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A Dulac function for a quadratic system
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Abstract

In this work we find a Dulac function for a Quadratic System. We use
Dulac’s criterion that gives sufficient conditions for the non–existence
of periodic orbits of dynamical systems in simply connected regions of
the plane. Using a Dulac function we can rule out periodic orbits.
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1 Introduction

It is important to study in differential equations the analysis of the periodic

orbits that there are in a system in the plane. It is well known certain systems
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have no limit cycles. For this should be considered: Bendixson’s criteria,

indices, invariant lines and critical points. See [1, 2, 3, 4, 5, 6].

In this paper we are interested in constructing a general system that not

have periodic orbits using Dulac functions. We use the criterion of Bendixson–

Dulac, see [7].

Theorem 1.1. (Bendixson-Dulac criterion [7]) Let f1(x1, x2), f2(x1, x2)

and h(x1, x2) be functions C1 in a simply connected domain D ⊂ R2 such

that ∂(f1h)
∂x1

+ ∂(f2h)
∂x2

does not change sign in D and vanishes at most on a set of

measure zero. Then the system

{
ẋ1 = f1(x1, x2),

ẋ2 = f2(x1, x2), (x1, x2) ∈ D,
(1)

does not have periodic orbits in D.

According to this criterion, to rule out the existence of periodic orbits of the

system (1) in a simply connected region D, we need to find a function h(x1, x2)

that satisfies the conditions of the theorem of Bendixson–Dulac, such function

h is called a Dulac function. In Saez and Szanto [6] was constructed Lyapunov

functions using Dulac functions to assure the nonexistence of periodic orbits.

Our goal is to find a general dynamical system on the plane that not have

periodic orbits using Dulac functions.

2 Method to obtain Dulac functions

A Dulac function for the system (1) satisfies the equation

f1
∂h

∂x1

+ f2
∂h

∂x2

= h

(
c(x1, x2)−

(
∂f1

∂x1

+
∂f2

∂x2

))
(2)

(see [7]).
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Theorem 2.1. [7] For the system of differential equations (1) a solution h

of the associated system (2) (for some function c which does not change sign

and vanishes only on a subset of measure zero) is a Dulac function for (1) in

any simply connected region A contained in D\{h−1(0)}.

Theorem 2.2. [7] For the system of differential equations (1), if (2) (for

some function c which does not change of sign and it vanishes only on a subset

of measure zero) has a solution h on D such that h does not change sign and

vanishes only on a subset of measure zero, then h is a Dulac function for (1)

on D.

3 Main Result

Theorem 3.1. The system
{

ẋ1 = A1x
2
1 + B1x1x2 + F1,

ẋ2 = A2x
2
1 + C2x

2
2 + F2,

with A1, B1, F1, A2, C2, F2 positive constants, does not have periodic orbits in

a simply connected domain D ⊂ R2 where h is well defined.

Proof. Taking

z = αx1 + βx2 + γ

we obtain
∂z

∂x1

= α,
∂z

∂x2

= β.

Substituting in (2) and by chain rule we have

[α(A1x
2
1 + B1x1x2 + F1) + β(A2x

2
1 + C2x

2
2 + F2)]

dh̃

dz
= h̃(c(x1, x2)− divF )

We want

[η(αx1 + βx2 + γ)2 + µ(αx1 + βx2 + γ) + ν]
dh̃

dz
= h̃(c(x1, x2)− divF )

so we have

[ηz2 + µz + ν]
dh̃

dz
= h̃(c(x1, x2)− divF )
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Namely,

[α(A1x
2
1 + B1x1x2 + F1) + β(A2x

2
1 + C2x

2
2 + F2)]

= [η(αx1 + βx2 + γ)2 + µ(αx1 + βx2 + γ) + ν]

We have

αA1 + βA2 = ηα2,

αB1 = 2ηαβ,

βC2 = ηβ2,

αF1 + βF2 = ηγ2 + µγ + ν,

0 = 2ηαγ + µα,

0 = 2ηβγ + µβ.

If α 6= 0 and β 6= 0 then B1 = 2ηβ and C2 = ηβ. Also B1 = 2C2, C2 6= 0

and η = C2

β
. Also, we have 0 = ηα2 − A1α − βA2 then by C2 = ηβ we have

α =
A1±

√
A1

2+4A2C2

2C2
β. Also we have

0 = 2ηαγ + µα

then 0 = 2ηγ + µ. From

0 = 2ηβγ + µβ

we have 0 = 2ηγ + µ. Then µ = −2ηγ. We have

αF1 + βF2 = ηγ2 + µγ + ν.

Also by µ = −2ηγ we have αF1 + βF2 = −ηγ2 + ν. From here we have

ν = αF1 + βF2 + ηγ2. By µ = −2ηγ, we have that ηγ2 − ν = µ2 − 4ην < 0.

Until now we can summarize

η =
C2

β
,

µ = −2ηγ,

ν = αF1 + βF2 + ηγ2.

By initial system divF = 2A1x1 + B1x2 + 2C2x2. We can take c(x1, x2) :=

−div2F +divF−1 < 0, then c(x1, x2)−divF = −(4A2
1x

2
1+4A1(B1+2C2)x1x2+
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(B1 + 2C2)
2x2

2 + 1). We want

c(x1, x2)− divF = η2z
2 + η1z + η0.

As z = αx1 + βx2 + γ, then c(x1, x2)− divF = η2(αx1 + βx2 + γ)2 + η1(αx1 +

βx2 + γ) + η0. We have to compare

−(4A2
1x

2
1 + 4A1(B1 + 2C2)x1x2 + (B1 + 2C2)

2x2
2 + 1)

= η2(αx1 + βx2 + γ)2 + η1(αx1 + βx2 + γ) + η0.

We have

η2α
2 = −4A2

1,

2η2αβ = −4A1(B1 + 2C2),

η2β
2 = −(B1 + 2C2)

2,

2η2αγ + η1α = 0,

2η2βγ + η1β = 0,

η2γ
2 + η1γ + η0 = −1.

Now, we can summarize

η2 =
−4A2

1

α2
,

η1 = −2η2γ,

η0 = −1− η2γ
2 − η1γ.

Then
dh̃

h̃
=

η2z
2 + η1z + η0

ηz2 + µz + ν
dz.

Then integrating on both sides

h̃ = e
R η2z2+η1z+η0

ηz2+µz+ν
dz

.

Then system does not contain periodic orbits in R2.

Example 3.2. Consider system
{

ẋ1 = 2x2
1 + 2x1x2,

ẋ2 = −x2
1 + x2

2,
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then the solution of the partial differential equation (2) is h̃ = e−16z+1/z, with

z = x1 + x2 and x1 + x2 6= 0. This example provides a Dulac function h̃, and

the system does not contain periodic orbits in R2\{x1 + x2 = 0}.
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