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Asymptotic behavior of some population models

Vu Van Khuong' and Tran Hong Thai?

Abstract

We study the asymptotic behavior of the difference equations
Tni1 = (xy + Brp_1)e” ™ n=0,1,2,.. (1)
and
Tpi1 =a+ PBry_ e, n=0,1,2,.. (2)

where «, 8 € (0,00), which are interesting in their own rights, but which

may also be viewed as describing some population models.
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1 Introduction

Equation (1) is derived from a two lifestage model where the young nature

into adults, and adults produce young. Such systems have been well studied
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when the rates of survival, maturation and reproduction are assumed to be
contact. However, they may not be contact. Adults may increase the mortality
of the young through cannibalism, exclusion from resources, or transmission of
disease. They may inhibit the maturation of the young by shading seedlings
if they are trees, or by bihavioral means as in some fish population.

In [5,6] the authors studied the asymptotic behavior of some know pop-
ulation models. They established that every solution of the bounded below
by positive constants. They also provided sufficient conditions for the global
asymptotic stability of all solution of that higher order difference equations.

The study of a nonoscillatory solution of difference equation converging to
the positive equilibrium point 7 is extremely useful in the behavior of math-
ematical models of various biological systems and other application. This is
due to the fact that difference equation are appropriate models for discribing
situations where the variable is assumed to take only a discrete set of values
and they arise frequently in the study of biological models, in the formation
and analysis of discrete - time systems, the numerical intergation of differen-
tial equation by finite - difference schemes, the study of deterministic chaos,
etc. For example El - Metwally [5] investigated the asymptotic behavior of the

population model
Tpni1=a+ Br,_1e" n=0,1,2, ..

where « is the immigration rate and [ is the population growth rate.

In this paper, we study the asymptotic behavior of the difference equations
Tpr1 = (axy + Brp_1)e”™, n=0,1,2,... (1)

and
Tpy1 =+ fx, 17", n=0,1,2, .. (2)

where «, 8 € (0,00).

2 Main Results

2.1 Asymptotic aproximation of population model (1)

In this section, we study the nonoscillatory solution of the equation (1)
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converging to the positive equilibrium point.
The equilibrium point equation is T = (a + §)Te " = T = In(a + () with
a+p>1.
We pose
(mnv Tpo1) = (X + B.p1)e” "
=T (a—az—387) = (a+ ) a—(a+p).In(a+3)] =
In(a+ B)

- __
wn 1‘ ﬁ o+ ﬁ
Note that the linearized equation of Eq (1) about the positive equilibrium

a+f

point

B _
— St =012 (3)

The characteristic polynomial associated with Eq (3) is

Ynt+1 = [L - ln(a + 6)] Yn +

a B
p(t) = 2—[a+ﬁ—ln(a+ﬁ)}t—a+ﬁzo
Since
p(O):—L<0 p(l) = 1——+ln(a+ﬁ)—i:ln(a+6)>0
a+p a+ 3 a+ 3
p’(t):2t—[ﬁ—ln(a+ﬁ)}:2t+ln(a—|—ﬁ)— iﬂ>0f0rt€(0,1)

It follows that for o+ 8 > 1, there is a unique positive root tog € (0, 1) such
that p(ty) = 0 and 0 < 2 < ty < 1 such that p(t3) < p(to) = 0. It means that

p(to) =ty — [Tﬂ —In(a+ B)]to — % —

& (a+ B — [ — (a+ B)nla+ Bty — B =0 (4)

This fact motivated us to believe that there are solutions of Eq (3) which have

the following asymptotics
T, =T+ arty + o(t]) (5)

where a; € R and t, is the above mentioned root of Eq (4) we solve the open
problem, showing that such a solution exists, developing Berg’s ideas in [1-4]

which are based on the asymptotics. The asymptotics for solutions of difference
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equation have been investigated by L. Berg and S. Stevi’c, see, for example
[7-9], [13, 14] and the reference therein. The problem is solved by constructing

appropriate sequences 1, and z,

Yn < Ty < 2Zp (6)

for sufficiently large n. In [1-4] some methods can be found for the construction
of these bounds, see, also [13, 14].
From (5) we expect that for k& > 2 such solutions have the first three

members in their asymptotics in the following form

This is proved by developing Berg’s ideas in [1-4] which are based on asymp-
totics. We need the following result in the proof of main theorems. The proof

of the following theorem can be found in [13].

Theorem 2.1. Let f : I**2 — I be a continuous and nondecreasing func-
tion in each argument on the interval I C R, and let {y,} and {z,} be sequences

with y, < z, forn > ngy and such that

Yn—k S f(n7yn—k+17 "‘7yn+1>7f(n7 Zn—k+1; "-7Zn+1) S Zn—k fO’I” n>ng+ k-1

(8)

Then there is a solution of the following difference equation

Tpg = F(N, Tppt1, ey Tnt1) 9)

with property (6) for n > ny.

Theorem 2.2. For «, 3 are positive constants and o + > 1 there is a
nonoscillatory solution of Eq (1) converging to the positive equilibrium point
Z =In(a+ f) as n — .

