Theoretical Mathematics & Applications, vol.3, no.2, 2013, 55-69
ISSN: 1792-9687 (print), 1792-9709 (online)
Scienpress Ltd, 2013

The discontinuous oblique derivative problem
for quasilinear elliptic complex equations of
second order in multiply connected domains

Guo-chun Wen!

Abstract
In this article, we discuss the discontinuous oblique derivative bound-
ary value problem for quasilinear uniformly elliptic complex equation of

second order
Wyz=F(z,w,w,, Wy, w,,,W,,) in D, (0.1)
with the discontinuous boundary conditions

Re[@wt +o1(t)w(t) + 11 (t)] =0, fer 0.2)

Re[Xa(t)wy + oo(t)w(t) + m2(t)] = 0,
in a multiply connected domain, the above boundary value problem
will be called Problem P. If the complex equation (0.1) satisfies the
conditions similar to Condition C of (1.1), and the boundary condition
(0.2) satisfies the conditions similar to (1.6) below, then we can obtain
some solvability results of Problem P. The discontinuous boundary
value problem possesses many applications in mechanics and physics

etc.
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56 Discontinuous oblique derivative problem for elliptic complex equations

1 Formulation of discontinuous oblique deriva-

tive problem for complex equations

In this article, we consider the quasilinear uniformly elliptic complex equa-
tion of second order

oz =F (2,0, W;,W;, Wz, Wy ), F'= Q1w+ QoW +A 1w, +A2W, +Azw+Ay,
{Qj:Qj(z,w,wz,wz), J=1,2, A;=A;(z,w,w,,W,), j=1,....4,

(1.1)
in an N + 1—connected domain D. Denote by I' = Ué-V:OF ;i the boundary
contours of the domain D and let I' € C7(0 < p < 1). Without loss of
generality, we assume that D is a circular domain in |z| < 1, bounded by
the (N + 1)-circles I : |z — z;| = r;, 7 = 0,1,..., N and [y = I'nyq ¢ 2] =
1, z =0 € D. In this article, the notations are as the same in References [3-12].

Suppose that (1.1) satisfies the following conditions.

Condition C 1) Q;(z,w,w,,w,)(j = 1,2),A;(z,w,w,,w,)(j = 1,...,4)
are measurable in z € D for all continuously differentiable functions w(z) in

D, and satisfy

Ly[A;(z,w,w,,w,), D] < kj_1, j=1,...,4, (1.2)
in which p, po (2 < po < p), k;j(j =0,1,2,3) are non-negative constants.
2) The above functions are continuous in w,w,,w, € C for almost every
point z € D,and Q; =0(j =1,2), A; =0(j =1,...,4) for z € C\D.
3) The complex equation (1.1) satisfies the following uniform ellipticity

condition, namely for any functions w(z) € C*(D), the inequality

Qi1 < ¢, =12, 1 +¢ <1, (1.3)

holds for almost every point z € D, where ¢; (j = 1,2) are all non-negative
constants.
The discontinuous oblique derivative boundary value problem for the com-

plex equation (1.1) may be formulated as follows.

Problem P Find a continuously differentiable solution w(z) of complex

equation (1.1) in D* = D\ Z satisfying the boundary conditions

Re[A1(2)w, + o1(2)w(z) + 1 (2)] =0,
Re[\o(2)W, + 02(2)w(z) + 12(2)] = 0,

zel*=T\Z, (1.4)
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where \(2) = a;(2) +1ib(2), [N(2)|=1on I' (I = 1,2), and Z = {t1,t2, ..., tm}
are the first kind of discontinuous points of \;(z) on I, r ; is an arc from the
point ¢;_; to t; on I, fj (7 = 1,2,...,m) does not include the end points; we
can assume that ¢t; € Iy (7 = 1,...,mqg),t; € I (j = mo+ 1,...,mq),....t; €
Iy (j =mpy-1+ 1...,m) are all discontinuous points of A(z) on I'. Denote by
Ai(t; —0) and A(¢; + 0) the left limit and right limit of Aj(2) as z — ¢; (j =
1,2,...,m,l=1,2) on I', and

o Ni(t;—0) L [(=0)] oy

gy AT T |28 T e

) TE {wﬁm
P

Ai(t;+0) i 0 (1.5)
Klj:|:—:| + Jlj, Jlj =0 or 1, ] = 1, ...,m,l:1,2,
s
in which 0 < ;; < 1 when J;; = 0, and —1 < 7; < 0 when J;; = 1, j =
1,...,m,l =1,2. Set

