

1 - 1 — 1 —
lim — fdf = lim {—/ hh'dz + — gg’di]
|z|=r

r—1 27, |Z‘=T‘ r—1 2@ 22 ‘z|:r

= 7 [—p |a—p|2 + Z(n +p-1) (’an+p—1|2 - |bn+p—1’2)]

n=1

> 0.
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Remark 2.4. [}/Taking p = 1,a_, = 1 and w(z) := f(1/2) in Theorem
2.8, then for w € > with A =0, it follows that

> 0 (Janl* = [ba]”) < 1+ 2Rby.

n=1

3 Coefhicient Conditions

In this section, sufficient coefficient condition for a functiom f € My(p) to
be in My (p, o, m, ¢) class is established and then it is shown that this coefficient

condition is necessary for its subclass My(p, a, m, c).

Theorem 3.1. Let f(z) = h(z) + g(z) be the form (5) and 6™(n) is given
by (4) if

o0

> 0 (n) [(1 = ab'(n)) lantpa| + (1 + a8 (n)) [bspil] < (1= a)a,, (11)

n=1

holds for 0 < a < 1 and m € N, then f(z) is harmonic in U* and f €
My (p, a,m,c).

Proof. Let the function f(z) = h(z) + g(2) be the form (5) satisfying (11). In
order to show f € Myg(p,a,m,c), it suffices to show that

Re{%@)} > o (12)

IzTcH (z

or,

I h(z) 4+ (=1)™I™ g(z

Re{ () + (1) i) }M
I h(:) + (~)™ I g ()

where z =re??, 0 <r<1,0<60<2rand 0 < o < 1.

Let

A(z) = Iyh(2) + (=1)"7.9(2) (13)

and
B(z) == L' h(z) + (=1)™F It (2). (14)
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It is observed that (12) holds if
[A(2) + (1 = @) B(2)] = [A(2) = (1 + a)B(2)] > 0. (15)
From (13) and (14), it follows that

[A(2) + (1 — @) B(2)]

I(2) + (1) Teg(2) + (1 = a) (T R(2) + (~1)" T Tg(2) )

= |2~ a)% + i [0 () + (1 — @)0™ (n)] @y 277
DY ) (L )]
> S i;em<n> [1+ (1= )0 ()] lanspal ]2
—29’”(%) [1— (1= )0 (n)] |bups] [2]
and -

Ih(z) + (=) g () = (L4 a) (T R(2) + (1) i Tg(3))|

= ‘(—a)% + Z (6™ (n) — (1 + )0™ " (n)] apyp12" P

(=1 [0 () + (1 @) (0)] by 2P

a_ > -
= [0 - X0~ (40" )] aniper™
_(_1)mz [em(n) +(1+ a)@m“(n)} m
n=1
< arB o 30 0) [1= (1 )0 ()] fonepal 11
n=1

3207 () [L 4 (14 )8 ()] b 247
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Thus

[A(2) + (1 = @) B(2)[=|A(2) — (1 + @) B(2)]

-, 2 |_z\(f’ 220’” [1— 06" ()] |ansps] |27
_229’”(”) 1+ a0 ()] Byt 2147
> Iz% {ap(l —a) - gemm) 1 — 08" ()] |anspa] |2
_iem(n) 1+ 06 ()] [y |Z|n_1}
> 2 { (1-a) Zem (1= a8 (1)) [ans o] + (1 + 00 (1)) [bspal] }

Z 07

if (11) holds. This proves the Theorem. O

Theorem 3.2. Let f,, = hy+Gm where hy, and g, are of the form (10) then
fm € My(p,a,m,c) under the same parametric conditions taken in Theorem
3.1, if and only if the inequality (11) holds.

Proof. Since My (p,a,m,c) C Myg(p,a,m,c), if part is proved in Theorem
3.1. It only needs to prove the “only if” part of the Theorem. For this, it
suffices to show that f,, ¢ Mz(p, a, m,c) if the condition (11) does not hold.

If f., € Mz(p,a, m, c), then writing corresponding series expansions in (9), it

follows that Re { )} > ( for all values of z in U* where
a_ > m n+p—
£(z) = (1- Oé)z—pp + 29 (n) [1 = ab'(n)] |ansp] 2"

= 0"(n) [1+ ' (n)] |byrp| 277

and

o0

—2 + Zemﬂ ) ansp1] 2P =0 () by ] 2P

n=1
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Since
312 re{ S50 20,
n(z) n(z)
hence the condition Re {g - g} > 0 holds if
(1—aa- ZQW)Kl—amW»MM%ﬂ+(LHwKMHmw4HwHw1
> 0.

