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Real hypersurfaces in complex two-plane
Grassmannians whose Jacobi operators
corresponding to D+-directions are D-parallel

Carlos J.G. Machado!, Juan de Dios Pérez? and Young Jin Suh?

Abstract

We prove the non-existence of Hopf real hypersurfaces in complex
two-plane Grassmannians whose Jacobi operators corresponding to the
directions in the distribution D+ are D-parallel if they satisfy a further

condition.
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1 Introduction

The geometry of real hypersurfaces in complex space forms or in quater-

nionic space forms is one of interesting parts in the field of differential geometry.
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Until now there have been many characterizations for homogeneous hypersur-
faces of type (A1), (A2), (B), (C), (D) and (F) in complex projective space
CP™, of type (A;),(A2) and (B) in quaternionic projective space HP™, or
of type (A) and (B) in complex two-plane Grassmannians Go(C™"?). Each
corresponding geometric features are classified and investigated by Kimura [5],
Martinez and Pérez [8], Berndt and Suh [3] and [4], respectively.

Let (M, g) be a Riemannian manifold. A vector field U along a geodesic v

in M is said to be a Jacobi field if it satisfies a differential equation
ViU + R(U(),3(1)3(t) =0,

where %(t) and R respectively denote the covariant derivative of the vector
field U along the curve v(t) in M and the curvature tensor of the Riemannian
manifold (M, g). Then this equation is called the Jacobi equation.
The Jacobi operator Ry for any tangent vector field X at z€M, is defined
by
(Rx(Y))(z) = (R(Y, X)X)(x)

for any Y € T, M, and it becomes a self adjoint endomorphism of the tangent
bundle TM of M. That is, the Jacobi operator satisfies Rx€End(T,M) and
is symmetric in the sense of G(Rx(Y), Z) = g(Rx(Z),Y) for any vector fields
Y and Z on M.

Now let us consider real hypersurfaces in complex two-plane Grassmanni-
ans Go(C™"2) which consist of all complex 2-dimensional linear subspaces in
C™*2. The complex two-plane Grassmannians G5(C™%?) have a remarkable
geometric structure. It is known to be the unique compact irreducible Rie-
mannian symmetric spaces equipped with both a Kéhler structure J and a
quaternionic Kéhler structure J (see Berndt and Suh [3]).

In [2] the authors prove that any tube M around a complex submanifold in
complex projective space CP™ is characterized by the invariancy of A¢ = a&,
where the Reeb vector ¢ is defined by £ = —JN for a Kahler structure J and
a unit normal N to real hypersurface M in CP™.

Moreover, the corresponding geometrical feature for hypersurfaces in HP™
is the invariance of the distribution D+ = Span {&, &, &3} by the shape oper-
ator, where & = —J; N, J;€J.

In fact every tube around a quaternionic submanifold of HP™ admits a

geometrical structure of this type (see Alekseevskii [1]). From such a view
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point, we considered two natural geometric conditions for real hypersurfaces in
Go(C™2) that [¢] = Span {£} and D+ = Span {&;, &, &} are invariant under
the shape operator. By using such conditions and the result in Alekseevskii
[1], Berndt and Suh [3] have proved the following.

Theorem A. Let M be a connected real hypersurface in Go(C™+2), m > 3.
Then both [£] and D+ are invariant under the shape operator of M if and only

if

[(A)]M is an open part of a tube around a totally geodesic Go(C™*1) in
G2(C™2), or m is even, say m = 2n, and M is an open part of a tube
around a totally geodesic HP™ in G5(C™+?).

If the Reeb vector field £ of a real hypersurface M in Go(C™?) is invariant
by the shape operator, M is said to be a Hopf hypersurface. In such a case
the integral curves of the Reeb vector field £ are geodesics (see Berndt and
Suh [4]). Moreover, the flow generated by the integral curves of the structure
vector field ¢ for Hopf hypersurfaces in G5(C™"?) is said to be geodesic Reeb
flow. Moreover, if the corresponding principal curvature « is non-vanishing we
say M is with non-vanishing geodesic Reeb flow.