7l:1727
2

1 m
Kl = %AF arg )\Z(Z) = Z

J=1

and K = (K7, K3) is called the index of Problem P. Moreover, \(z), 0y(z), 71(2)
(I = 1,2) satisfy the conditions

CalN(2), T3] < ko, Callz—t;]%|z2—t;_1|%5-10y(2),T] < ko, (1.6)
=1,...,m, '

Ca[‘z—tj‘ﬁlj|Z—tj_1|ﬁlj_17'l(2),fj] < ]{54, = 1,2, j

in which a(1/2 < a < 1) is a constant, where n; = max(n;;,172;), vi; (j =
1,...,m,l = 1,2) are real constants as stated in (1.5), 7 (< min(a, 1—2/pg), 6 (<
min |11, fiz2, B21, Pa2, 7|) are sufficiently small positive constants, such that 3+

v; < 1,5 =1,...,m,l =1,2. We require that the solution w(z) possesses the
property

R(2)wz, R(2)ws=Cs(D), R(2) =TT/~ lz2—t;|"/™", nj=max(n;, na;),
n ﬁl] + T, for Yij Z 07 and Vij < 07 ﬂlj Z |’7lj|a (]‘7)
1= ,
’ ’fylj|+7—7 for 7lj<075lj<|fylj|7j:17"‘7m7l:1727

in the neighborhood(C D) of z; (j = 1,...,m).
In general, Problem P may not be solvable. Hence we consider its modified

well posed-ness shown below.
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Problem Q Find a system of continuous solutions (U(z),V(2),w(z))
(w(z) € C(D),R(2)U(z),R(2)V(z) € WJ. (D), 2 < py < p) of the first order
system of complex equations

U? - F(Z,U), U7 V) U27 ‘/z)) F = QIUZ + QQVE
+A1U—|—AQV—|—A3U}+A4E+A5, ‘/E:Uz :p<2),

(1.8)

satisfying the boundary conditions

1(2)w(

1(z w(Z)]Z (Z) ha(2)

Im[Ai(a;)Ul(a;)+01(aj)w

2(a;)V(aj)+o2(aj)w
1,...2K,— N+1, K, > N,

N—K]+1, .., N— K|+ [Kj]+1,0 < K, <N,

g
N
=
| |
/\
N
\_/
D‘
_
—~
N
~—
>~

1(2)X1(2), z € T,
2(2)Xa(2), zeT™,

)
)

+o
+0o

>~

Ea])] bij, 7 € J, 19)

a;)|=byy, j € J,

g
>

in which [£] is denoted the integer part of the number K;, K] = [K;+1/2| (Il =
1,2), X;(z) (I = 1,2) are as stated in (1.13) below; there is in no harm assuming
that the partial indexes K; of A\j(z) on I'y (k=0,1,..., No (< N)) are integers,
and the partial indexes K; of A\(z) on I'y (k = Ny + 1,..., N) are no integers,
(if Kny1 of N(2) on I'yyg is no an integer, then we can similarly discuss;)
a; €Ty (k=1,..,Ny), a; € Do (j=No+1,...2K, — N + 1, if K, > N, I=1,2)
are distinct points; and when N — K] + 1 < N, ajin-k] € L'y (k=1,..., Ny —
N+K)),a;€elg(j=No— N+ K/+1,...,[K]+1, if 0 < K;<N), otherwise
an-ri+; € Lo (j=1,. K41, if 0 < K< N, 1=1,2) are distinct points; and

