Journal of Applied Mathematics & Bioinformatics, vol.6, no.3, 2016, 145-154
ISSN: 1792-6602 (print), 1792-6939 (online)
Scienpress Ltd, 2016

Powers of the generalized 2-Fibonacci matrices

Maria Adam!

Abstract

In this paper, we investigate the closed formulas for the entries of
the power of the 2 x 2 matrix obtained by generalized 2-step Fibonacci

sequence.
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1 Introduction

Fibonacci numbers are one of the best-known numerical sequences and
have many important applications to a wide variety of research areas such
as mathematics, computer science, physics, biology, and statistics. For the
applications and the theory of Fibonacci numbers see, e.g. [3, 6, 8, 9, 10,
12, 13, 16, 17] and the references given therein. In [3, 12|, the well-known
Fibonacci sequence is formulated by the recurrence relation f, = f,_1 + fn_2,
n > 3, with fi = fo = 1.
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Many authors have considered and discussed the generalizing of the above

definition as in the following:

- the k-step Fibonacci sequence is derived by the recurrence relation, f, =
Joit fao+ ot o, n 2 B+ 1 with fi = fo = ... = fi, = 1,
1, 3, 10, 12],

- the generalized k-step Fibonacci sequence is derived by the recurrence
relation, f, =c1fn1+cofn o+ -+ ufrk, n > k+ 1, with f; = fo =
...=fr=1, and ¢, ¢3, ..., ¢} are arbitrary real numbers, [2, 6, 8, 9, 10,
11, 18].

Furthermore, important relations between the k—step Fibonacci numbers
and the special matrices have been investigated; the determinants of the ma-
trices constructed by k—step Fibonacci numbers are obtained in [10] and the
properties of the determinants are discussed in [9], the sums of the generalized
Fibonacci numbers are derived directly using the matrix representation and
method in [2, 4, 5, 11]; some closed formulas for the generalized Fibonacci
sequence are derived by matrix methods [8, 11, 13]. Recently, two limiting
properties concerning the k-step Fibonacci numbers are obtained and related
to the spectral radius of the k-Fibonacci matrices in [3], the powers of the
k-Fibonacci matrices are investigated and closed formulas for their entries are
derived, related to the suitable terms of the k—step Fibonacci sequences as
well as the properties of the irreducibility and the primitivity of the associated
k-Fibonacci matrices are discussed in [1].

In the present paper, the powers of the generalized 2-Fibonacci matrices
are investigated and closed formulas for their entries are derived, which are
related to the combinatorial representation of the nonnegative constant real

numbers ¢, ¢y defined the associated generalized 2-step Fibonacci sequence.

2 Generalized k-step Fibonacci sequences and

matrices

In [2], for the integer k = 1,2, ..., and the nonnegative constant real num-

bers ¢y, co, ..., cp, where ¢; > 0, the n-th term f,, of the generalized k-step
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Fibonacci sequence, (fn(c1,¢2,...,¢k)),—15 , is defined by the recursive for-

mulation

fn - len—l + Can—Q +--+ Clcfn—k

k
= chfn_j, for every n >k +1, (1)
j=1
with
fi=fh=...=fi=1 (2)
From ¢; > 0, ¢9,¢3,...,¢, > 0 and (1)-(2), it is obvious that all the terms
fn of the generalized k-step Fibonacci sequence (fn(ci,ca,...,ck)),—; . are

positive real numbers.

Remark 2.1 (i) From (1)-(2) it is evident that for k = 1, the n-th term f,
of the associated generalized Fibonacci sequence (f,(c1)),_;, . is equal

to f, = ¢!, ¢, > 0. Hereafter consider k > 2, since the case k = 1 is

trivial.

(ii) Moreover, notice that for k > 2, and ¢; >0, co =c3=... = ¢ =0, the
n-th term f,, of the generalized Fibonacci sequence (f,,(¢1,0,...,0)), _; 5
is equal to f, = c’f‘k , c1 > 0. Hereafter consider at least two nonzero
coefficients ¢;, i = 1,2,...,k, in (1) because otherwise we have a trivial
case.