G 30 (0) [ | PSSO () By | P2
n=1 n=1
(16)
Now if the condition (11) does not holds then the numerator of above equa-
tion is non-positive for r sufficiently close to 1, which contradicts that f,, €

M (p, o, m, ¢) and this proves the required result. ]

4 Bounds and Extreme Points

In this section, bounds for functions belonging to the class Mz (p, o, m, ¢)

are obtained and also provide extreme points for the same class.

Theorem 4.1. If fi, = by +Gm € My(p,a,m,c) for0 <a<1,0<|z| =
r <1, and 0™(n) is given by (4), under the same parametric conditions taken
in Theorem 3.1 then

(1 —a)ay

R < ) <
(1 —af' (1)}

a_
1 a
P [1— abl( P

Proof. Let fu = hun+Gm € Mz(p, a,m, c). Taking the absolute value of I, f,,
from (7), it follows that

|];’70fm(z)| = |—2 4 Z@m ) |anspi] Py 2m+120m ) [brsp_1| 2P1

a_ m n+p—
= Z—pp+29 (7) (|antp-1] = [baip-1]) 277
n=1
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m a—p P - [em(n) — a9m+1(n)] m
Betm@] = 5+ iy a0 (st + il
T < U () R ot ) POV
< rp + — 9m<n) [1 —05(91(71)] 0 ( )(' n—i—p—l’ + ’bn+p—1|>
< T )~ 08" 0] (gl i)
< S (2 10
F300m0) [(1+ 00" (1)) by u}]
ap o, (1—a)ay,
S o T a0 ()]
and
()| = |2 +Zem anpal 277+ WZem ) buspr] 277
= C“”+Zem (@nspmi] = [Buspa]) 25772
P N [ () R Ui ) OV
D O vy oot O LA R R
ap _ [0 () = et )]
= rP ; om(n) [1 — af(n)] 07(01) {anpa | 4 -1
> s ) = 007 ] (| + )
> S > _070) [(1 = 00" (1) anspa]

+ng(n) [(1 + O‘gl(”)) |bn+p—1”

d=p _ ,» (1 —a)ay
rP [1—ab'(1)]

This proves the required result. O]
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Corollary 4.2. Let f,, = hpy + Gm € Myz(p, o, m,c), for z €U* and 6™(n)
is given by (4), under the same parametric conditions taken in Theorem 3.1

then
wl < a — (d-aJay, U
{w' ‘ |< —-p [1_&01(1”} SZf( )

Theorem 4.3. Let f,, = hy, + G, where hy, and g, are of the form (10)
then fm € Mz(p,a,m,c) and 8™ (n) is given by (4), under the same parametric

conditions taken in Theorem 3.1, if and only if f,, can be expressed as:

fm<z) = Z ("En+p—1hmn+p71(z) + yn+p—lgmn+p71<z)) ) (17)

n=0

where z € U* and

_ _ 1-— _
B, (2) = A—p By 2 (2) = 9= (1—-a)a_, el (18)

Y

2P 2P O™(n) — afmtl(n)
Gyr(2) = 2, gy (9) = 2 (iU e gg)
s zp 7 Il 2P gm(n) + afdm™+1(n)
form=1,2,3,...... , and
Z (mn-i-p—l + yn—l—p—l) =1, Tntp—15 Yntp-1 > 0. (20)
n=1

Proof. Let
fm(z) = Z (xn+p—1hmn+p71(z) + yn—i-p—lgmnﬂfl(z))
n=0
= 7 h + + i.’[’ 2 + (1 _ a)a,p Zn—l—p—l
= Tl T Yp-19my — mPmL o 0m(n) — afdm™t1(n)
+§:y ﬂ + (_1)m+1 (1 — a>a—P ntp—1
— mEh Cop 0m(n) + adm*1(n)

_ S ap | (1 —a)ay

fm(z) - — (-Tn-i-p—l + yn—l—p—l) ? + 2 { (em(n> — a9m+1(n) Tnip-1

™ (n) + afm™+1(n) y"+p‘1} :
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Thus by Theorem 3.2, f,, € My(p, o, m, c), since,
)=o) (1=l
1 gm () L1
—a)a_y (n) — afm+1(n)

_ww>+awwww(m%u—amw<)%ﬂl>}

(1-a)a, n) + afmtl

M

[M]¢

(Tpap1 + Ynap-1) = (L —zp—1 —yp—1) < L.

n=1

Conversly, suppose that f,, € Mg(p, o, m,c), then (11) holds.