In this paper we will consider the Jacobi operators associated to a basis of
the distribution D+, Re,, i = 1,2,3. In [7] we have proved the non-existence
of real hypersurfaces in complex two-plane Grassmannians whose Jacobi op-
erators Re,, i = 1,2,3 are of Codazzi type if the distribution D or the D*-
component of the Reeb vector field is invariant by the shape operator. As
a consequence we obtained the non-existence of real hypersurfaces for which
such Jacobi operators are parallel with the same further condition. Now we
will deal with a weaker condition: The D-paralellism of the Jacobi operators

Re,, ©=1,2,3. Thus we will prove the following.

Theorem 1.1. There do not exist any connected Hopf real hypersurface in
Go(C™2), m > 3, such that VxRe, = 0, i = 1,2,3, for any X € D if the
distribution D or the D+-component of the Reeb vector field is invariant by the

shape operator.
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2 Preliminaries

For the study of Riemannian geometry of Go(C™%?) see [3]. All the notations
we will use since now are the ones in [3] and [4]. For computational reasons we
will suppose that the metric g of G5(C™2) is normalized for the maximal sec-
tional curvature of (Go(C™%2), g) to be eight. Then the Riemannian curvature
tensor R of Go(C™*2) is locally given by

RIX.Y)Z = g(YV,2)X —g(X,2)Y + g(JY,2)JX — g(JX, Z)JY —29(JX,Y)JZ

3
+ 3 (LY. 2)1,X — g(J,X, Z)J,Y —29(J,X,Y)J,Z)}

v=1
3
+> {g(LJIY, Z)J,JX — g(J,JX,Z)],JY}, (1)
v=1
where Jq, Js, J3 is any canonical local basis of J.
Let M be a real hypersurface of G5(C™"?), that is, a submanifold of
G5 (C™2) with real codimension one. The induced Riemannian metric on
M will also be denoted by ¢, and V denotes the Riemannian connection of
(M,g). Let N be a local unit normal field of M and A the shape operator
of M with respect to N. The Kéhler structure J of Go(C™?) induces on M
an almost contact metric structure (¢,&,n,¢g). Furthermore, let Ji, Jo, J3 be
a canonical local basis of J. Then each J, induces an almost contact metric
structure (¢,,&,,7M,,9) on M. Using the above expression for the curvature

tensor R, the Gauss and Codazzi equations are respectively given by

RX,)Y)Z = g(Y,Z)X — g(X, 2)Y +g(¢Y, Z)pX — g(¢X, Z)pY —29(¢pX,Y)pZ

3
+ Y {9(6Y. 2)6, X — g(6,X, 2)6,Y — 29(6,X,Y ), 2}

v=1
3
+ ) {9(6u8Y, 2)$0X — g(6u0X, Z)6,0Y }
v=1

- Z{U(Y)UV(Z)¢V¢X - U(X)UV(Z)%@/}

= > {n(X)g(eudY, Z) = n(Y)g(¢u9 X, Z)}E,

+ g(AY, 2)AX — g(AX, Z)AY,
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and
(VxA)Y — (VyA)X =n(X )¢Y —n(Y)pX —29(¢X,Y )¢

+ Z ((X)8Y =1, (V)6u X — 29(6, X, V), }
+ Z {n(X)dudY — 1, ($Y )y X }

+Z{n Y (6Y) = (Y nu(6X) 6,

where R denotes the curvature tensor of M in Gy(C™*2).

To be used in the sequel we mention the following Propositions due to
Berdnt and Suh, [4].

Proposition 2.1. Let M be a connected real hypersurface of Go(C™2).
Suppose that AD C D, Af = af and € is tangent to D*.
Let J1€F = Span{Jy,Jo,J3} be the almost Hermitian structure such that
JN = JyN. Then M has three (if r = 7/2V/8) or four (otherwise) distinct
constant principal curvatures

= V/8cot(V8r) , B=+2cot(vV2r) , A= —V2tan(v2r), p=0
with some r € (0,7/+/8). The corresponding multiplicities are
m(a) =1, m(B) =2, m(\) =2m — 2 =m(u)
and as the corresponding eigenspaces we have

