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Universal inequalities for eigenvalues
of elliptic operators in divergence
form on domains in complete
noncompact Riemannian manifolds
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Abstract

In this paper, we study the eigenvalue problem of elliptic operators in
divergence form, and obtain some universal inequalities for eigenvalues
of elliptic operators in divergence form on domains in complete simple
connected noncompact Riemannian manifolds admitting special func-
tions which include hyperbolic space. Especially, by using our universal
inequalities, we can get the different universal inequalities including

Yang inequality.
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1 Introduction

Let € be a bounded domain in an n-dimensional complete Riemannian
manifold M. Let A be the Laplacian operator acting on functions on M and

consider the following eigenvalues problem for the Laplacian operator

Au = —)\u, in €,

(1.1)
u =0, on 0f),

it is known that this eigenvalue problem has a discrete spectrum,
D<A <A< <A<

where each eigenvalue is repeated with its multiplicity. When M = R", A =
S 2 Payne-Pélya-Weinberger [11] in 1956 proved

1=1 8:1712 ’
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Mer1 — A < — i 1.2
D 12)

In 1980, Hile-Protter [9] strengthened (1.1), and proved

In 1991, Yang [13] gave the following much stronger inequality

k k

S (s — A)? < % Skt — A (1.4)

i=1 i=1

From inequality (1.3), we can get a weaker but explicit form

s (12) (300 15)

These inequalities are called universal inequalities because they do not involve
domain dependence.

In the following, we introduce an elliptic operator in divergence form in
Riemannian manifold. Let (M, (,)) be an n-dimensional compact Riemannian
manifold with boundary oM (possibly empty). Let A : M — End(T'M) be a
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smooth symmetric and positive definite section of the bundle of all endomor-
phisms of TM. Let V be a nonnegative continuous function on M. Denote by

A and V the Laplacian and the gradient operator of M respectively. Define
Lu = —div(AVu) + Vu, (1.6)

where for a vector field X on M, divX denotes the divergence of X. The
operator L defined in (1.5) is an elliptic operator in divergence form. It is easy
to see that the Laplacian operator and Schrodinger operator are it’s special
cases. In 2010, do Carmo-Wang-Xia [6] considered the eigenvalue problem of

the elliptic operator in divergence form with weight such that

Lu = \pu, in €,
u =0, on 012,

(1.7)

where p is a weight function which is positive and continuous on M. They got
a Yang type inequality
k

2 2 k 2772
Z(/\k—l-l —\)? < 105 Z(Ak—o—l - i) ( ! <)\i - E) + 2 HO) ,  (1.8)

p npt S 3 p2)  4p

where £1 < A and tr(A) < né throughout M, p1 < p(z) < py, Vo € M,
I is the identity map, &, &, p1, p2 are positive constants, Hy = maxy(|H]|),
Vo = miny(V), and |H| is the mean curvature of M immersed into some
Euclidean space RY. Recently, Du-Wu-Li[7] considered the problem (1.7) on

complete Riemannian manifolds, they proved the inequality

DFIEORE @<”€—?Zgw>

n
P1 =

Lo s\’
. (Z (M1 — Ai)g(N) (Ai - E)) 7 (1.9)

=1

where (f,g) € Sy,,,.5 = supy, (%]H!Q — V), and H is the mean curvature
vector field.

In this paper, we will consider the eigenvalue problem (1.7) on bounded do-
mains in the complete simply connected noncompact Riemannian manifolds.

Then we obtain.
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Theorem 1.1. Let (M, (,)) be ann(n > 3)-dimensional complete noncompact

simply connected Riemannian manifold with Sectional curvature Sec satisfying
—K? < Sec < —k*. For a bounded domain 2, Let A : Q — End(T) be a
smooth symmetric and positive definite section of the bundle of all endomor-
phisms of TS), and assume that &1 < A < &1 throughout Q, YVx € Q,p; <
p(x) < pa, here &1, &, p1, pa are positive constants. Let \; be the i eigenvalue

of the eigenvalue problem (1.7), then for any (f,g) € Si,,,, we have

210 < {p2£2 Zg } : {; (AH(leA;Bg(Ai)
( L (pohi = V) — (n? — D)k2 4+ 2(n — 1)K2> }; (1.10)

&1

where Vp = mingeqV ().

From Theorem 1.1, we can get the following.

Corollary 1.2. Under the assumption of Theorem 1.1, if M s a hyperbolic
space H"(—1), we have

{Z )\k+1 — g()\i) (6_11(/72/\1‘ - Vo) —(n— 1)2) }(1,11)

where Vy = mingeqV ().

Remark. Taking (f(\i), 9( M) = (Mg — )2 Vs — Ni)?) in (1.11), we can
get a Yang inequality that

> O =0 £ 3 s =4 (o Vi) = (0= 1)

i1 p2&2 Y &1

So, by choosing different (f(\;), g(\)), we can get different universal inequal-

ities.
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2 Preliminaries

In this section, firstly, we shall introduce a family of couples of functions

8].

Definition 2.1. Let A > 0, a couple (f, g) of functions defined on [0, \] belongs
to 3y as that

(i) f and g are positive,

(ii) f and g satisfy the following condition, for any x,y € [0,A], such that
T F#Y,

() Gl i) (150 =0

We can easily find that g(x) is a nonincreasing function.