(

0,z€el, if K, > N,
hyj, 2€T;, k=1,..,N - K, .
if0< K, < N,
0,z€l'j,j=N— K/ +1+2,.., N-K|+[K|]+1
hi(z)= ,
hlj, Z € Fj, ] = 1,...,N,
IKif11/211 } K <0,1-1,2,

1+ (=1 ho+Re Y (b, +ily,)2™, z€T

\ m=1

(1.10)

where hy; (j = 0,1,...,N), hf (m =1,...,—K,—1,K; < 0,1 = 1,2) are un-
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known real constants to be determined appropriately, and the relation

A dz + V(2)dz), (1.11)

. N
= U(z)d
v =t [ [0+ >0
in which Q; = Q;(z,w, U, V,U,,V,),5 = 1,..,4,A; = A;j(z,w,V,V),j =
1,...,7, where ap = 1, d,,(m = 1,...,N) are appropriate real constants such
that the function determined by the integral in (1.11) is single-valued in D,
|)\l(t)| = 1, and Kl = %Ap)\l(t) (l = 1,2), and

OB | (CEAR | (CESR || (fii) gl (HJ)

=1 s=1 j=motl j=mng -+ #TENo
MmN+ Vg , m Vij ,
z—t; z—t z—t; z—t
=g +1 Z —ZNp+1 Z—ZNy+1 jmma Z—ZN Z—ZN
(1.12)
where K, = > m a1 K5 (1 = 1,2) are denoted the partial indexes on

Li(s = 1,..,N); and t; (€ Iy, j = No + 1,...,N) are fixed points, which
are not the discontinuous points at Z. Similarly to (1.7)-(1.12), Chapter V,
[5], we see that

Ai(t; —0)
Ni(t; +0)

Nl = 0) iy +1,1=1,2
Ni(t; +0)

it only needs to charge the symbol on some arcs on I, then A\;(2)Y;(2)/|Yi(2)] (I =

1,2) on I' are continuous. In this case, its index

1 N — N
fi = - Ar(2)Yi(2)] = Ki - ———

=12

are an integer; and

X(z) = N (2)Xi(2)] = 0, z € T,

Z[m]ez’Sz(Z)}/l(Z)’ zely,
eieljeiSI(Z)YE(Z)’ ZGFj,j:17-~-7N7
arg \j(z)— K] arg z—arg Y;(2), z € Iy,
ReSl(z):Sll(Z)—el(t); Sll(Z):{argA (Z) argY(z) zel j 1 N
1 — 1 y Jod =Ly )

0, z €Ty,
()= T Im[S,(1)] = 0, 1 = 1,2,
0, 2€T;, j=1,..,N,

(1.13)
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in which S;(z) (I = 1, 2) are the solutions of the modified Dirichlet problem with
the above boundary condition for analytic functions, 6;; (j =1,..., N, l = 1,2)

are real constants. We assume that
|blj|§k47 je‘]lv l:1a27 |w0| S k4; (114)

where k4 is a real constant as before.

In this article, we first discuss the modified boundary value problem (Prob-
lem Q) for a system of first order complex equations, which corresponds to
Problem P for the complex equation (1.1). We establish then the integral ex-
pression and a priori estimates of solutions for Problem Q. By the estimates
and the Leray-Schauder theorem, we can prove the existence of a solution for
Problem Q, and so derive the results of the solvability for Problem P for the

system (1.1) with some conditions as follows.

Theorem 1.1. (The Main Theorem) Suppose that the second order quasi-
linear system (1.1) satisfy Condition C and (2.19) below. If the constants
G2, €, k1, ko in (1.2),(1.3), (1.6), (1.14) are all sufficiently small, then Problem
P for (1.1) possesses the following results on solvability:

(1) When the indices K; = 5-Ararg;(t) > N (j = 1,2), Problem P for
(1.1) has 2N solvability conditions, and the solution depends on 2(K; + Ko —
N + 2) arbitrarily real constants.

(2) When the indices 0 < K; < N (j = 1,2), the total number of the
solvability conditions for Problem P is not greater than 4N — [K1+1/2]— [Ky+
1/2] and the solution depends on [K;] + [Ks] + 4 arbitrarily real constants.