(iii) Using m = 0, the equations (1)-(2) are derived immediately by the defini-

tion of the generalized k, m-step Fibonacci sequence (fék’m}(cl, Coyenn ck)> ,
n=1,2,...
[2].
(iv) For ¢ = ¢ = ... = ¢, = 1, the generalized k-step Fibonacci sequence
(fu(1,1,...,1)),_1 o gives well-known sequences for various values of k.

In particular,

-for k = 2, the equations (1)-(2) give the well-known Fibonacci sequence,
1,1,2,3,5,8,13,..., [1, 3, 12].

-for k = 3, (1)-(2) give the tribonacci sequence, 1,1,1,3,5,9,17,..., [3,
Remark 2(ii)].

-for k = 4, (1)-(2) give the tetranacci sequence, 1,1,1,1,4,7,13,..., [3,
Remark 2(iii)].
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The generalized k-Fibonacci matriz has been first introduced in [8] and it

is defined as the nonnegative k£ x k matrix

C1 Co C3 -+ Ck
1 0
Qk(01,027~-,0k>: O ]‘ 0 0 9 (3)
0 - 0 1 0

where the first row of the above matrix has entries the nonnegative real num-
bers ¢; > 0, ¢9,¢3,...,¢c, >0, for k> 2.

Remark 2.2 (i) In|[2,6,9, 10], the determinant of the generalized k-Fibonacci

matrix in (3) is formulated by

det(Qr(c1,ca, ..., cx)) = (=1 ey, (4)

and the k—th degree characteristic polynomial g, (¢, cs,...c)(A) Of the
generalized k—Fibonacci matrix Qg (¢, ¢, ..., ¢x) has been proved in [§]

and it is given by

k
TQ(c1,c25ens Ck)(>\) = )‘k - Z Ci )‘k_z' (5)

i=1
(ii) From (4) it is obvious that Qx(ci, ¢, ..., ¢x) is a nonsingular matrix if
and only if ¢ # 0, and then all the eigenvalues of Q(c1,co,...,cp) are

nonzero.

(iii) The trace of a matrix A is denoted by tr(A). From (3) it is evident that

tr(Qk(cluc% R 7Ck>> =C.

(iv) For ¢; = ¢; = ... = ¢ = 1, the relationships between the Fibonacci
numbers and their associated k-Fibonacci matrices Qx(1,1,...,1) and
the powers of Q1 (1,1,...,1) have been discussed in [1, 3, 7, 14], as well
as the properties of the irreducibility and primitivity of Q(1,1,...,1)
have been investigated in [1].
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(v)  The generalized 2-Fibonacci matrix is defined by (3) for k = 2, ¢; >
0, ¢ > 0 and in the following it is formulated as the nonnegative 2 x 2

matrix

Qa(c1, 02) = lcl 002 ] . (6)

In the following theorem, the Pascal s triangle identity is needed, which is

(o)) e

Theorem 2.3 Let the positive real numbers ci,co and the associated gener-

formulated as

alized 2— Fibonacci matriz Qz(c1,c2) in (6). Let n > 2, then the n power of
Q2(c1, co) is defined as

(n) (n)

di1n 2

Qg(cl,cz) = (QZ(Clch))n = (Q2(01,Cz))n71 Q2<61702) = ) (8)
(n)  (n)
421" Qoo

where the positive real numbers ¢\, ¢\2, k. ¢$2) are given by

LTLQIJ . 1 .
@y =y ( ) (10)

r=0 r
e n—1—-r

=3 ( ) )
r=0 r
L%J n—2—r

a5 = ( ) (12)
r=0 r

and |n] denotes the floor function of n.

Proof The proof of (9)-(12) is based on the induction method on n.
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For n = 2, the entries of matrix in (8) are trivially verified by the formulas
in (9)-(12), since holds

2 (2
9 di1 G2
]+ c1c ] _ (13)

