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Abstract

In this paper, an hierarchical circularly iterative method is intro-
duced for solving a system of variational circularly inequalities with
set of fixed points of strongly quasi-nonexpansive mapping problems.
Under suitable conditions, strong convergence results are proved in the
setting of Hilbert spaces. Our scheme can be regarded as a more general

variant of the algorithm proposed by Maingé.
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1 Introduction

The concept of variational inequalities plays an important role in structural

analysis, mechanics and economics. Recently, the hierarchical variational in-
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equalities and hierarchical iterative sequence problems have attached many
authors' attention(see[1]-[7], [9]-[11]).

Inspired by these results in the literature, a circularly iterative method in
this paper is introduced for solving a system of variational inequalities with
fixed-point set constraints. Under suitable conditions, strong convergence re-
sults are proved in the setting of Hilbert spaces. Our scheme can be regarded
as a more general variant of the algorithm proposed by Maingé. The results

presented in the paper improve and extend the corresponding results in [11].

2 Preliminaries

For the sake of convenience, we first recall some definitions and lemmas
for our main results. We assume that H is a real Hilbert space with the inner
product (-, -) and the norm||-||. C'is a nonempty closed convex subset of H and
Fix(T) = {x € C;Tx = x} is the set of fixed points of a mapping T': D — D.
In the sequel, we denote the strong convergence and weak convergence of the
sequence {x,} by x, — = and x,, — x, respectively. It is well-known that, for
any z € H, there exists a unique nearest point in C', denoted by Po(x), such
that

Po(z)=inf o —yl,  Veel

Such a mapping P¢ from H onto C'is called the metric projection.

Lemma 2.1. (see [8]) The metric projection Po : H — C' has the following

basic properties:
(1) Pc is firmly nonezpansive, i.e.,
(Po(x) = Poly),x —y) > ||Pe(z) — Pe(y)|?,  Va,y € H,
and so Pg 1s nonexpansive.

(2) (x — Pox,y — Pcx) <0, forallz € H andy € C.
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Definition 2.2. (1) A mapping T : H — H 1is said to be a-inverse-

strongly monotone if there exists a > 0 such that

(2) A mapping T : H — H is said to be a-Lipschitzian if

1Tz =Tyl < afle =yl Vr,y € H.

(8) A mapping T : H — H is said to be quasi-nonexpansive if Fix(T) # ®
and

ITz—p| <lz—pl,  Vee€H, pe Fix(T).

(4) A mapping T : H — H s said to be strongly quasi-nonexpansive if T
is quasi-nonexpansive and x, — Tx, — 0, whenever {x,} is a bounded

sequence in H and ||z, — p|| — || Tz, — p|| — 0 for some p € Fix(T).

(5) (see[12])A mapping T : H — H is said to be w-demicontractive if
Fix(T) # ® and

(x = Tx,x —p) > 2w

|z — Tz|?, Vo € H quadp € Fix(T).
Obuviously, the above inequality is equivalent to
Tz —pl* < |z — p|* + wllz — Tz|]?,

and it 1s clear from the preceding definitions, that every quasi-nonexpansive

mapping is 0-demicontractive.

Lemma 2.3. (see [13]) For z,y € H and w € [0, 1], we have the following
statements:

(@) [z, )] < llzllllyll;
) llz+yll < llel* + 2y, y + 2);

(c) I(1 = w)z +wyl* = (1 —w)llz[* + wllyl* — w1 — w)llz — ylI*.
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For prove our result, we give the following lemma about the existence and

uniqueness of solutions of some related hierarchical optimization problems.

Lemma 2.4. ([11]) Let {a,} be a sequence of real numbers such that there
exists a subsequence {n;} of {n} such that a,,, < a,,+1 for alli € N. Then
there exists a nondecreasing {my} C N, such that my — oo and the following

properties are satisfied for all(sufficiently large) numbers sequence k C N :
Uy < Qg1 and g < Q1

In fact, m = max{j <k:a; < a1}

Lemma 2.5. ([11]) Assume that {a,} is a sequence of nonnegative real

numbers such that

Qpt1 S (1 - fYn)Oén + 7n6n7

where {v,} is a sequence in (0,1) and {d,} is a sequence such that
(a) limy, oo ¥ = 0, 32 17, = 00,
(b) limsup,, ., 6, <O0.

Then lim,,_,o o, = 0.