T, = R¢ = RJN = RE,

Ty = CH6 = CN = RGARE,
Ty = {X|XLHE, JX = J; X},
T, = {X|XL1HE{, JX = —J, X},

where RE, CE and HE respectively denotes real, complex and quaternionic span

of the structure vector & and C+¢ denotes the orthogonal complement of CE in
HE.
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Proposition 2.2. Let M be a connected real hypersurface of Go(C™*2).
Suppose that AD C D, A¢ = o and £ is tangent to D. Then the quaternionic
dimension m of G(C™*2) is even, say m = 2n, and M has five distinct

constant principal curvatures
a = —2tan(2r) , f=2cot(2r) y=0, A=cot(r), u= —tan(r)
with some r € (0,7/4). The corresponding multiplicities are
m(a) =1, m(B) =3=m(y), m(A) =4n -4 =m(u)
and the corresponding eigenspaces are
T, =RE, Tg=3J, T, =35, T\, T, ,

where
HheT,= (]I-]IC&‘)l AN =T\, 3T, =T, , JIx=T, .

Proposition 2.3. If M is a connected orientable real hypersurface in Go(C™2)

with geodesic Reeb flow, then
ag((Ad+ GA)X.Y) = 29(A6X.Y) + 29(6X.Y)
= 223; (1O (8Y) = 0 (V)0 (6X) = 9(6,X. Y mu(€)
. 20(X)m, (¢Y )€ + ZU(Y)UV(GﬁX)ﬁu(f))
for any X,Y € TM where a = g(AE,€).

Recently, Lee and Suh, [6], have proved the following.

Proposition 2.4. Let M be a connected orientable Hopf real hypersurface
in Go(C™2), m > 3. Then the Reeb vector & belongs to the distribution D if
and only if M s locally congruent to an open part of a tube around a totally
geodesic HP™ in Go(C™*2), where m = 2n.
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3 Proof of Theorem 1.1

From the expression of the curvature tensor of Go(C™"?) we get
3
Re(X) = X —mi(X)& —39(¢X,&)06 — 3> 9(6,X, &)
v=1

+ (3008, §) (00X —n(X)E) + Y 9(6udX, &) (&6 — 6r06&)

=1 v=1

—n(&)P:idX + n(X) i + g( A&, &) AX — g(AX, ) A, (2)

for any tangent vector field X. From (2) we have

(VxRe)Y = —g(V,Vx&)& —m(Y)Vx& = 3{ (n(Y)m(AX)
“n(€)9(AX,Y) + (8, Vx)ots + (Y )(n(&) AX — mi( AX)g

+6Vx&) | - 32{ 1 (X704

+QV+2( )771(¢V+1Y) + 77V< )nz(AX) nu(gi)g(AX’ Y)
+9(0,Y, V&) 0u&i + 0i(00Y ) (—quy1 (X) b€
+qu12(X) o1& + (&) AX — mi(AX)E, + ¢uvxfi)}

+Z{ (AX, 6,6)m(E) + m(AX)n(6,8)

+9(VX§Z7 PDuEi) — Q1 (X)Ni(PPv12&i) + Qo2 (X)Ni(dPy416:)
—ny(&)g(AX, ¢&) + n:i(AX )0, (&) + 9(dudSi, Vx&i) )oY
F0i (v PE) (=1 (X) Pp120Y + Guia(X)Pry10Y + 1, (Y )AX
3
—g9(AX, Y)E, +n(Y)p, AX — g(AX, Y)%f)} - Z {(—n(éi)g(AX, bu&i)

v=1

+0:(AX)N,(06:) + 9(Vx&is 900Ei) — Qi1 (X)Ni(Pbu12E:)
+qu2(X)0i(pDu41&) — 0. (&) 9(AX, 9&) + n:i(AX )N, (HE:)
(Vi 0€)IN(Y )+ mi(06,60) (9(Y, GAX)E, +0(Y)VxE,) |

+Z{ ot (X)g(Y, 66,126) + Gu2(X)g(Y, 66,116

+ny(¢Y>m(AX ) = 9(AX, 0Y )0, (&) + (Y )ni(0 AX) + g(AX, Y )1, (6€:)
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+9(9u0Y, Vx&)In(&i)éw + (Y, 60,6)(n(Vx&i)
+m(0AX))E, +0(E)VxE) | = D { (—aa (X)mi(du420Y)

v=1

+u2(X)0i(Gr110Y ) + 1, (Y )1:(AX) — g(AX, ¢Y ), (&) +n(Y)mi(d, AX)
+9(AX, Y)n(9,&i) + 9(u8Y, VX&) o0& + 1i( 0 Y ) (—Gu41(X) Pu 420
+qu+2(X)Pur106 + M (0€) AX — g(AX, 9&)E, + n(&i) P AX