(3) When 0 < K; < N,Ky > N (or K1 > N,0 < Ky < N), the total
number of the solvability conditions for Problem P is not greater than 3N —
(K1 +1/2] (or 3N — [Ky+ 1/2]) and the solution depends on [K;]+2Ky— N +
4 (or 2Ky + [Ks] — N + 4) arbitrarily real constants.

(4) When K; < 0,Ky > N (or K1 > N, K, < 0), Problem P has 3N —
2K, —1 (or 3N — 2K, — 1) solvability conditions, and the solution depends on
2Ky — N + 3 (or 2Ky — N + 3) arbitrarily real constants.

(5) When K; < 0,0 < Ky < N (or 0 < Ky < N,Ky <0), Problem P has
AN —2K; — [K3+1/2]—1 (or AN — [K;+1/2] — 2K, — 1) solvability conditions,
and the solution depends on [Ks] + 3 (or [K1] + 3) arbitrarily real constants.
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(6) When Ky <0, K5 <0, Problem P has 4N — 2K, — 2K5 — 2 solvability

conditions, and the solution depends on two arbitrarily real constants.

2 Estimates of solutions of discontinuous

oblique derivative problem

In this section, we first develop some estimates of solutions of Problem Q

for elliptic complex systems (1.8).

Theorem 2.1. Suppose that Condition C holds and the four constants
Q2 €, k1, ko in (1.2), (1.3), (1.6) are small enough. Then any solution [U(z),V (z),
w(z)| of Problem Q for (1.8) satisfies the estimates

Li=L,(U)=Cs[R(2)U(z2), D]+ Ly, [| RSU|+|RSU,|, D] < Mj,

Loy=Ly(V)=C5[R(2)V (2), D]+ Ly, [| RSVz|+|RSV,|), D] < My, 21)

where

R(z)=TT7, l2=t;|%/7, S(2) =TT7%, ==t
nj=max(ny, me), j=1,...,m,

‘_{@j + 7, for v;> 0, and 7; < 0, By > [,
= Y15+, for vi; <0, By <|vjl,7=1,...,m,1=1,2,

and 0 (< min(Bi1, Bi2, Ba1, Bz, 7), 7 (< min(a, 1—2/po)), po (2 < po < p), M
and M, are positive constants, M; = M;(qo,po,0,k*, K, D), j = 1,2, k* =
]{?*(k'(), kfg,k‘4), and K:(Kl, KQ)

Proof. Let the solution [w(z),U(z),V(z)] of Problem Q be substituted
into the system (1.8), the boundary conditions (1.9), and the relation (1.11).
It is clear that (1.8) and (1.9) can be rewritten in the form

Us:—QU,— A\ U=A, A=QV.+ AV + Agw+ Ay, VEIUZ, (2.3)
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Re[M(2)U(z)]=r1(2)+hi(2)M\(2) X1 (2),
Re[Ma(2)V (2)] =ra(2) +ha(2) Ao (2) Xa(2), (2.4)
ri(z) = (z) — Reloy(2)w(2)], z €T, 1=1,2,
where A and 7(I = 1, 2) satisfy the inequalities

Ly [RSA, D] < goL,,[RSV., D] + L,,[A2, DIC[RV, D]
+ Ly, [As, D|C[w, D] + Ly, [As, D] < gL + ky Lo + k281 + ks,
Cu[Rr,T] < Cu[Roy, T)Cw, T] + Cu[Rm, U] < ckoSy + K, 1=1,2,  (2.6)
in which S; = C[w, D], we mention that the some items kS, k3 should be
replaced by ksksS, ksks, where ks = C[R(z), D], but for convenience we omit
them.