Setting
0™ (n) — ™ (n
Tpyp—1 = ((1) — a)a ( ) |an+p71’
—p
6™ (n) + ™ (n)
Yntp—1 = (1 — a)a ’bn+p—1|
—p

which satisfy (20), thus

a_ - _
fm(2) = —F+ Z |anpr] 2P+ (_1)m+1z [

n=1
a, > (1-aw)a_, 1
- ;Qm(n) + afmt1(n) Trtp-1®

1 —a)a_
-1 m~+1 ( p e n+p—1
+(=1) ;em(n) tafmi(n) el

- TP E N E o
= p + |:hmn+p71 p ] In—i—p—l + |:gmn+p,1 oD ] yn+p—1

n=1 n=1
oo x
a_
_ P
= ? 1 - § Tptp—1 — § Yntp—1| + § hmn+p71xn+p—1 + Gminyp1Yntp—1
n=1 n=1 n=1

= mp—lhmp—l + Yp-19m, , T thn+p—1xn+p—1 + ngn+p—1yn+p—l

n=1 n=1

= Z («Tn+p71hmn+p71 (Z) —+ yn+p71gmn+p71 (Z))
n=1

This proves the Theorem. O]
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Remark 4.4. The extreme points for the class Myg(p, o, m,c) are given by
(18) and (19).

5 Convolution and Integral Convolution

In this section, convolution and integral convolution properties of the class
M#(p, a,m, ¢) are established.
Let fu, Fin € My(p) be defined as follows:

(oo} o0

a_ _ _

Fn(2) = LS fanp a2+ (1) [ 2 2 €U,
n=1 n=1

a— - - m S n+p— *
Fu(2) = —F + D NAnspot] 2P (=)™ By MY 2 € U
n=1

n=1

The convolution of f,,, and F, for m € N, z €U* is defined as:

(fm *x Fn)(2) = fin(2) % Fin(2)

a_ > _
Z_pp + Z |anip1Anipa| 2P L (21)
n=1

+(_1)m+1z ‘anrplenerfll Sntp=1
n=1

The integral convolution of f,, and F}, for m € N, z €U* is defined as:

(meFm)<Z> = fm<z><>Fm(z)

o0
n—=

A—p plantp-14nip-1] ntp—1
_ 22
P * z; n+p-—1 : (22)

m+1 EOO p |bn+p_an+p_1|—n+p—1
+(=1) n+p—1 : ’
n=1

Theorem 5.1. For 0 < a <1, m € N. If f,,, F,, € Mg(p,a,m,c) and
0™ (n) is given by (4) then (fm x Fn) € Mg(p,a,m,c) .
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Proof. Since F,, € Mz(p,a,m,c) , then by Theorem 3.2, |A,4, 1| < 1 and
|Bpip—1] < 1, hence,

L) -
’ {%} | Burtp—1bnsp-1 |}

< gemm) [{#} ansp
AT ]

as fm € My(p, o, m,c). Thus by the Theorem 3.2, (fim* Frn) € My(p, o, m, c).
[

< 1

Theorem 5.2. For 0 < a < 1, m € N. If f,,, F,, € Mz(p,a,m,c) and
0™ (n) is given by (4) then (fmFy) € Myg(p, a,m,c) .

Proof. Since F,, € Myg(p,a,m,c) , then by Theorem 3.2, |A,4,-1] < 1,
|Bpip-1] <1 and —2— <1 hence,

n+p—1 —
iem(n) |:{ 1 - &61<n) } p |an+p*1An+P*1‘
— (1—-aw)a_, n+p—1
1+ab'(n) p bntp-1Bnip-1
+
(1—-aw)a_, n+p—1

< nf;em(m i

as fm € Mg(p,a,m,c). Thus by the Theorem 3.2, (f,,0F ) € My(p, a, m, c).
]

< 1
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6 Convex Combination

In this section, it is proved that the class My (p, o, m, ¢) is closed under

convex linear combination of its members.

Theorem 6.1. Let the functions fm,(2) defined as:

o0 (0.9]
a_ _ _
g (2) = =LY anrpo1l 2P ()Y by 2P 2 € U
n=1 n=1

-~
(23)
be in the class Mg (p, a,m, c) for every j = 1,2,3....; then the function

U(E) =3 eifm(2)

o0

is also in the class My (p, o, m,c), where Y c; =1 forc; >0 (j =1,2,3....).

j=1
Proof. From the definition

0 0 00 o - 00 00 .
v = <ch |an+p—1,jl> 2Py (Z%‘ |bn+p—1,j|> 2P
n=1

j=1 n=1 \j=1

Since fm,(2) € M#(p,a,m,c) for every j = 1,2,3..., then by Theorem 3.2, it

follows that
> 1—abl(n >
2.0 [{ 1= a>§_i} (ch |an+p_l’j|>

j=1

+ {%} (icj |bn+p—1,j|>]

J=1

AT )

Hence ¢(2) € Mg(p, o, m, ¢), which is the desired result. O
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