—mi(AX)6,€ + 3,0V x&) | = { (VX&) +mi(VxE)) | dioY

(&) (—i+1(X)Pi+20Y + G2 (X)Pis10Y + mi(dY)AX — g(AX, ¢Y)E;
+n(Y)$ AX — g(AX, Y)@f)} +9(Y, Vx&)0i¢&i + n(Y ) (—air1(X)bir20&;
+qiva(X)Pir108 — g(AX, 06)&i + ¢iV x&i + (&) 9iAX — ni( AX) i€
+0idVx&i) + (mi(Vx A&G) + g(A&, V&) AY +ni(AG) (VX A)Y

—{ (VX A)Y) + gAY, Vx£)) AL + ni(AY )V x Ag; | (3)

for any X,Y tangent to M.

We will write £ = n(Xo)Xo +n(&1)&, for a unit Xy € D, where we suppose
n(Xo)n(&1) # 0. Then we have g(¢,¢&1,&1) =0, v = 1,2,3. Notice this is true

even if £ € D. Thus, the covariant derivative of R, is given by

(VxRe,)Y = Vx(Rg(Y)) — Re, (VxY)
= —g9(Y,Vx&)& —m(Y)Vx&
—3{{77(Y)9(AX, 1) — 9(AX, Y)n(&) + (oY, Vx&1) ol

+9(6Y, &) (16 AX — g(AX, €)¢ + V&) }

3
—3 Z {{—QV+1<X)9(¢V+2Y7 &) + Gu2(X)g(dr1Y, &)

+77V(Y)9(AX7 51) - g<AX7 Y)nl/(gl) + g<¢u}/a VXSI)}gbugl
+9(00Y, EO){=Gu+1(X)bvi261 + Guia(X) P11 + 10 (&) AX

—g(AX, &)E + ¢VVX£1}} + Z {{_QV+1(X>9<Y7 PPu1261)

v=1

+qu12(X)g(Y, ¢dp1161) + 0 (9Y)g(AX, &) — g(AX, dY )1, (&1)
+1(Y)g(0, AX, &) + g(AX, Y )0, (661) + 9(0u0Y, Vx&1)In(61)E
+9(Y, 60,6{9(Vx61,€) + 961, 6AX))E +n(6)VxE} |
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3
-3 {{—q,,+1(X)g(gz5,,+2¢Y, &) + Gr2(X)g(dr10Y, &1)
v=1

+10,(¢Y)g(AX, &) — 9(AX, oY) (&) + 9(9, AX, &) (Y)
+9(AX,Y)n(9.61) + 9(6,0Y, Vx&1) 1,06

+9(0,0Y, E){ =011 (X) Pu 2061 + Qui2(X)bu 1061 + 1 (061)AX
—g(AX, 66)&, + 1€ AX — g(AX, €)00€ + 6,0V xE1} |

~{{0(Vx60,) + 960, VX610 +n(E){—0(X)0s0Y + g5(X)n0Y

+m(BY)AX = g(AX,6Y )6 +n(Y)61AX — g(AX,Y)616}}

+9(Y, Vx&)d10& + (Y ) (—q2(X) 9301 + ¢3(X) P29

—g(AX, 9€1)& + 01 Vx& + (1)1 AX — g(AX, §1)d1€ + d10V x&i }
H9(Vx A, &) + 9(A&, V&) PAY + g(A&, &) (Vx A)Y
—{{o((VxA)Y, €0) + g(AY, V1) }AG + g(AY, &)V A& | (4)

for any X, Y tangent to M. From this expression we have:

Lemma 3.1. Let M be a Hopf real hypersurface in Go(C™2) such that D
or the D*-component of the Reeb vector field is A-invariant. If VxR, = 0,
i=1,2,3, for any X € D, then £ € D or £ € DL,

Proof. As we suppose A{ = o and have written & = n(Xo)Xo + n(&1)&
with 7(Xy) and n(&;) nonnull, where Xy € D is unit, we get from (4)

0 = g((vXOR§1)€17 XO) (5)
= —9(Vx&1, Xo) +1(&1)9(01Vx,&1, Xo) + 9(016V x,61, Xo) — ag(AV x,&1, Xo).