Moreover from (2.3) and (2.4), we can obtain

L1 S Mg[(QQ + kl)LQ + kgSl + k3 + Ek'oSl + 2k4]

(2.5)

(2.7)
= Ms[(q2 + k1) Lo 4 (ks + €ko) St + ks + 2k4],

where M3 = M3(qo, po, 9, ko, K, D). Noting that V'(z) is a solution of the mod-
ified problem for V; = U, we have

Lg S Mg[Ll + 5]{5051 + 2]{34] (28)

In addition, from (1.11), we can derive

:—/ 2)dz +V( )dz],mzl,...,N,

Sy = Clw, D] < ky+M,[C(RU, D)+C(RV, D)] < ky+ M, (L1 +Ls), 2
where My = My(D).
Combining (2.7)-(2.9), we can derive that
Ly < M3{M;[(g2 + k1) Lo + (ks + ko) (ky + Ma(Ly + Ly))
+ks + 2ka] + eko(ka + Ma(Ly + L2)) + 2ky} (2.10)

< Ms{(q2 + k1) MsLo + (ko 4 ko) (1 + M3) My (Ly + Lo)
+ka(ke + ko) (1 + Ms) + (ks + 2kq) (1 + M)}
Provided that the constants qs,¢, ki, ko are sufficiently small, for instance,
Mg[((]g + kl)Mg + (k)g + 8]{30)(1 + M3)M4] < 1/2, we must have
LQ S 2M3[(k’2 + Sk’o)(l + Mg)M4L1 + k‘4(k52 + Ek‘o)(l + Mg)

(2.11)
—f—(k’g + 21{34)(1 + M3)] - MSLI + M67
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where M5 = 2M3(k’2 + EKo)(l + Mg)M4, M@ = 2M3[k’4(k’2 + 8]{30)(1 + Mg)
+(ks + 2k4)(1 + Ms)]. Letting (2.11) and (2.9) be substituted into (2.7), we

can obtain

Ly < Ms[(ga+k1)(MsLy+Mg)+ (ko +eko) My( L1+ Lo) + ks (ko +cko)
—|—]€3 + 2]{?4] < Mg{[((]g + kl)M5 + (]{72 + 8]{70)M4(1 + M5)]L1 (212)
+(qo + k1) Mg + (kg + eko) MyMeg+ky(ko + ko) + ks + 2k4}.

Moreover if ¢o, €, k1, ko are small enough such that Ms[(qs + k1) M5 + (ko +
eko)(1 4+ Ms5)My) < 1/2, then the estimates
Ly < 2M;3[(qa+k1) Mg+ (ko +eko) MyMeg+ ka(ka+cko) + ks +2ky] = M7 (2.13)
is concluded, and
Lo < MMy + My < M, = max(My, MsM; + Mg). (2.14)

Furthermore, from (1.11) it follows that (2.2) holds. O

From Theorem 2.1, we can derive the following result.

Theorem 2.2. Under the same conditions in Theorem 2.1, any solution
[U(z), V(z), w(z)] of Problem Q for (1.8) satisfies the estimates

Ll = Ll(U) S Mgk‘, L2 - L2<V) § Mgl{, (215)

S() = So(w) S Mg/{i, (216)
where M; = M;(qo, po, 6, ko, K, D), j = 8,9, and k = k3 + 2k4.

Proof. We substitute the solution [U(z), V(z), w(z)] of Problem @ into the
system (1.8), the boundary conditions (1.9) and the relation (1.11). Similarly
to the proof of Theorem 2.1, we can obtain the results as in (2.1) and (2.2),
namely

Ly = Li(U) < Mgk, Ly = Ly(V) < Mgk, (2.17)
S() = So(w) S Mgk?, (218)
in which k£ = k3 + 2]’6’4, Mj = Mj((]g,po,(s, ]{?0, K, D),j = 8,9

In order to prove the uniqueness of solutions of Problem Q for (1.8), we need

to add the following condition: For any continuously differentiable functions
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w;(2)(j = 1,2) on D and any continuous functions U(2), V (2)(€ WI}O([D)(Q <
po < p), D is any closed subset), there is
F(Z, wh, w127m127 UZ) ‘/Z) - F(Z7 Wa, w227w22U27 ‘/;J)

. ) : ) ] (2.19)
= Q1U,+Q2V.+ A1 (w1, — wa,)+ Ao (W1, —Wa, )+ As(wy —ws),

where |Q;| < ¢;, 1 =1,2, 4, € L,,(D), j = 1,2,3. O

Theorem 2.3. If Condition C, (2.19) hold, and qo,¢€, k1, ky in (1.2),(1.3),
(1.6) are small enough, then the solution [w(z), U(z), V(2)] of Problem Q for
(1.8) is unique.