Lemma 2.6. ([11)) Let {a,} C [0,00), {a,} C [0,1],{b,} C (—00,+00)
and A € [0, 1], such that

e {a,} is a bounded sequence;

o a1 < (1—ay)a, + 200, \\/Cp /G i1 + by, for allm € N;

e whenever {a,,} is a subsequence of {a,} satisfying liminfy_ . (an,+1 —
an,) > 0, it follows that limsup,_, . b,, <O0;

o lim, .o, =0, X2, = oc.

Then lim,,_. a,, = 0.

In [11], the existence and uniqueness of solutions of some related hierarchi-

cal optimization problems had been discussed.
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Theorem 2.7. ([11]) Let S1,5; : H — H be quasi-nonexpansive mappings
and fi,fo : H — H be contractions. Then there exists a unique element
(p,q) € Fix(Sy) x Fix(Ss) such that the following two inequalities,

, Vx € F%ZL‘(Sl),

0
1
(¢— f2(p)y —q) = 0, Yy € Fiz(Ss). @

At the same time, Maingé define two iterative sequences {z,} and {y,} by

Zo, Yo € H7
Tn41 = (1 - O‘n)Slxn + anfl(SQyn)v (2)
Ynt1 = (1 — o) Soyn + o f2(S12,),

where «,, € [0, 1] satisfy lim,,_,o @, = 0 and 3% «,, = oco. Then, he proved
that the results as follows.

Theorem 2.8. Let S1,5, : H — H be strongly quasi-nonexpansive map-
pings such that I — s;((i = 1,2) are demiclosed at zero and let f;((i =1,2) be
contractions with the coefficient &. Then the iterative sequences{z,} and {y,}

by (2) strong converge to (p,q), respectively, where (p,q) is the unique element
in Fix(Sy) x Fix(Ss) verifying (1).

3 Main results

First, we discuss the existence and uniqueness of solutions of some related
hierarchical optimization problems.

Theorem 3.1. Let S1,55,53 : H — H be quasi-nonexpansive mappings
and fi, fo, fs : H — H be contractions. Then there exists a unique element
(p,q,7) € Fix(Sy) x Fiz(Sy) x Fix(Ss) such that the following inequalities,

(p— filg),r —p) >0, Vr € Fiz(S:),
(q— falr),y —q) >0, Yy € Fiz(Sy), (3)
(r—fs(p),z —7) >0, Vz € Fix(Ss).
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Proof. The proof is a consequence of the well-known Banach’s contraction
principle but it is given here for the sake of completeness. It is known that
both sets Fix(S;)(i = 1,2,3) are closed and convex, and hence the projections

Ppigsy (i = 1,2,3) are well defined. It is clear that the mapping

Priz(s;) ® f1 ® Prizs,) ® f2 @ Prig(s,) ® f3

is a contraction. Hence, there exists a unique element p € H such that

P = (Priz(s;) ® f1 ® Pric(sy) ® f2 ® Priz(sy) ® f3)p-

Put 7 = Priy(sy) f3p and ¢ = Prig(s,) for. Then q¢ € Priy(s,), ™ € Pria(sy) and
p= PFix(Sﬂle-
Suppose that there is an element(p*, ¢*,7*) € Fiz(S1) x Fiz(S;) x Fiz(Ss)

such that the following inequalities,

Y

<p* - fl(q*),Z' _p*> 07 Vl’ € sz(SI)a
(" = f2(r*),y —q*) >0, Yy € Fiz(Sy),
(r* = fs(p*), 2 = %) > 0, Vz € Fiz(Ss).

Vv

Then r* = Priys,)f30",¢° = Prigsy)for® and p* = Ppiys,)fiq". Hence,
P* = (Pris(s,) ® f1 ® Priz(s,) ® f2® Prig(s,) ® f3)p*. This implies that p = p* and
hence ¢ = ¢*,r = r*. This completes the proof. Il

For mappings S;, f; : H — H (i = 1,2,3), we define the iterative sequences
{zn}, {yn} and {z,} by

%o, Yo, 20 € H,

Tnt1 = (1 — )51 + an f1(S2yn),

Ynt1 = (1 — ) Soyn + anf2(S32,),
(Zn1 = (1 — )32, + i f3(S120),

where «,, € [0, 1] satisfy lim, o, a,, = 0, 322 o, = 00.