Proof. From Eq (1) we can write in the form

1
€
F(Tp—1,Tn, Tnt1) = =Tpp1€™ —

B

Tp — Tp—1 = g(mna mn+1) — Tn-1 (10)

™| e
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/ _ 1 Tn 0
g$n+1 = BG >
1 o} ) o
G, = an+1€xn ——>0with z,11 >a > oo

we expect the solutions of Eq (1) have the asymptotic appropriation (5)

1 n no,__ n "
Fo= F(¢n—1,§0n790n+1) = Eez—&-at e (ZU + at + + bt? +2)

- %(f +at™ + b)) — (T + at™ " + bt>2) = 0,

for t € (0, 00).
eTtat™+bt?" [a(T + at™ + bt2n) + BT + at™ 1+ bt2n72)](f+ at™ bt2n+2)71

T+at"+ b0t = In[(a+ B)T + aat™ + Bat" " + abt>™ + Sbt*" ]
_ ln(f+ atn-l—l + bt2n+2)
aat™ + fat™ " + abt®™ + ﬂbﬁ"”}

(a+pB)z
atn+1 + bt2n+2>

T

= In(a+ /)T + ln[l +

—InT — ln(l +

aat™ + Bat™t + abt® + Bbt* 2
(o + B)z
(aat™ + Bat™ 1 + abt®™ + Bot*n—2)?
2(a + B)%7?
(at™ + Bat™ + abt®™ + fbt*2)3
3(a+ B)3T
atn-i-l + bt2n+2 (atn—i-l + bt2n+2)2

T 27?2

at™ + bt*" =

From (11) we have

n

at

aa Ba aty ,,
((a 07 Tt %)t <
= —a(a + B)t? —l—fzat + ﬁa.tn N
(a+ p)zt
_ —ala+ B)t* + aat + Pa
B (a+ p)Tt

(a+B)Tt=—(a+ B +at+ 5 &
(a+ B+ [(a+B)T—alt—B=0
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Posing t =ty in (11) with ¢, above mentioned, we have

p(ty) = (a+ B)tg — [ — (a + B)in(a + B)]ty — 8 =0.

From (11) it follows

bt2n B abt(Z]n_'_/Bthn 2 a2a2t(2)n 52 2t2n 2 2055@2152” 1 B bt2 .
(@+B)T  2a+pB2F 2a+p)PTF 20a+p)T T°
a2

+ 2_2t3"+2
b= ab + Bbt,? a?a? B2a’ty? aBa’ty’ bt2 n t2 N
~ (atpE 2Aa+pPT 2Aat f)F (et ) TP 23
b2 — abt? + b o*a’t? B%a? afa’ty b,
2=

(a+B)7 2o+ By’ C2a+t BT
b[(—1+@;ﬁ)f—%’)t§+(¢]

— =t t
(a + B)272 TO+2_0

a+ p)T
td a’t? afto 3 _
ta [2 20a+ 87 (a+t P (a+6)2_2} 0=

—(a+B)T+a, t5 B
R eEs e e L

a2

+ m |:<Oé + ﬁ)%é - Oé2t(2) — QCMﬂto — 52] =0 =

4 — (« z|t? —b
{_(O‘+6>t0+[a (a+B) ]t0+6}(a+ﬁ)f

2

+ m [(Oé + B)2tg — Oé2tg - 206Bt0 — 52] =0«

9 2
<§(i° ;?z 2@2((3 Tyt Bt — ot — 2t — B =0

Finally, we have

2).b 2
P (g(i))ﬁ)f * 252(o?+ gy (o 00"t — oty — 20ty - 8| bz + o)
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Setting
F = (Bb+ O)tg" + o(t"),

C
Ht0<Q):BQ+C:O_>QO:_Ea

N ) ()
H. (q)=B= CEIER 0

we obtain that there are ¢; < ¢y and ¢ > qo such that
Hio(q1) >0, Hlge) <0, @1 <qo < o
We assume that a # 0, if $,, = T + atf + qot2", we obtain
F(@n-1,Pn, Pri1) ~ [00B + Cltg" + o(tg")
With the notation
Yo =T+ atl + ", 2, =T + atf + gt 3"

We get
F(ynflag/mynJrl) ~ [QIB + C]tgn:

F(Zn—27 Zn—1, zn) ~ [Q2B + O]tgn

These relations show that inequalities (8) are satisfied for sufficiently large
n, where g = F' 4+ x,_1 and F is given by (10).
Because the function g(x,_1,%,,Z,41) is continuous and nondecreasing on
[z, +00)* — [T, +00). We easily have g(Z,7,T) = . We can apply the The-
orem (2.1) with I = [Z, 00) and see that there is an ny > 0 and a solution of
equation (1) with the asymptotics x, = @, + o(tg"), for n > ny where b = qq
in @,,. In particular, the solution converges monotonically to the positive equi-

librium point for n > ngy. The proof is complete. [l

2.2 Asymptotic aproximation of population model (2)

In final section, we study the nonoscillatory solution of the equation (2)
converging to the positive equilibrium point.