Proof. Denote by [w;(2),U;(2),V;(2)](j =
lem Q for (1.8), and substitute them into (1.8),(1.9) and (1.11), we see that
) =

[w,U, V] = [wi(2) = wa(2),Ur(2) = Ua(2), V(2

following homogeneous boundary value problem

1,2) two solutions of Prob-

Va(2)] is a solution of the

U: =1 U.4QoV.+ AU+ AV + Aw, Vi =U., 2 € D, (2.20)

zel, (2.21)

{Im[Al(z>U<z)+al(z)w(z)}|Z 0, =0, j € Ji, (2.22)
Im[Ay(2)V (2)+02(2)w(2)]|2=a; =0, j € Jo,
w(z)=wp /z 2)dz— Z — dm dz+V( )dz in D, (2.23)

the coefficients of which satisfy same conditions of (1.8),(1.9) and (1.11), but
ks = ks = 0.

On the basis of Theorem 2.2, provided ¢», k1, ko and € are sufficiently small,
we can derive that w(z) = U(z) = V(2) = 01in D, i.e. wy(2) = wa(2), Ui(2) =
Us(z2), Vi(z) = Va(z) in D. O
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3 Solvability of discontinuous oblique deriva-

tive problem

In the following, we use the foregoing estimates of solutions and the Leray-
Schauder theorem to prove the solvability of Problem @Q for the nonlinear

elliptic complex system (1.8).

Theorem 3.1. Suppose that the second order quasilinear system (1.1) sat-
isfy Condition C and (2.19). If the constants qa, €, k1, ke in (1.2),(1.3), (1.6)
are all sufficiently small, then Problem Q for (1.8) is solvable.

Proof. First of all, we assume that F(z,w,U,V,U,,V,) of (1.8) equal to
0 in the neighborhood D* of the boundary I". The equation is denoted by

U. = F*(z,w,U,V,U,,V.), V; = U, in D. (3.1)
Then we consider the system of first order equations with the parameter ¢t €
[0, 1], namely

Ut = t[F*(z,w,U, VU V), VI =tU*.. (3.2

Moreover we introduce the Banach space B = W (D) x W (D) x C*(D)(2 <
po < p). Denote by Bjs the set of systems of continuous functions: w =

[U(z),V(z),w(z)] satisfying the inequalities:

Ly(U) = Cs[RU, D] + Ly, [|RSU;| + |RSU,|, D] < My, La(V) < My,
Cw(z), D] = Clw(z), D]+C[Rw., D]+C|[Rw,, D] < My,

(3.3)
in which Mg = My + My + 1, §, My, M5 are non-negative constants as stated
in (2.1) and (2.2). It is evident that B, is a bounded open set in B.

Next, we only discuss Problem Q for (3.2) and arbitrarily select a system
of functions: w = [U(z),V(2),w(z)] € By. Substitute it into the appropri-
ate positions of (3.2),(1.9) and (1.11), and then consider the boundary value
problem (Problem Q) with the parameter ¢ € [0, 1]:

U: =t[F*(z,w,U,V,U,,V,), Vi =tU,, z € D, (3.4)

{Re[Al(z)U*(z) + to1 (2)w(z)]
Re[Aa(2)V*(2) + tos(2)w(2)]

71(2) + ha(2)M(2) Xa (2),
T2(2) + ho(2)Aa(2) X2 (2),

zel, (3.5)
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(3.6)

{Im[Al(%)U*(%) + to(aj)w(ay)] = by, j €
Im[As(a;)V*(a;) + toa(aj)w(a;)] = by, j € Ja,

1 Z_Zm

w*(z):wo—l—/z[U*(z) + Z e ldz + V*(2)dz, z € D, (3.7)

where U(z),V(2),w(z) are known functions as stated before.