Now we have
9(Vx,&1, Xo) = 9(p1AX0, Xo) = ag(p1Xo, Xo) = 0.

We also have g(¢1Vx,&1, Xo) = —9(Vx,&1, 01X0) = —g(p1 AXo, $1X0)
= —ag(p1Xo, 1X0) = —a, 8(010Vx,&1, Xo) = 9(Vx,&1, 001X0) = g(1 A X0, d1Xo)
= ag(¢1X07 ¢¢1X0) = Oa and

9(AV x,&1, Xo) = ag(Vx,&1, Xo) = ag(¢1AXo, Xo) = o’g(¢1X0, Xo) = 0.
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From (5) we get -an(&;) = 0. If a # 0in (3) we get £ € D. If o = 0, the result
follows from [9]. O

With the hypothesis in Lemma 3.1 we can prove.

Lemma 3.2. If £ € D+ then g(AD, D) = 0.

Proof. In this case we can take £ = &;. Thus it is enough to prove that
9(AX) = n3(AX) =0, for any X € D. For such an X we get 0=(V xR, )& =
VxRe)§

—PAX — aAPAX — 2n3(AX)E& + 2 (AX)E — 1 AX. If a = 0, taking the
scalar product of (3) and &, respectively &3, we obtain the result. If o # 0,

33

taking the scalar product of (3) and & we get
ag(ApAX, &) + 2n3(AX) = 0. (6)
On the other hand, by Proposition 2.3 we obtain
29(APAX, &) = ag(AgX, &) + 2n3(AX). (7)

From (6) and (7) we have a?g(A¢X, &) + (a? + 4)n3(AX) = 0. Thus

a?+4
o2

g(A¢X7 52) ==

If we change X by ¢X in (8), it follows

n3(AX). (8)

—a?ny(AX) + (& + 4)n3(ApX) = 0. (9)

Now applying the same procedure to the scalar product of (3) and &3 we arrive

to
a?+4
2

g(A¢X7 53) =
and changing X by ¢X in (10) it gives

12(AX) (10)

a®n3(AX) + (o +4)na(AgX) = 0. (11)
From (8) and (10) we obtain

(Oé2 + 4)2

(—a® + 3 )n2(AX) =0, (12)
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and from (9) and (11) we have

, (@ +4)?

(—a” + = )ns(AX) = 0. (13)

From (12) and (13) we get n2(AX) = n3(AX) = 0, finishing the proof. O

From this Lemma and Proposition 2.4, in order to finish the proof of our
Theorem, we only have to see if the real hypersurfaces of either type (A) or
type (B) satisfy our condition.

In the case of a real hypersurface of type (A) we get from Proposition 2.1,
considering £ = & and taking X; € T), ¢X; € T\. Thus

0= (Vx,Re)é = =200 X; — aAApX; = (—2)\ — ar?)p X (14)

Thus 2\ +a)? = 0. This yields either A = 0 or 2+a) = 0. As from Proposition
2.1, A\ = —v/2tan(y/2r), for some r € (0, 75), A# 0. Thus 24 @A = 0. Then

0 = (V8cot(V8r))(—v2tan(v/2r)) + 2
= cot(V/8r) tan(v/2r) — 2 = 2tan?(vV2r).

But for r € (0,7/4/8), then tan(v/2r) # 0, thus these real hypersurfaces
do not satisfy our condition.
If we consider now a real hypersurface of type (B), from Proposition 2.2

we get

9((VeRe))ér, ¢&1) = —4a. (15)

If the real hypersurface satisfies our condition, from (15) we have o« = 0, but
from Proposition 2.2, o = —2tan(2r) for some r € (0,7/4). This gives a
contradiction, so real hypersurfaces of type (B) do not satisfy our condition.
This finishes the proof.
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