The equilibrium point equation is T = o + B3.7e™ %
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We pose

f(xnn anfl) =a+ ﬁ-xnfle_xn
g’c”’E = —([.7ze” "

! _ - _
ﬁn—l‘j_ﬁ'e v =

=a—T

r—

Note that the linearized equation of Eq (2) about the positive equilibrium
point

T —«

Ynt1 = (0 — T)yn + Yn_1,m=0,1,2, ... (12)

x
The characteristic polynomial associated with Eq (12) is
pt) =Tt +3(T —a)t +a—T = 0.

Since,

p(0) =a—7 <0, p(1)

T4+TT—a)+a—-T=T(T—a)+a>0

p(t) =27t +T(T —a) >0, for te(0,1).

There is a unique positive root ¢y, € (0,1) such that p(ts) =0 and
0 <13 <tp <1 such that

p(t3) < plte) = 0.
It means that
p(to) =7t; +T(T — a)tg+a —7 = 0.

This fact motivated us to believe that there are solutions of Eq (12) which
have the following asymptotics

Ty, =T+ arty + o(t]) (13)

from (13) we expect that for k£ > 2 such solutions have the first three members

in their asymptotics in the following form

Son =7 + altg + bltgn
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Theorem 2.3. For «, [ are positive constants there is a nonoscillatory

solution of Eq (2) converging to the positive equilibrium point that satisfies

By
as n — 0.

Proof. From Eq (2) we can write in the form

1

F(Ty-1,Tn, Tny1) = B'e% (Tnp1 — @) = Tp1 = 9(Tn, Tppr) — Tp1 (14)
g, = 16‘”” >0
Tn+1 - E

I, = Bem"(%ﬂ —a)>0
we expect the solutions of Eq (2) have the asymptotic appropriation (13)
1 . n n
F = F(Sanh(PmSOnJrl) — B€x+at +bt? (5—0— athrl + bt2n+2 . a)

— @ +at" ! + b)) =0,

for ¢ € (0, 00)
eTHat"+ot?" 5(f+ at™ ! + bt2n—2)(f+ at™tl 4 pp2nt2 a)—l

tnfl bt2n72 tn+1 bt2n+2 _
T+at" + b0t = ln[ﬁ(1+a_ ) () 1]
x r— r—

= In

T altnfl bt2n72
b (1 4+ )
r— T

|:1 atn+1 bt2n+2 N (atn+1 + bt2n+2>2 ]

e T —« T —«

at™t - 0t* P 4 2abt? 0 4

Int _
e T 272
T — atn+1 + bt2n+2 a2t2n+2
=T+ at" + bt*" +1 - .. (15
T+ at" +0t™" +In 5 L 2(f_a)-‘r- (15)
From (15) we have
lnE:f—l—lnmga or (T—a)e” =57

This is trust and from (15) we obtain
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a, . atn-i—l

:tn = at™ + —

T r —Q

( a at )t" T2 +1Z(T — o)+ (a—7)] . p(t)at™
— —a — — e S —
tT T—« 1Z(T — ) tZ(T — )

As mentioned earlier exists ¢y € (0,1) such that p(to) =0 and
0 <3 <ty<1,p(td) <0. Posing t =ty, we get

to)aty
TE PO
toT T —« toT(T — )
02 §2n+2 (24202

. b 2n—2 2n—2 n
From (15) it follows %to - ﬁto = btg" + T—a 2T—of

b (12 1 b CL2 2n 2n 2n
F= {(%_ﬁ>%_b_ [f—a a 2(%—04)2}750 }to +olto”)

_ 20(T — 0)Tp(t5) — a*ty [5223 ) RO O
27°(7 — o)t

Setting F' = (Bby + C)t2" + o(t2")
Hto(Q):BQ+C:O—>Qo:—E

20(T — a)Tp(t2)
H =B=
(@) 27%(T — )82
We obtain that there are ¢; < qo and ¢» > ¢y such that

< 0.

Hi (1) >0, Hy(q2) <0, ¢1 < qo < qo.
We assume that a # 0, if ,, =7 + aty + qot2", we obtain
F(@n-1,Pn: Pri1) ~ [00B + Clt5" + o(tg")
with the notation
Yo =T +aty + qitd", 2z, =T + aty + gota".

We get
F(yn—bymyn—i-l) ~ [CI1B + C]t(Q)n>

F(2n-2, 2n-1, %) ~ [@2B + C]t3".

These relations show that inequalities (8) are satisfied for sufficiently large
n, where g = F' + z,,_1 and F is given by (14).

Because the function g(x,_1,2,,Z,41) is continuous and nondecreasing on
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[T, +00)% — [T, +00). We easily have ¢(Z,7,7) = T. We can apply the The-
orem (2.1) with I = [Z, 00) and see that there is an ng > 0 and a solution of
equation (2) with the asymptotics z,, = @,, + o(t2"), for n > ny where b = qq
in @,,. In particular, the solution converges monotonically to the positive equi-

librium point for n > ngy. The proof is complete. O
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