Noting that Problem Q consists of two modified Riemann-Hilbert problems
for elliptic complex equations of first order and applying the method in the
proof of Theorem 6.6, Chapter V, [4] and Theorem 3.5.3, Chapter 3, [12], we
see that there exist the solutions U*(z2),V*(z) € WI}O(D)(Z < po < p). From
(3.7), the single-valued function w*(z) in D is determined.

Denote by w* = [U*(2),V*(z),w*(z)] = T(w,t)(0 < t < 1) the map-
ping from w onto w*. According to Theorem 2.2, if w = [U(z), V(2),w(2)] =
T(w,t)(0 < t < 1), then w = [U(2),V(z),w(z)] satisfies the estimates in
(2.1),(2.2), consequently w € By,. Setting By = By % [0,1], we shall verify
that the mapping w* = T'(w, t)(0 < ¢t < 1) satisfies the three conditions of the
Leray-Schauder theorem:

(1) When t = 0, by Theorem 2.2, it is evident that w* = T(w,0) € Byy,.

(2) As stated before, the solution w = [U(z),V (z),w(z)] of the functional
equation w = T(w,t)(0 < ¢t < 1) satisfies the estimates in (2.1),(2.2), which
shows that w = T'(w, t)(0 < ¢t < 1) does not have any solution w = [U(z), V (z),
w(z)] on the boundary 0By = B\ B

(3) For every t € [0, 1], w* = T'(w,t) continuously maps the Banach space
B into itself, and is completely continuous in Bj;. Besides, for w € By, T(w,t)
is uniformly continuous with respect to t € [0, 1].

In fact, let us choose any sequence w,, = [Uy,(2), Vi (2), w,(2)](n = 1,2, ...),
which belongs to By;. By Theorem 2.1, it is not difficult to see that w’ =
Uz, Vo wrt] = T(wn, t)(0 <t < 1) satisfies the estimates

Li(U}) < Mya, Lo(V)) < Mg, So(w)) < My, (3.8)

in which M; = M;(qo, po, 0, ko, K, D, M), j = 12,13, n = 1,2,.... We can se-
lect subsequences of {U}(z)}, {V,*(2)}, {w}(z)}, which uniformly converge to
Ui (2), Vi (2),wi(2) in D, and {UZ.}, {U*.}, {V.2.}, {V,.} in D weakly converge
to Ug,, Ujs, Vi, Vs, respectively.
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For convenience, the same notations will be used to denote the subse-
quences. From w} = T'(wy,t) and w§ = T(wp,t)(0 <t < 1), we obtain

U;2_U6<2:t[F(ZawnaUnanU* y >_F(Z>wn>Unaanng>‘/()2)+cn]>

nz’ nz

Cp = F<Z>wn7 Una VTL’ US;;) VE)Z)_F(Z7 Wo, UOv ‘/07 Uf)kz7 ‘/E]*z)a (39)

Ve — Vi =tlU* . — U*o.], 2 € D,

{Re[)\l(z)(Un* —U§) + toy(2)(wy,—wp)] = hl(z))\l(z)Xl(z)Z, T (3.10)
Re[Aa(2) (Vi — Vi) + toa(2) (wp—wo)] = ha(2)Xa(2) Xa(2),

(3.11)

{Im[Al(%)[Uﬁ(ay‘)—US(aj)]+t01(aj)[wn(@j) —wo(a;)]=0, j € Ji,
Im[As(ay)[V; (a;) = V5 (@) +toa(as) [wa(a;) —wo(ay)]] =0, j € Ja,

wZ(Z)—wS(Z)Z/:[U;(Z)—US(ZHZ im Jdz+[Vi(2) =V (2)ldz. (3.12)

m=1

By using the way in (1.2.53), Chapter 1, [11], we can prove that

L, [RSc,, D] — 0

for n — oo, since when n — oo, {¢,} converges to 0 for almost every point
z € D. Because of the completeness of the Banach space B, there exists a
system of functions wy = [Up(2), Vo(z), wo(2)] € B, such that

Li(U, —Uy) — 0, Lo(V,, = Vi) — 0 and S(w, —wy) — 0as m — oo.