Theorem 3.2. Let 51,553,535 : H — H be strongly quasi-nonexpansive map-
pings such that I —s;((i = 1,2,3) are demiclosed at zero and let f;((i =1,2,3)
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be contractions with the coefficient &. Then the iterative sequences {x,}, {yn}
and {z,} by (4) strong converge to (p,q,r), respectively, where (p,q,r) is the
unique element in Fix(Sy) X Fix(Ss) x Fixz(Ss) verifying (3).

Recall that a mapping T': H — H is demiclosed at zero if T'x = 0 whenever
rn, — x and Tx, — 0. We split the proof of Theorem 3.2 into the following

lemmas.

Lemma 3.3. The sequences {x,}, {yn} and {z,} are bounded.

Proof. Since 51,5,,55 : H — H be strongly quasi-nonexpansive map-

pings, f;((i = 1,2,3) be contractions with the coefficient &. Then we have

[zt —pll < (1= an)[[S12n — pll + anll f1(S29n) — pll
< (I—an)llzn —pll + anll f1(S2yn) — fi(@) + anll fi(a) — pll
< (1 —ap)||zn — pl| + and||Sayn — ql| + ol f1(q) — pl|
< (= a)llzn = pll + andllyn — gl + anllfi(q) — pl|-

Similarly, we also have

[Yyn+1 = gl < (1 = an)llyn = qll + andllzn = ]| + anll f2(r) — g,
[zni1 = rll < (1= an)llzn — gll + andllzn = pll + anl| f3(p) = 7]

It implies that

Zn1 = 2l + l[ynsr — all + |20 — 7|
<[1— (1 = &an)(|zn — 2l + llyn — all + |20 — 7])
+an ([l f1(q) = pll + [ fo(r) = all + | fs(p) — 7))

< max{||z, — pll + [|yn — qll + [[20 — 7],
f1(q) — pll + I f2(r) — qll + || f5(p)

1—a

_T”}.

By induction, we have

[znt1 =PIl + l[ynsr = all + llzna — 7]

< max{||lzo — pll + [lyo — all + 120 — 7],
1/1(a) = pll + 1f2(r) — gqll + I f5(p)

1—a&

—rlly,
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for all n € N. In particular, sequences {z,}, {y,} and {z,} are bounded.

Consequently, the sequences {Six,,}, {S2y,} and {Ssz,} are also bounded. [

Lemma 3.4. For each n € N, the following inequality holds:

lynn = all* < (1= an)?[[(gn — OI* + 206 z0 = 7{ll|yn1 — gl

( A~
lzns = pII* < (1 = an)?[[(zn = P)I* + 20malyn — glll|zn — pl]

+20,(f1(q) — p, Tpi1 — D),

5)
20, (f2(7) — ¢, Yn+1 — Q), |

121 — 7[> < (1= an)?[[(zn — 7)II? + 2and)|l2n — pll[| 2001 — 7l

+200(f1(p) = 7 Zng1 — 7).

Proof. Since

IN

IN

IN

IA

IA

we have

Tt —P”2

1(1 = an)(S1zn — p) + an(f1(S2yn) — p)|I?

11 = ) (Sizn — )1 + 2{an(f1(S2yn) = D), Tns1 — p)

(1= an)?[[(S12n = P)II* + 20 f1(S2yn) — f1(9), i1 — p)
+20(f1(q) = P, Tng1 — D)

(1= n)?[[(S12n — P)|I* + 20l f1(S2m) — Fi(@) 2041 — pll
+200,(f1(q) = P, Tng1 — D)

(1= n)?[[ (20 = P)II* + 20001 S2yn — alll[ 211 — p
+20,(f1(q) = P, Tns1 — p)

(1 = an)?[[(@n = P)II* + 200 lyn — glll|znss — Pl
+200(f1(q) = P, Tny1 — D),

( .
lyn1 = all* < (1= an)?[[(gn — DI* + 20mc 20 = 7l[[[Yn41 — gl

+2a,(fo(7) — ¢, Ynt1 — q),

1znsr = 7l < (1= an)?[[(z0 = P)II* + 20m6|an = plll| 2041 — 7

+204n<f1 (p) — T Zn+1 — T>'
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By Lemma 3.3, we give following result,

2041 = plI” + [ynrs — all* + 1200 — 7|12
< (1= an)*(l(zn =)+ (v = DII° + [1(z0 = 7))
+20,0([|yn — gllllznsr — pll + 20 = rlllynr1 — all + [z = plllz01 = 7))
+20, ((f1(q) = P Tny1 — ) + (fo2(7) = €, Yny1 — @)
+(f1(p) =7, 2041 —1)). (6)

