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A Dulac function for a quadratic system
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Abstract

In this work we find a Dulac function for a Quadratic System. We use
Dulac’s criterion that gives sufficient conditions for the non—existence
of periodic orbits of dynamical systems in simply connected regions of

the plane. Using a Dulac function we can rule out periodic orbits.
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1 Introduction

It is important to study in differential equations the analysis of the periodic

orbits that there are in a system in the plane. It is well known certain systems
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have no limit cycles. For this should be considered: Bendixson’s criteria,
indices, invariant lines and critical points. See [1, 2, 3, 4, 5, 6].

In this paper we are interested in constructing a general system that not
have periodic orbits using Dulac functions. We use the criterion of Bendixson—
Dulac, see [7].

Theorem 1.1. (Bendixson-Dulac criterion [7]) Let fi(z1,22), fa(x1, z2)
and h(xl,xg) be functions C' in a simply connected domain D C R? such
that flh) + a(th does not change sign in D and vanishes at most on a set of

measure zero. Then the system

{ &y = fi(w1, 1),

To = fo(x1,22), (21,22) € D,

(1)
does not have periodic orbits in D.

According to this criterion, to rule out the existence of periodic orbits of the
system (1) in a simply connected region D, we need to find a function h(xy, xs)
that satisfies the conditions of the theorem of Bendixson—Dulac, such function
h is called a Dulac function. In Saez and Szanto [6] was constructed Lyapunov
functions using Dulac functions to assure the nonexistence of periodic orbits.
Our goal is to find a general dynamical system on the plane that not have

periodic orbits using Dulac functions.

2 Method to obtain Dulac functions

A Dulac function for the system (1) satisfies the equation

oh 0fi = 0fs
f1 f2 3I2 (C(l'l,@) — (3_1’1 + @—1;2)) (2)

(see [7]).
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Theorem 2.1. [7] For the system of differential equations (1) a solution h
of the associated system (2) (for some function ¢ which does not change sign
and vanishes only on a subset of measure zero) is a Dulac function for (1) in

any simply connected region A contained in D\{h~'(0)}.

Theorem 2.2. [7] For the system of differential equations (1), if (2) (for
some function ¢ which does not change of sign and it vanishes only on a subset
of measure zero) has a solution h on D such that h does not change sign and

vanishes only on a subset of measure zero, then h is a Dulac function for (1)
on D.

3 Main Result

Theorem 3.1. The system

i‘l = Alx% + Bl.]?ll'g —+ Fl,
,I.'Q = Agl’% + CQ.CL’% + F27

with Ay, By, F1, Ay, Cy, Fy positive constants, does not have periodic orbits in

a simply connected domain D C R? where h is well defined.

Proof. Taking
2= ax + Pre + 7

we obtain
0z 0z

or, " Omy
Substituting in (2) and by chain rule we have

dh ~
[Oé(AlfL’% + lelxg + Fl) + /B(AQQT% + OQI% + FQ)]E = ]’L(C(Il, ZL'Q) - dl’UF)

We want

dh
(e + Brs +7)° + plawy + Bas +7) + V]E = h(c(x1,72) — divF)

so we have

n2® + pz + 1/]% = h(c(x1,35) — divF)
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Namely,

[Oé(Al.%% + Bll'lilfg + Fl) + ﬁ(AQ(I;% + 02.1'3 + FQ)}
= [n(awy + Baz +7)° + plaws + Bz + ) + V]

We have

Ay + BA; = na?,
aBy = 2naf,
pCy = 7752;
aFy + BFy =1y* + py + v,
0 = 2nay + pa,
0 =206y + pps.
If « # 0 and § # 0 then By = 2n8 and Cy = nB. Also By = 2Cy, Cy # 0

and n = % Also, we have 0 = na? — Aja — A, then by Cy = n3 we have
o = Aty ‘;15;4’4202 (. Also we have

0 = 2nay + po
then 0 = 21y + p. From
0 =2nGy + pb

we have 0 = 21y + . Then p = —2n7v. We have
aFy + BFy =y + py + v

Also by p = —2ny we have aFy + 8F, = —ny?* + v. From here we have
v = aF, + 8F, + 1y By u = —2ny, we have that ny? — v = p? — 4nv < 0.

Until now we can summarize

n=—_,
B
p=—2ny,
v=al + [F +7772.

By initial system divF = 2A,21 + Byzy + 2Cx5. We can take c(xy, z9) =
—div?F+divE —1 < 0, then c(x1, 29) —divE = —(4A222 +4A, (B, +2C5)x 29+
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(By 4 2C,)%22 + 1). We want
c(x1,29) — divF = 2 +mz + 1.

As z = axy + fxg + 7, then (1, 22) — divF = no(awy + By + 7)2 +m(axy +
Bxa + ) + 9. We have to compare
—(4A%ZE% + 4A1(B1 + 202)1'1272 + (Bl + 202)2$g + 1)

= maaxy + By + ) + maz; + Bry + ) + no.
We have

7720./2 = _4A%7

2772&6 = —4A1 (Bl + 202),

m3* = —(B1 + 202)2,

2may +ma =0,

2128y +mp =0,

My +my+m = —1.

Now, we can summarize

i
772 - Oé2 bl
m = —2n7,

no = —1—my* —m7.

Then

@ _ M22° +mz + 0 1.
h nz? 4+ pz+ v
Then integrating on both sides
;o ef n2z2+711z+770 dz

h f— 7]z2+uz+u

Then system does not contain periodic orbits in R2. O]

Example 3.2. Consider system

I'l = 21’% + 21’11’2,
jﬁg = —.T% + .T%,
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then the solution of the partial differential equation (2) is h = e~16+1/% with
z = w1 + 29 and x1 + 2o # 0. This example provides a Dulac function ;L, and

the system does not contain periodic orbits in R*\{z; + zo = 0}.
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