This shows the complete continuity of w* = T(w,)(0 <t < 1) on By By a
similar method, we can also prove that w* = T'(w,)(0 < ¢t < 1) continuously
maps By, into B, and T'(w, t) is uniformly continuous with respect to ¢ € [0, 1]
for w € By,.

Hence by the Leray-Schauder theorem, we see that the functional equation

w=T(w,t)(0 <t <1)with ¢t =1, i.e. Problem Q for (1.8) has a solution. [

Finally we can cancel the assumption that F'(z,w, U, V,U,, V.) of (1.8) equal
to 0 in the neighborhood D* of the boundary I' by the method as stated in
the proof of Theorem 4.7, Chapter II, [3].

From the above theorem, the result in Theorem 1.1 can be derived.
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Proof of Theorem 1.1. We first discuss the case: 0 < K; < N (I =1,2).
Let the solution [w(z),U(z),V(z)] of Problem Q for the complex system (1.8)
be substituted into (1.9)—(1.11). The functions h;(z)(l = 1,2) and the complex
constants d,, (m = 1,...,N) are then determined. If the functions and the

constants are equal to zero, namely the following equalities hold:
hi(z)=h;=0, j=1,... N—[K;+1/2], when 0<K; < N,[=1,2, (3.13)

and
d,, = Red,, +ilmd,, =0, m=1,..., N, (3.14)

then w, = U(z), w, = V(2), w(z) is a solution of Problem P for (1.1). Hence
when 0 < K; < N(I =1,2), Problem P for (1.1) has 4N —[K;+1/2] —[Ky+1/2]
solvability conditions. In addition, the real constants b;; (j = N — K| + [K;] +
I,..N+1,1=1,2)in (1.9) and the complex constant wy in (1.11) may be
arbitrary, this shows that the general solution of Problem P (0 < K; < N,[ =
1,2) is dependent on [K;| + [K3] + 4 arbitrary real constants. Thus (2) is
proved.

Similarly, other cases can be obtained. O]

References

[1] LN. Vekua, Generalized Analytic Functions, Pergamon, Oxford, 1962.

[2] A.V. Bitsadze, Some Classes of Partial Differential Equations, Gordon
and Breach, New York, 1988.

[3] G.C. Wen and H. Begehr, Boundary Value Problems for Elliptic Equations

and Systems, Longman Scientific and Technical Company, Harlow, 1990.

[4] G.C. Wen, Conformal Mappings and Boundary Value Problems, Trans-
lations of Mathematics Monographs 106, Amer. Math. Soc., Providence,
RI, 1992.

[5] G.C. Wen, C.W. Tai and M.Y. Tian, Function Theoretic Methods of Free
Boundary Problems and Their Applications, Higher Education Press, Bei-
jing, 1996 (Chinese).



Guo-chun Wen 69

[6]

[10]

[11]

[12]

H. Begehr and G.C. Wen, Nonlinear FElliptic Boundary Value Problems
and Their Applications, Pitman Monographs 80, Addison Wesley Long-
man, Harlow, 1996.

G.C. Wen, Approximate Methods and Numerical Analysis for Elliptic
Complex Equations, Gordon and Breach, Amsterdam, 1999.

G.C. Wen, Linear and Nonlinear Parabolic Complexr Equations, World
Scientific Publishing Co., Singapore, 1999.

G.C. Wen and B.T. Zou, Initial-Boundary Value Problems for Nonlin-
ear Parabolic Equations in Higher Dimensional Domains, Science Press,
Beijing, 2002.

G.C. Wen, Linear and Quasilinear Complex FEquations of Hyperbolic and
Mizxed Type, Taylor & Francis, London, 2002.

G.C. Wen, D.C. Chen and Z.L. Xu, Nonlinear Complex Analysis and its
Applications, Mathematics Monograph Series, 12, Science Press, Beijing,
2008.

G.C. Wen, Recent Progress in Theory and Applications of Modern Com-
plex Analysis, Science Press, Beijing, 2010.