]

Lemma 3.5. If there exists a subsequence {ny} of {n} such that

tim inf (|2, 1 = PI* + [Yns1 = all* + 2nge1 = 7l* = 2n, = plI*
~lyn. = all* = NIz, = rlI*) = 0,

then

1iin sup((f1(q) = P, Tngs1 — 0) + (f2(r) = @ Y1 — @) + {f3(p) — 7, Znpp1 — 7)
< 0. (7)

Proof. In fact, we first consider the following assertion:

0 < liminf(||zp, 41 — I+ ymes1 — dlPl 2 = 711 = ll2n, — pI
Ny, = all* = 20, = 7I”)

< T (1 )|, — Bl + o |1 (Samy) —
+(1 = an ) [1S99n, — qlI? + an, || f2(Ss20,) — 7|
+(1 = an 18520, — 7lI” + o, || f3(S120,) — pII?
—[1 20, = PI* = Nym, — all> = 120, — 717]

= minf[([|Sy2n, — plI* = l2n, = PI*) + (19290 = all* = llyn, — dll*)
+([|Ss2n, = 7II” = 120, = 7II”)]

< limsup[([[Sin, = plI* = llzn, = 2II*) + (1S29n, = ll* = [1yn, — all?)

k—o0
(1832, = 7lI* = 20 = 7[*)]
<0.
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This implies that

tim (| Sy, = plf* = |, — pI*)
= lim ([1S2yn, — gl = N1y, — al)
= Jlim (1Sy2n, = 711* =l = 1)
= 0.

By Lemma 3.3, the sequences {[|Svzn, =pll+|[zn, =l }, {1 S29m, —all+[1yn, —all}
and {||S3zn, — q|| + ||zn, — ¢l|} are bounded. So we have

Jim (|12, =l = llza, —pII*)
= T (| Sayn, = 4lI* = 19 — all*)
= Jim (|1S520, =l = llzn, = I

= 0.
Since S;(i = 1,2, 3) are strongly quasi-nonexpansive,

S1%y, — Tp, — 0

S2ynk - ynk — 0

S3an - an - 07
by the iteration scheme (3), we have

Tny — Tppt1 — 0

ynk - y’nk+l - O

Zng — Zng+1 — 0.

It follows from the boundedness of {x,, } that there exists a subsequence
{n,, } of {xy, } such that {z,, } =z and

llilglo<f1(Q) 2 xnkl _p>
= limsup(fi(q) — p, Tn, — p)

k—o0

= limsup(fi(q) — p, Tny41 — P)-

k—o0
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Since I — S is demiclosed at zero, it follows that x € Fiz(S). It follows from
(3), we get

Hm (fi(q) = p, 2w, —p) = (filg) = p,2 —p) < 0.
Consequently,

limsup(fi(q) — p, Lnp+1 —p) <0.

k—o00

By using the same argument, we have

lim sup(fa(r) — ¢, Yn,+1 — q) <0,

k—oo
ligl sup(fs(p) —r, zn+1 — 1) < 0.
Therefore, we obtain the desired inequality (6). ]

Next, we prove Theorem 3.2. Denote

Ap = ||xn _pH2 + ||yn - q||2 + ||Z7l - 7ﬁ||2
bn = 2(<f1(Q) — Dy Tny1 _p> + <f2(7”> 4, Ynt1 — Q> + <f3(p> — T Zn41 T’))

Since

19n = qllllznir = pll + 120 = 7lll[gnsr = qll + 120 = pllllz02 — 7
1
< (lwn = plI* + lyn — all® + llzn — 7[I*)2
1
X (lznr = plI” + g — all® + s —[*)2,

we have the following statements from Lemmas (3.3), (3.4) and (3.5):

e {a,} is a bounded sequence;

® an1 < (1 — ap)an + 20,A\/Gn\fan i1 + by, for all n € N;

e whenever {a,, } is a subsequence of {a,} satisfying liminfy_,(an,+1 —
an,) > 0, it follows that limsup,_, . b,, <O0.

Hence, it follows from Lemma 2.6 that a,, — 0, It implies that
i ([l — pl” + 19—l 120 — ) = 0.

This means that x, — p, y, — ¢ and z, — r. The proof of Theorem 3.2 is
completed. Il
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