(2.1)

In the following, we will introduce a lemma which is obtained by Du-Wu-

Li[7].

Lemma 2.1. Let (M, (,)) be an n-dimensional compact Riemannian mani-
fold with boundary OM (possibly empty). Let \; be the it" eigenvalue of the
eigenvalue problem of elliptic operators in divergence form with weight p such
that

Lu=MXpu in M, u=0 on OM,

and u; be the orthonormal eigenfunction corresponding to \;, that is,

Lu; = \jpu; in M, and u; =0 on OM,

/ puiuj :(31'3', V Z,] = 1,2,"'
M
Then for any h € C*(M) and (f,g) € S»,.,, we have

k k

k
: : (F(M)?
DICSITAZIE) YICY /M HVRATH) 3 5

2, (2.2)

((Vui, Vh) + %uiAh)

%
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where § is any positive constant and || f||* = [, f*.

From this Lemma, if we can find a “nice” function on bounded domains
in complete Riemannian manifolds and take it in (2.2) and (2.3), we can get
universal inequalities in complete Riemannian manifolds. In the following, we
will introduce a function on a bounded domain in complete noncompact simple
connected Riemannian manifolds(for the more details about this function, we
refer [5] ).

Let (M, (,)) be an n-dimensional complete noncompact Riemannian man-
ifold, and © be a bounded connected domain in M. Sec(M) is the section
curvature satisfying —K? < Sec(M) < —k?* where k, K is constants and
0 < k < K. When p is not in 2, define the distance function r(z) = d(z,p),
then

coshkr coshKr
— 1k <Ar<(n—-1)K 2.
(n—1) sinhkr — © = (n=1) sinh Kr’ (23)
because of 9,Ar = —|Hess r|? — Ric(d,, d,), so
_oAr < (n— DE2ESMET gy, (2.4)

sinhKr

where Hess, Ric are the Hessian operator and Ricci curvature operator, respec-

tively.

3 Proofs of the main results

In this section, we will give the proofs of Theorem 1.1 and Corollary 1.2.

Proof of Theorem 1.1. Taking h = r in the (2.2), we can get

k k

k
) : (F()?
VIR DPICY /M AV + 3 SO

2

, (3.1)

<<Vul-, Vry + %uiAr)

%
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Because of p1 < p(z) < po, &1 < AL 52] and (2.1), we have

< Vr AVT) < &.

Take (3.2) and

3.3) into (3.1), we have
1

(
1 k 62 k 2
g 2 ) = 00 a: +Z45 oos AT

P2 =
1 2

— (2(Vu;, Vr) + u; Ar

H\/ﬁ( ( ) )

It is known that
M M
((Aui, w;) + Vuf)

(& Vuw)® + V),

/ Vil < ()\ —_2).

From (2.4) and (2.5), we can get

\Y
ST

which yields

2

(Vu;, Vr) + w;Ar)

|77
_ /Q %(2<Vr,Vui>+uiA7")2

< 1 (4 /Q (Vr, V) /Q 2(Ar)? — 2 /Q (V. vm>)

IA

z ([ [aane -2 [ oan)

()\' B E) _(n— 1)%k? /uzcosthr
m& " P1 o  sinh? kr

+2(n—1)K2/ ,cosh> Kr 2(n — 1)k?
Q

IN

p1 ' sinh® K'r P1P2
< 1 ()\ B E) _(* =Dk N 2(n —1)K?
i1 P2 P1P2 P1P2

—1)? k? 2(n—1 K?
_(n ) /u? LA (n )/U? =
01 o sinh” kr 01 o sinh® Kr

45

(3.6)
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Since K > k > 0,r > 0, we obtain

K k

< .
sinhKr — sinhkr’ (3.7)
Since n > 3, we get
k2 K? k?
—1)? —2n—1)——>nn—-1(n—-3)—s— >0, (3.8
(n sinh?kr (n )sinhQKr z (n ) )sinthr - (3:8)
so, by (3.7)-(3.9), we can get
1 2
H; (w; Ar 4+ 2(Vr, Vu;))
1 %, 21Dk 2(n—-1)K?
< <>\ - —0) _ = DE 2= 1) (3.9)
P1§1 P2 P1P2 P1P2

Taking (3.10) into (3.4), we obtain
S5 i
2
< =0 +
Z P1 ;g Z 45 /\k+1 - ()\z)

P2 =1
1 Ve — k2 2(n —1)K?
X ( (/\ - —0) _ ) ;2= )(,3.10)
p1&1 P2 P1P2 P1P2
above inequality implies that

P22 )*
>0 < 5; +Z4m+1— T

1 2 1y22 n— 1)K2
X — (gl(pQ)\ — Vo) — (n" — 1)k +2( 1)K) (3.11)

N

4262 ST g(\) &1

(3.11) becomes

1 Z]f_l M 1
5= =1 Agg1—Ai)g(Ai) ( (02)\ VO) — (n2 - 1>k2 + 2(” - 1)K2)

i
=
=

! RSN (100
(e 2o A S
(511( oA — Vo) — (n2 — 1)k +2(n — 1)K2> } (3.12)
This completes the proof of Theorem 1.1. O]

(SIS
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Proof of Corollary 1.2. Taking K = k = 1 in (3.12), we immediately obtain
(1.11). O
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