2) (2
qgl) qég)
Notice that combining (6) and (8), the (n + 1) power of Qs(cy, ¢2) is for-

mulated by

Q3(c1,¢2) = (Qa(c1, ¢0)) = [ Cll 602 ] _

C1 Ca

(n) (1)

q11 %; e (711)

clqﬂl) + a1y g
57 (er, ) = Q5 (c1, ) Qa(cr, 00) = [ o ]
g sy gy + a5y cagsy
Consider that n is an arbitrary even positive number less than 2 and assume
that the formulas in (9)-(10) are true for n = 2m, (m € N), by (14) the q%’fﬂ)
entry of Q3 (cy, cp) is formulated as

g = gl + ¢y

r=0 r r=0 r
" [ n N n—1—7
= ¢ § : 6?727"672" + § : 0?7172rcg+1
r=0 r r=0 r
o n r " n T
2 : - — 2 : - n—1-2(r—1
— 0111+1 4 0711+1 27"0; + (T )CT
r=1 r T=1 T—1
T n T " n T
— C?+1 + § CSLJrlfQTc; 4 E C;L+1727'C72'
T T—1
T=1 T=1

Using (7) in the above equality, it is formulated as

n n - n—1+1 n+1—27 1
q£1+1) _ Cl+1+2( )Clﬂ 2 Cz

7=0
5] ]
1-— 1-—
_ ("* T) A ("* T) 2T o
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since n is an even number. Hence, (9) holds also for odd number n + 1, which
completes the induction method for the formula of ng). Similarly, it is proved
the case for n =2m + 1, m € N.

Moreover, assuming that the formulas in (11)-(12) are true for n = 2v + 1,

v € N, and using analogous statements as in the proof of qﬁl) , by (14) the

¢ entry of QU (e, ¢y) is given by

@ = g + ¢
e n—1—-r n—2-—r
= ¢ Z ( . ) n—1—2r r+ Z < )C?22TC£+1
r=0
z n—1—r e n—2-—r 99
r=0
S n—1-—r 2 n—2—(r—1) n—2—2(r—1)
— Cn_|_ n— TT+ C CT
() Z( )
n . n—1-—7 n27"r n—1-—7 n—271 T
= cl—i-z & —1—2 c; Tey
p— T T—1

_ C?+i{<n—i—r>+<n—l—7)}cn 277

Using the Pascal ’s identity by (7) the equality in (15) can be written as

n+l n - n—1 n—271 T
=y (M )

Hence, (11) holds also for odd number n + 1, which completes the induction
method for the formula of qé’f). Similarly, it is proved the case for n = 2v, v €
N.

From (14) it is obvious that multiplying the first column of Q% (¢q, ¢2) with
¢y arises the second column of Q5! (cy, cy); hence, using the formulas in (9)
and (11), the associated entries of the second column of Q5! (cy, c;) are given,

which completes the induction method for (10) and (12), respectively. O
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Remark 2.4 (i) Consider the special case ¢; = ¢o = 1 in the formulas (9)-

(ii)

(12), then the entries of Q5(1,1) in (8) are formulated as in Theorem 2.3
and the matrix Q% (1,1) is given by

' L3J<nr> EJ(nlr)'
122 122 |
n—1—r n—2-—r
() =)

Moreover, the entries of Q5(1,1) can be related to the suitable terms

Q5(1,1) =

of the 2-step Fibonacci sequence and the associated formulas have been
proved in [1, Theorem 3.4]. In particular, in [1, Remark 3.1(iii)] the

formula of Q% (1,1) has been given as

fn+1 fn
Q5(1,1) = ; 17
2( ) fn fn—l ( )
recall that f,.1, fn, fn_1 denote the Fibonacci numbers for n > 2, which
are implied by (1)-(2) for ¢; = ¢ = 1.

Combining the associated formulas in (16) and (17) all the terms of the
well-known 2-Fibonacci sequence in Remark 2.1 (iv) can be expressed as

a sum of suitable binomial coefficients as following;

15]
an:Z(n;r)’ for n > 2

r=0

The general idea of the Fibonacci cryptography is based on the ma-
trix @5(1,1) in (17) of the above Remark 2.4(i), (see, the associated
metodology in [16, 17]). Now, using in the process of the cryptography
of an initial message the generalized 2-Fibonacci matrix Q% (cq, ¢2) in (8)
for the arbitrary ci,co > 0, one can provide higher security for encryp-
tion and decryption, since Q%(c1, c2) is a nonsingular matrix (see, in the
above Remark 2.2 (ii)) and the closed formulas in (9)-(12) for the entries

of Q%(c1, c2) can be computed a-priori for various values of ¢y, cs.
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